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1. Formulation of the main problems

To formulate the main problems discussedin this paper rst | introduce some
notations. Let us have a sequenceof independent and identically distributed

and intro duce their empirical distribution
1n(A):%#fj:»]2A;1- j - ng A2X: Q)

consider the integral of thbs function with respect to the k-fold direct product
of the normalized version” n(*, i ) of the empirical measure! ,,, i.e. take the

integral
nk=2 Zy
Inic (1) = == F(xaznxid(a(dxa) i 2 (dxe)) 22 (Ca(dxi) it (dXid));
' R
where the prime in % meansthat the diagonalsx;j = Xi;
1. j<1- k; areomitted from the domain of integration. (2)
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I am interested in the following two problems:

Problem a). Give a good estimate of the probabilities P (Jnk (f) > u) under
someappropriate (and not too restrictive) conditions on the function f .

It seemsto be natural to omit the diagonalsx; = x,, j 6 I, from the domain
of integration in the de nition of the random integrals Jn.« (f) in (2). In the
applications | met the estimation of such a version of the integrals was needed.

I shall also discussthe following more general problem:

Problemb). Let f 2 F be a nice classpf functions on the space(X k: XK. Givea
good estimate of the probabilities P supJn.« (f) > u where J, (f ) denotes
f 2F

again the random integral of a function f de ned in (2).

I met the problemsformulated above when| tried to adapt the method of in-
vestigation about the limit behaviour of maximum likelihood estimatesto more
dizcult problems, to so-called non-parametric maximum likelihood estimates.
An important stepin the investigation of maximum likelihood estimatesconsists
of a good approximation of the maximum-likelihood function whoseroot we are
looking for. The Taylor expansionof this function yields a good approximation
if its higher order terms are dropped. In an adaptation of this method to more
complicated situations the solution of the above mertioned problems a) and b)
appear in a natural way. They play a role similar to the estimation of the coef-
“cients of the Taylor expansionin the study of maximum likelihood estimates.
Here | do not discussthe details of this approac to non-parametric maximum-
likelihood problems. The interested reader may nd some further information
about it in papers [23] and [24], where such a question is investigated in detail
in a special case.

In the above mertioned papersthe so-calledKaplan{Mey er method is inves-
tigated for the estimation of a distribution function by meansof censoreddata.
The solution of problem a) is neededto bound the error of the Kaplan{Mey er
estimate for a single argumernt of the distribution function, and the solution of
problem b) helps to bound the di®erenceof this estimate and the real distri-
bution function in the supremum norm. Let me remark that the approac in
papers [23] and [24] seemsto be applicable under much more general circum-
stances,but this requiresthe solution of somehard problems.

I do not know of other authors who dealt directly with the study of random
integrals similar to that de ned in (2). On the other hand, sewral authors
investigated the behaviour of U-statistics, and discussedthe next two problems
that | describe under the name problem a°% and problem b%. To formulate them
“rst | recall the notion of U-statistics.

If a sequenceof independernt and identically distributed random variables



P&ter Major/R andom integrals and U-statistics 450

variablesf (x1;:::;%x) on the space(X ¥;XK), n, k, then the expression
1 X
|n;k(f):ﬁ f Oy 3)

1-js- n s=1; k
is6ig0 if ses0
is called a U-statistic of order k with kernel function f. Now | formulate the
following two problems.

Problem a%. Give a good estimate of the probabilities P(ni k=21, (f) > u)
under someappropriate (and not too restrictiv e) conditions on the function f .

Problemb?. Let F be a nice class of functions on the space (X k: XK. Give

a good estimate of the probabilities P supni k=21, (f) > u  where | p (f)
f 2F

denotesagain the U-statistic with kernel function f de ned in (3).

Problems a) and b) are closely related to problems a% and b9, but the de-
tailed description of their relation demandssomehard work. The main di®erence
betweenthesetwo pairs of problemsis that integration with respect to a power
of the measure! ,j ! in formula meanssomekind of normalization, while the
de nition of the U-statistics in (3) contains no normalization. Moreover, there
is no simple way to intro duce somegood normalization in U-statistics. This has
the consequencehat in problemsa) and b) a good estimate can be given for a
much larger classof functions than in problems a% and b%. Hencethe original
pair of problems seemsto be more useful in seweral possibleapplications.

Both the integrals Jnk (f) de ned in (2) and the U-statistics I nx (f ) de ned
in (3) are non-linear functionals of independert random variables, and the main
dizcult y arisesin their study bec:buseof this non-linearity. On the other hand,
the normalized empirical measure” n(t, i 1) is closeto a Gaussian eld for a
large sample sizen. Moreover, as we shall see,U-statistics with a large sample
sizebehave similarly to multiple Gaussianintegrals. This suggestghat the study
of multiple Gaussianintegrals may help a lot in the solution of our problems.
To investigatethem “rst | recall the de nition of white noisethat we shall need
later.

De nition  of a white noise with some reference measure. Let us havea
¥ nite measure ! on a measurable space (X ; X). A white noise with reference
measure ! is a Gaussian'eld * = f1yw(A): A2 X;1(A)< 1g, i.e. a setof
jointly Gaussian random variables indexed by the alove sets A, which satis es
the relations E* y (A) = Oand Et yw (A)* w (B) = 1 (A\ B).

Remark: In the de nition of a white noise one also mertions the property
tw(A[ B) = tw(A) + 1w (B) with probability 1if A\ B = ;,and*(A) <
1,1(B) < 1. This could be omitted from the de nition, becauseit fol-
lows from the remaining properties of white noises. Indeed, simple calcula-
tion shovsthat E(Cw(A[ B)i *w(A)i *w(B))?=0if A\ B = ;, hence
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tw(AL B)i *w(A)i *w(B) = Owith probability 1in this case.lt alsocanbe
obsened that if somesetsAq;:::; A2 X, 1 (Aj)<1,1- j - k, aredisjoint,
then the random variables* w (A;), 1+ j - k, are independert becauseof the
uncorrelatednessof thesejointly Gaussianrandom variables.

It is not ditcult to seethat for an arbitrary referencemeasure! on a space
(X; X) awhite noisety with this referencemeasurereally exists. This follows
simply from Kolmogorov's fundamertal theorem, by which if the nite dimen-
sional distributions of a random “eld are prescribed in a consistent way, then
there exists a random “eld with these nite dimensional distributions.

If a white noise!y with a % nite referencemeasure! is given on some

such that z
Y2 = F2(xqriiixe)t(dxy)iit(dxe) < 1 (4)

then the multiple Wiener{It"o integral of the function f with respect to a white
noiset! with referencemeasure! canbe de ned, (seee.qg.[14] or [17]). It will
be denoted by

z

Zu (F) = f(xeiinx)tw (dxg) it w (dxg): (5)

Here we shall not needa detailed discussionof Wiener{It"o integrals, it will be
enoughto recall the idea of their de nition.

Let us have a measurablespace(X; X) together with a non-atomic ¥+ nite
measure! onit. (Wiener{lt"o integrals are de ned only with respectto a white
noise 'y with a non-atomic referencemeasure!.) We call a function f on
(X k: X k) elemenary if there exists a nite partition Aq;:::;Au,1- M < 1,

. oo )
of the setX (i.e. Aj\ Ajo=; if j 8 j%and =~ A; = X) such that 1 (Aj) < 1
j=1
forall1- j - M, and the function f satis es the properties

1-js- M; 1 s k;
and c(j1;:::5jk) = 0 ifjs=jso for somel- s< s k (6)

with somereal numbersc(ji;:::;jk), 1+ js+ M, 1. s- Kk, ie.the function
f is constart on all k-dimensionalrectanglesA;, £ ¢¢¢E A;,, and it equalszero
on those rectangleswhich have two sideswhich agree.(More precisely we allow
the exception® (Ay ) = 1, but in the case! (Ay) = 1 we demandin formula

(6) that c(j1;:::;j«) = Oif one of the arguments js, 1 - s - k equalsM. In
this casewe omit from the sumin the next formula (7) thoseindices(j1;:::;j«)
for which one of the coordinates of this vector equalsM .)

The Wiener-Itd integral of the elemenary function f (x1;:::;Xxx) in formula

(6) with respect to a white noise? with the (non-atomic) referencemeasure
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1 is de ned by the formula
Zuy (f) = f(Xaixi)t w(dxa) oot w (dxi)

= c(jas i)t w(A),) 6eet w (Aj,): (7)
1 js- M;1- sk

Then the de nition of Wiener{It"o integral can be extendedto a general func-
tion satisfying relation by meansof an L,-isomorphism. The details of this
extensionwill be not discussedhere.

s®. k in the denition of an elemenary functions can be interpreted so that,
similarly to the de nition of the random integral J. (f) in (2), the diagonals
are omitted from the domain of integration of a Wiener{lt"o integral Z. (f ).

The investigation of Wiener{lt"o integrals is simpler than that of random
integrals Jn« (f) dened in (2) or of U-statistics introduced in (3) becauseof
the Gaussianproperty of the underlying white noise. Besidethis, the study of
Wiener{It"o integrals may help in understanding what kind of estimatescan be
expectedin the solution of problemsa) and b) or a% and b% and alsoin "nding
the proofs. Henceit is usefulto considerthe following two problems.

Problem a%. Give a good estimate of the probabilities P (Z.x (f) > u) under
some appropriate (and not too restrictive) conditions on the function f and
measure? .

Problemb®. Let F be a nice classgf functions on thg space(X kK:xk). Give a
good estimate of the probabilities P supZ.x (f) > u whereZ.y (f) denotes
f 2F

again a Wiener{lt"o integral with function f and white noise with reference
measure? .

In this paper the above problems will be discussed.Sudh estimates will be
preserted which depend on somebasic characteristics of the random expressions
Jnk (F), Tk (f) or Zyy (f). They will depend mainly on the L, and L1 -norm
of the function f taking part in the de nition of the above quantities. (The L »-
norm of the function f is closelyrelated to the variance of the random variables
we consider.) The proof of the estimates is related to some other problems
interesting in themselwes. My main goal was to explain the results and ideas
behind them. | put emphasison the explanation of the picture that can help
understanding them, and the details of almost all proofs are omitted. A detailed
explanation together with the proofs can be found in my Lecture Note [22].

This paper consistsof 9 sections.The rst four sectionscorntain the results
about problemsa), a% and a%j together with someother statemerts which may
explain better their badkground. Section5 contains the main ideasof their proof.
In Section/6 problems b), b% and b%} are discussedtogether with somerelated
questions.The main ideasof the proofs of the results in Section[6 which cortain
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many unpleasari technical details are discussedn Sections7 and/8. In Section9
Talagrand's theory about concerration inequalities is consideredtogether with
somenew results and open questions.

2. The discussion of some large deviation results

First we restrict our attention to problems a), a% and a%, i.e. to the case
when the distribution of the random integral or U-statistic of one function is
estimated. Theseproblemsare much simpler in the special casek = 1. But they
are not trivial even in this case.A discussionof some large deviation results
may help to understand them better. | recall somelarge deviation results, but
not in their most generalform. Actually theseresults will not be neededlater,
they are interesting for the sake of someorientation.

Theorem 2.1 (Large deviation theorem about partial sums of inde-
pendent and identically distributed random variables). Let »y;»;:::,
be a sequene of independent and identically distributed random variables such
that E» = 0, Ee™ < 1 with somet > 0. Let us dene the partial sums

S, = », N = 1;2;:::. Then the relation
j=1

nI‘ilm %Iog P(Sn, nu) =i Au) forallu>0 (8)

i ¢
holds with the function “4u) de ned by the formula “4u) = sup'tu i logEe™: .
t

The function “£¢ in formula has the following properties: “4u) > 0 for all
u> 0, and it is a monotoneincreasing function, there is somenumber 0 < A -
1 with a numbker A depending on the distribution of the function »; such that
Au)< 1 for 0- u- A, andthe asymptotic relation “£u) = @+ O(u®) holds
for small u > 0, where %% = E»? is the variance of »;.

The above theorem states that for all " > 0 the inequality P(S, > nu) -

el "CAWi ") holdsif n, n(u;"), and this estimafe is essetially sharp. Actually,

in nice cases,when the equation “4u) = sup tuj logEe™* has a solution
t

in t, the above inequality also holds with " = 0 for all n , 1. The function
£u) in the exponert of the above large deviation estimate strongly depends
on the distribution of ». It is the so-called Legendre transform of log Ee"1,
of the logarithm of the moment generating function of », and its values in
an arbitrary interval determine the distribution of »;. On the other hand, the
estimate (8) for small u > 0 shows someresenblance to the bound suggested
by the certral limit theorem. Indeed, for small u > 0 it yields the upper bound
gi ¥°u®=2+n0 (u®) " \hile the certral limit theorem would suggestthe estimate
gi n%u=2, (Let us recall that the standard normal distribution function ©(u)

L i ) | . 2=2 . 2=2
satis'es the inequality '1i & - < 1i ©(u) < % for all u > 0,

hencefor large u it is natural to bound it by € “2=2.)
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The next result | mention, Bernstein's inequality, (seee.g. [5], 1.3.2 Bern-
stein's inequality) has a closerrelation to the problems discussedin this paper.
It givesa good upper bound on the distribution of sumsofindependert, bounded
random variableswith expectation zero.It isimportant that this estimate is uni-
versal, the constarts it contains do not depend on the properties of the random
variables we consider.

Theorem 2.2 (Bernstein's inequalit y). Let Xy;:::; X, beindependentran-
dom variables, P(jX;j - 1) = 1, EX; = 0,1 - j - n. Put 3% = EX?
1-j-n,S,= P Xj and V2 = Var S, = P ¥%. Then
i=1 i=1
8 9
< U2 ] =
P(Sh>u)- exp, | —2*2——- forallu>0: 9
©2v2 1+ 3\‘j—z '

Let us take a closerlook on the content of Theorem(2.2. Estimate (9) yields
a bound of di®erert form if the rst term is dominating in the sum 1+ 7~
in the denominator of the fraction in this expressionand if the secondterm is
dominating in it. If we 'x someconstant C > 0, then formula (9) yields that
P(S, > u) - e BU"=2V with someconstart B = B(C) for 0- u - CVZ2. If,
moreover 0 - u - "V,> with somesmall " > 0, then the estimate P (S, > u) -
ei (i KMu*=2V? polds with a universal constart K > 0. This meansthat in the
case0 < u - CV.2 the tail behaviour of the distribution of F(u) = P(S, > u)
can be bounded by the distribution G(u) = P(const.V,,” > u) where” is a
standard normal random variable, and V,? is the variance of the partial sum
S,.If0- u - "Vn2 with a small * > 0, then it also can be bounded by
P((1i K")V, > u) with someuniversal constart K > 0.

In the caseu A V2 formula (9) yields a di®erert type of estimate. In this
casewe get that P (S, > u) < e Gi =2 wijth a small" > 0, and this seemsto
be a rather weak estimate. In particular, it doesnot depend on the variance V.2
of S,. In the degeneratecaseV, = 0 when P(S, > u) = 0, estimate (9) yields
a strictly positive upper bound for P(S, > u). One would like to get such an
improvemen of Bernstein's inequality which gives a better bound in the case
uA V2. Bennett's inequality (seee.g.[28], Appendix B, 4 Bennett's inequality)
satis es this requiremert.

Theorem 2.3 (Bennett's inequalit y). Let Xq;:::;X, be independent ran-
dom variables, P(jX;j - 1) = 1, EX; = 0,1 - j - n. Put 3% = EX?,
] ]
1-j-n,S,= Xj and V2 = Var S, = ¥%. Then
i=1 j=1
Y2 -l T 1 Ya

P(Sh>u)- exp V2 1+ log 1+

V2 for all u> 0:
n

(10)



P&ter Major/R andom integrals and U-statistics 455

As a consequene, for all " > 0 there existssomeB = B(") > 0 suchthat

Y u Ya
P(Sh>u)- exp j (1i ")ulogW if u>BV?; (11)
n
and there exists some positive constant K > 0 such that
Y% U Ya
P(S,>u)- exp j KulogW if u> 2v2: (12)
n

Estimates (11) or (12) yield a slight improvemert of Bernstein's inequality
in the caseu , KV2 with a suzciently large K > 0. On the other hand,
even this estimate is much weaker than the estimate suggestedby a formal
application of the certral limit theorem. The question ariseswhether they are
sharp or canbeimproved. The next exampleshaws that inequalities (11) or
in Bennett's inequality are essetially sharp. If no additional restrictions are
imposed,then at most the universal constarts can be improvedin them. Evena
sum of independert, bounded and identically distributed random variables can
be constructed which satis es a lower bound similar to the upper bounds in

formulas and (12), only with possibly di®erent constarts.

Example 2.4. Let us x some positive integer n, real numbers u and ¥# such
that 0< ¥ - £, n>3u, 6andu> 4n¥?. Put V2 = n¥# and take a sejuene

. P
P(X; =1)=P(X; =i1)=% andP(X; = 0)=1; ¥ PutS, =  Xj.
j=1
Then ES, = 0, VarS, = V2, and
1 U Y
P(Sh, u)>exp j Bulogv—nz

with some appropriate (universal) constant B > 0.

Remark: The estimate of Example 2.4 or of relations and is well com-
parable with the tail distribution of a Poissondistributed random variable with
parameter , = const.n¥# , 1 at level u , 2, . Some calculation shawns that
a Poissondistributed random variable 3 with parameter , > 1 satis es the
inequality el C1ulcg(=) . p@i § E3 > wu)- P(B >u)- P( | E: >
) - e C2ula(u=) with someappropriate constarts 0< C; < C, < 1 for all
u>2 ,andE® = Var® = . This estimateis similar to the above mertioned
relations.

Example[2.4 is proved in Example 3.2 of my Lecture Note [22], but here |
presern a simpler proof.

Proof of the statement of Example[2.4| Let us X an integer u such that n > 3u
and u > 4n¥#. Let B = B(u) denotethe evert that amongthe random variables
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Xj, 1- j - n, there are exactly 3u terms with values+1 or j 1, and all other
random variables X; equal zero. Let us also de ne the event A = A(u) ¥%2B(u)
which holds if 2u random variables X; are equal to 1, u random variables X
areequalto j 1, and all remaining random variablesXj,1- j - n, areequalto
izer&Cl%grl}/, P(Sn¢,_ u) , F;(Aé =iP(&)P(AjB). On the other hand, P(B) =
DTyl g g R T U el o dnw® o i 3ulog(Bu=n¥?)i 4% Here
we exploited that becauseof the condition %7 - § we have 1| % , @ 4%
Besidethis, u , 4n¥2, and P(B) , e 3ulog@u=n%?)iu o Biulog(u=n%®) jth
someappropriate B; > 0 under our assumptions.

Let us consider a set of 3u elemerns, and choose a random subset of it by
taking all elemens of this set with probability 1=2 to this random subsetinde-
pendenly of ead other. | claim that the conditional probability P (AjB) equals
the probability that this random subsethas 2u elemeris. Indeed, even the con-
ditional probability of the evert A under the condition that for a prescribed set

and Xj = 0if j 2J equalsthe probability of the evert that the above de ned
random subset has 2u elemers. This is so, becauseunder this condition the
random variables X; take the value +1 with p&obability 1=2 for all j 2 J inde-
pendertly of eac other. HenceP (AjB) = 'gﬁ 213 @i Cu @i Baulog(u=n#?)
with someappropriate constarts C > 0 and B, > 0 under our conditions, since
=z , 4 in this case.The estimates given for P(B) and P(AjB) imply the
statemert of Example[2.4.

Bernstein's inequality provides a solution to problems a) and a% in the case
k = 1 under some conditions. Becauseof the normalization (multipliczﬁion
by ni 172 in these problems) it yields an estimate with the choice & = * nu.

P _
Obsenethat Jy1(f) = ek (f ()i Ef(»)) for k = 1in the denition (2).
j=1

In problem a) it givesa good bound on P(Jn.1(f) > u) for a function f sud
that jf (x)a- % for all x 2 X with the choice Xj = f(»)i Ef(»), 1- j - n,
and & = " nu. In problem &9 it givesa good bound on P (ni ¥=2|,.4(f) > u)
under the condition jf (x)j - 1 forrjalll x 2 X, and Ef (») = 0 with the choice
Xb =f(»),1- j - n,andt = " nu. This meansthat in the caseO - u -
C" n¥? the bounds P(Jn.1(f) > u) - e Ku*=2% and P(ni 1*2|,.,(f) > u) -
el Ku=2% pold with %2 = Varf (») and someconstart K = K (C) depending
on the nurr}per C if the above conditions are imposedin problem a) or a%. If
0- u- " n¥ with somesmall " > 0, then the above constart K can be
chosenvery closeto the number 1.

The above results can be interpreted sothat in the case0 - u - const.p %
and a bounded function f an estimate suggestedby the certral limit theorem
holds for problem a), only an additional constart multiplier may appear in the
exponert. A similar statemert holds in problem a9, only here the additional
condition Ef () = %has to be imposed. On the other hand, the situation is
quite di®erert if u A © n¥Z. In this caseBernstein's inequality yields only a very
weak estimate. Bennett's inequality gives a slight improvemer. It yields the
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inequality P(Jn.1(f) > u) - e Bu’ Mlog(u=" %) with an appropriate constart
B > 0if jf (x)j - Zforallx2 X,u, 2 n¥%,and¥ = Varf (»). The estimate
P(ni 72| .1 (f) > u) - e Bu” Flog(u=" ) nolds with an approprba\te B > 0if
jf(x)j - Llforall x2 X,Ef(»)=0,Varf(»)=3%,andu, 2 n¥. These
estimatesare much weaker than the bound suggestedby a formal application of
the certral limit theorem. On the other hand, as Example[2.4 shaws, no better
estimate can be expectedin this case.Moreover, the proof of this example[gives
someinsiBht why a di®erert type of estimate appearsin the casesu - = n¥f
andu A " n¥# for problems a) and a°).

In the proof of Example[2.4 a "bad' irregular evert A was de ned suc that
if it holds, then the sum of the random variables consideredin this exampleis
suzciently large. Generally, the probability of such an event is very small, but
if the variance of the random variables is very small, (in problems a) and a9
this is the caseif %% ¢ uni 172) then sud “bad' irregular everts can be de ned
whoseprobabilities are not negligible.

Problems a) and a% will also be consideredfor k , 2, and this will be
called the multiv ariate case.The results we get for the solution of problems a)
and a9 in the multiv ariate caseis very similar to the results described above.
To understand them rst someproblemshave to be discussedlIn particular, the
answer for the following two questionshasto be understood:

Question a). In the solution of problem a% in the casek = 1 the condition
Ef (») = 0 was imposed, and this meanssomekind of normalization. What
condition correspondsto it in the multiv ariate case?This question leadsto the
de nition of degenerateU-statistics and to the so-calledHoe®ding'sdecompo-
sition of U-statistics to a sum of degenerateU-statistics.

Question b). The discussionof problemsa) and a% wasbasedon the certral limit
theorem. What kind of limit theoremscantakeits placein the multiv ariate case?
What kind of limit theorems hold for U-statistics |, (f) or multiple random
integrals Jnk (f) de ned in (2)? The limit appearing in these problems can be
expressedby meansof multiple Wiener{It"o integrals in a natural way.

In the next sectionthe two above questionswill be discussed.

3. On some problems about U -statistics and random integrals
3.1. The normalization of U -statistics

In the casek = 1 problem a% meansthe estimation of sums of independert
and identically distributed random variables. In this casea good estimate was
obtained under the condition Ef (») = 0.

In the multivariate casek , 2 a stronger normalization property has to
be imposedto get good estimates about the distribution of U-statistics. In
this caseit hasto be assumedthat the conditional expectations of the terms
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oneargumerts takesa prescribed value equalszero. This property is formulated
in a more explicit way in the following de nition of degenerateU-statistics.

De nition  of degenerate U-statistics. Let us consider the U-statistic | .« (f)

forall1- j - kandxs2 X; s2f1;:::;kgnfjg: (13)

The de nition of degenerateU-statistics is closely related to the notion of
canonical functions described below.

De nition  of canonical functions. A function f (xq;:::;xx) taking values
in the k-fold product (X ¥; X¥) of a measurable space (X ; X) is called canonical
with respect to a prokability measure * on (X; X) if

z

forall 1- j- k and xs2 X; s2f1;:::;kgnfjg: (14)

It is clear that a U-statistic |,k (f) is degenerateif and only if its kernel
function f is canonicalwith respectto the distribution * of the random variables

Givena function f and a probability measure! , this function can be written
as a sum of canonical functions (with di®eren setsof argumerts) with respect
to the measure!, and this enablesus to decompose a U-statistic as a linear
combination of degenerateU-statistics. This is the content of Hoe®ding's de-
composition of U-statistics described below. To formulate it “rst | introduce
somenotations.

Consider the k-fold product (X ¥;X*;1k) of a measurespace(X;X ;) with

andindices1- j - kthe projection P;f of the function f to its j-th coordinate

as
Y4

Pif(Xeiin X XjersiinXe) = F(Xeirnx)t(dx); 1. j - ki (15)

In someinvestigations it may be useful to rewrite formula (15 by means of
conditional expectations in an equivalert form as
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where »;:::;» are independert random variables with distribution 1.
Let us alsode ne the operatorsQ; = | j P; asQ;f = f j P;jf on the space
of integrable functions on (X*;X*;1¥), 1. j - k. In the de nition (15) P;f

is a function not depending on the coordinate x;, but in the de nition of Q;
we introduce the ctiv e coordinate x; to make the expressionQ;f = f j P;f
meaningful. The following result holds.

Theorem 3.1 (Ho e®ding's decomp osition of U-statistics). Let an inte-

of a space (X ; X ;1) with a probability measure . It hasthe decomposition
X
f = fv; with
VYef 1;:: kg 0 1
_ Y Y
fy(xj;j2V)=@ P, QA f(xs;inixk)  (16)
j2f 1;:kgnV j2v

X jVj!
Ik (1) = (i Vi Vi Deseni k+ DEFlify) @)
V wf 1 kg ’

is a representation of |« (f) as a sum of degeneate U-statistics, wher jVj
denotesthe cardinality of the setV. (The product (nj jVj)(nij jVji 1)¢¢¢(n i

called the Hoe®dingdecomposition of I ().

Hoe®ding's decomposition was originally proved in paper [13]. It may be
interesting alsoto mertion its generalizationin [32].

| omit the proof of Theorem[3.1, although it is fairly simple. | only try to
brie’y explain that the construction of Hoe®ding's decomposition is natural.
Let me recall that a random variable can be decomposedas a sum of a random
variable with expectation zero plus a constart, and the random variable with
expectation zeroin this decomposition is de ned by taking out from the original
random variable its expectation. To intro ducesud atransformation which turns
to zeronot only the expectation of the transformed random variable, but also
its conditional expectation with respect to somecondition it is natural to take
out from the original random variable its conditional expectation. Since the
operators P; de ned in (15) are closely related to the conditional expectations
appearing in the de nition of degenerateU-statistics, the above consideration

P
makesnatural to write the identity f = ® (P +Qj)f = fv with the
j=1 Vf 1 kg
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functions de ned in (16). (In the justi cation of the last formula someproperties
of the operators P; and Q; have to be exploited.)
It is clearthat Elk (f) = O for a degenerateU-statistic. Also the inequality

z

k
E (Inx (F))% - %3/3 with 32 = f2(xq;: 0 x) (dxq) 1 (dxe)  (18)
holdsif I . (f ) is a degenerateU-statistic. The measure! in (18) is the distribu-

tion of the random variables » taking part in the de nition of the U-statistic.

Moreover, I'ilm ni KE (I (F ))2 = 3%2, if the kernel function f is a symmetric
nt "

if fja;::055k06 fj%:::;j2g, and f is a canonical function with respect to the
distribution * of the random variables » . On the other hand,
z

there is an identity in this relation if the function f is symmetric. The last
formula enablesus to ched the asymptotic relation given for E (I n.k (f ))2 after
relation (18).

Relation (18) suggestdo restrict our attention in the investigation of problem
a0 to degenerateU-statistics, and it also explains why the normalization ni k=2
waschosenin it. For degenerateU-statistics with this normalization such an up-
per bound can be expectedin problem a’% which doesnot depend on the sample
sizen. The estimation of the distribution of a generalU-statistic can be reduced
to the degeneratecaseby meansof Hoe®ding'sdecomposition (Theorem[3.1).

The random integrals Jn« (f ) are de ned in (2) by meansof integration with
respect to the signed measure!, j !, and this meanssome sort of normal-
ization. This normalization hasthe consequencehat the distributions of these
integrals satisfy a good estimation for rather general kernel functions f. Be-
side this, a random integral Jn« (f) can be written as a sum of U-statistics to
which the Hoe®dingdecomposition can be applied. Henceit can be rewritten
asa linear combination of degenerateU-statistics. In the next result | describe
the represertation of Jn.k (f) we get in such a way. It shows that the implicit
normalization causedby integration with respectto *, j * hasa seriouscan-
cellation e®ect.This enablesus to get a good solution for problem a) or b) if
we have a good solution for problem a% or b%. Unfortunately, the proof of this
result demandsrather unpleasan calculations. Hencehere | omit the proof. It
can be found in [19] or in Theorem 9.4 of [22].
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Theorem 3.2. Let us have a non-atomic measure ! on a measurable space
(X; X) togetherwith a sequene of independent, * -distributed random variables

intr oduced in togetherwith the k-fold random integral J,.x (f ) of the function
f dened in (2). The identity

X oo
Jni (F) = C(n; k; VNt VIZ21 0 y(Fv); (19)
Vvef 1;:: kg

holdswith the canonical (with resgect to the measure * ) functions fv (x;; j 2 V)

relations jC(n; k;V)j - C(k) with some constant C(k) depending only on the
order k of the integral Jn (f), rlllilm C(n;k;V) = C(k;V) with some constant

C(k;V) < 1 for all V ¥ f1;:::;kg, and C(n;k;f1;:::;kg) = 1 for V =

Let usalsoremark that the functions fy de nedin satisfy the inequalities

z v z
fO(x;5 2V)  r(dx) - FA(Xe X))t (dxg) oot (dx) (20)
j2v
and N
sup jfyv(x;;j 2V)ji- 2V sup  jf(xq;iinix)j (21)
Xj;i2V Xj;1-j- k

The decomposition of the random integral J,. (f ) in formula is similar to
the Hoe®dingdecomposition of general U-statistics preseried in Theorem 3.1
The main di®erencebetween them is that the coezcients of the normalized
degenerateU-statistics nil Vi=2| n;jvj(fv) at the right-hand side of formula
can be bounded by a universal constart depending neither on the sample size
n, nor on the kernel function f of the random integral. This fact hasimportant
consequences.

Theorem/3.2 enablesus to get good estimatesfor problem a) if we have such
estimatesfor problem a9. In particular, formulas (18), (19) and (20) yield good
bounds on the expectation and variance of the random integral Jnk (f). The
inequalities

E (Ink (F))* - Cé/f and jEJn (f)j- C¥%
with %2 = f2(xq;:10x0) (dxy) i1t (dx) (22)
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hold with someuniversal constart C > 0 depending only on the order of the
random integral Jn. (f).

Relation yields such an estimate for the secondmomert of J,.x (f) as
we expect. On the other hand, although it givesa suzciently good bound on
its ‘rst momernt, it doesnot state that the expectation of J,.« (f) equalszero.
Indged, formula (19) only gives that jEJnk (f)j = jC(n;k;;)fj - Cjf,j =
C  f(Xgy X))t (dxg)i:t(dxg) - C%with someappropriate constart C >
0. The following example ShONS that EJnk (f) neednot be always zero. (To
understand better why sud a situation may appear obsene that the random
measuregt i 1)(B1) and (*,j 1)(B2) arenot independert for disjoint setsB1
and B,.)

Let us consider a random integral J,.o(f) of order 2 with an appropriate
kernel function f . Besidethis, choosea sequenceof independert random vari-
ables »;:::;» with uniform distribution on the unit interval [0;1] and de-
note its empirical distribution by 1. We shall considerthe example where the
kernel function f = f(x;y) is the indicator function of the unit square,i.e.
f(x;y) =1 0- x;y - 1, and f(x;y) = 0 otherwise. The random integral
Jn2(f)=n X6y FOGY)(En(dx) i dx)(tn(dy) i dy) will be taken, and its ex-
pectedvalue E J,.»(f ) will be calculated. By adjusting the diagonalx = y to the
domain of integration an'g taking out the cortrlbutlon obtained in this way we
getthat EJn;2(f) = nE( (1 (dx) i 1(dx)) i n? ¢— = j 1, i.e. the expected
value of this random integral is not equal to zero. (The last term is the inte-
gral of the function f (x; y) on the diagonal x = y with respect to the product
measure! , £ 1, which equals(*, i *)£ (*n i ) onthe diagonal.)

Now | turn to the secondproblem discussedin this section.

3.2. Limit theorems for U -statistics and random inte grals

The following limit theorem about normalized degenerateU-statistics will be
interesting for us.

Theorem 3.3 (Limit theorem about normalized degenerate U-statis-
tics). Letus consider a sgqjuene of degenemnte U-statistics | (f) of order k,
n=k;k+ 1;:::, dened in (3) with the help of a kernel function f (x1;:::;Xk)
on the k-fold product (X ¥;X¥) of a measurable space (X;X), canonical with

spect to some non-atomic probability measure ' on (X;X) and such that

f2(xq; %)t (dxq) 1::t(dxg) < 1 togetherwith a sequene of independent
and identically dlstrlbuted random variables »1;»;::: with distribution * on
(X;X). The sequene of normalized U-statistics ni =2, (f ) convergesin dis-
tribution, asn! 1 , to the k-fold Wiener{lt"o integral

4
1 1

Ezl;k (f) = W f (X5 X))t w(dxg) sootw (dxk)

with kernel function f (x3;:::;Xx) and a white noise * with reference mea-
surel.
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The proof of Theorem[3.3 can be found for instance in [6]. Here | preser a
heuristic explanation which can be consideredas a sketch of proof.

To understand Theorem[3.3 it is useful to rewrite the normalized degenerate
U-statistics consideredin it in the form of multiple random integralswith respect
to a normalized empirical measure.The identity

Zy
N K=l (F) = K920 f (g x)tn (dxg) toitp (dxg) (23)

der ned in (1), and the prime in % denotesthat the diagonals, |e the pomts
X = (X1;:11;Xk) sudh that x; = X;o for somepairs of indices1 - j;j% Kk, j 6]
are omitted from the domain of integration. The last identity of formula
holds, becausein the caseof a function f (x1;:::;Xx) canonical with respect
to a non-atomic measure! we get the sameresult by integrating with respect
to 1, (dx;) and with respectto *,(dxj) i *(dx;). (The non-atomic property
of the measure! is neededto guarartee that the integrals with respect to the
measure! consideredin this formula remain zero if the diagonals are omitted
from the domain of integration.)

Formula (23) may help to understand Theorem 3.3, becausethe random
“elds n'72(1 ,(A) i 1(A)), A 2 X, corvergeto a Gaussian eld °(A), A 2 X,
asn! 1, and this suggestsa limit similar to the result of Theorem(3.3. But
it is not so simple to carry out a limiting procedure leading to the proof of
Theorem 3.3 with the help of formula (23). Some problems arise, becausethe
“elds n'¥2(1, j 1) convergeto a not white noisetype Gaussian eld. The limit
we get is similar to a Wiener bridge on the real line. Hencea relation between
Wiener processesand Wiener bridges suggeststo write the following version of
formula (23). Let * be a standard Gaussianrandom variable, independert of

the random sequence»; ; »;:::. We can write, by exploiting again the canonical
property of the function f, the identity
Z 0
Nt 4=l (F) = nk f (X rrnxi)(ta(dxe) i 2 (dxq) + 71 (dxy))

r(a(dxe) i t(dxg) + T (dxe)): (24)

The random measuresn'=(* , j * + “1) corvergeto a white noisewith refer-
encemeasure! , hencea limiting procedurein formula (24) yields Theorem 3.3
Moreover, in the caseof elemenary functions f the certral limit theorem and
formula (24) imply the statemert of Theorem[3.3 directly. (Elementary func-
tions are de ned in formula (6).) After this, Theorem([3.3 can be proved in the
generalcasewith the help of the investigation of the L ,-corntraction property of
someoperators. | omit the details.

A similar limit theorem holds for random integrals J,.x (f ). It can be proved
by meansof Theorem[3.2 and an adaptation of the above sketched argumert
for the proof of Theorem[3.3. It states the following result.
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Theorem 3.4, Limit theorem about multiple random integrals Jn. (f).
Let us have a sequene of independent and identically distributed random vari-
ables »;»;::: with some non-atomic distribution ! on a measurable space

(X; X) suchthat
z

Let us consider for all n = 1;2;::: the random integrals J, (f) of order k
de ned in formulas and with the help of the empirical distribution *

converge in distribution, asn ! 1, to the following sum U(f) of multiple
Wiener{It"o integrals:

X c(k;V
utt) = D7, witv)
V ¥f 15 kg VI 7
X . Y
- SO 2y )
V1/zf1;:::;ng ) j2v

nIlilm C(n; k;V) = C(k;V) satis ed by the guantities C(n; k; V) in formula (19),
and ! w IS a white noise with referene measure 1.

The results of this sectionsuggestthat to understand what kind of results can
be expectedfor the solution of problemsa) and &) it is usefulto study st their
simpler courterpart, problem a%j about multiple Wiener{lt"o integrals. They also
show that problem &9 is interesting in the casewhen degenerateU-statistics are
investigated. The next section contains someresults about these problems.

4. Estimates on the distribution of random integrals and U -statistics

First | formulate the results about the solution of problem a°, about the tail-
behaviour of multiple Wiener{It"o integrals.

Theorem 4.1. Let us consider a ¥ nite measure ! on a measurable space
(X; X) togetherwith a white noise* \, with referene measure ! . Let us havea

(4) with some¥# < 1 . Takethe random integral Z., (f) introduced in formula
(5). It satis es the inequality
Y 3 -
. . 1 u 2=k
P(jZix (f)j>u)- Cexp | = = forallu>0 (25)
2 Y

with an appropriate constant C = C(k) > 0 depending only on the multiplicity
k of the integral.
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The proof of Theorem/4.1 can be found in my paper [20] together with the
following example which shaws that it givesa sharp estimate.

Example 4.2. Let us have a ¥ nite measure ! on some measurable space
(X; X) togetherwith a white noise * v on (X; X) wih reference measure * . Let
fo(x) be a real valued function on (X ; X) suchthat fo(x)?t (dx) = 1, and take

holds, and the Wiener{lt"o integral Z.y (f) satis es the inequality
b 3 - Ya

. . 1 2
P(jZuk (f)j> u), Wﬁ;fk—exp i > 32/ forallu> 0 (26)
u + 1 4

E/
with someconstant ¢ > 0.

Let us also remark that a Wiener{lt"o integral Z.x (f) de ned in (5) with a
kernel function f satisfying relation (4) alsosatis es the relations EZ.y (f) = 0
and EZ. (f)? - Kk!3% with the number 37 in (4). If the function f is symmet-

Besidethis, Z.y (f) = Zwx (Symf), where Symf denotesthe symmetrization
of the function f, and this meansthat we can restrict our attention to the
Wiener{lt"o integrals of symmetric functions without violating the generality.
Hence Theorem 4.1 can be interpreted in the following way. The random in-
tegral Z.x (f) has expectation zero, its variance is lessthan or equal to k!3#
under the conditions of this result, and there is identity in this relation if f is
a symmetric function. Besidethis, the distribution of Z., (f) satis es an esti-
mate similar to that of % X, where” is a standard normal random variable. The
estimate (25) in Theorem/4.1 is not always sharp, but Example[4.2 shaws that
there are caseswhen the expressionin its exponert cannot be improved.

Let me alsoremark that the above statement can be formulated in a slightly
nicer form if the distribution of Z.y (f) is comparednot with that of ¥ ¥, but
with that of ¥H ("), where Hy(x) is the k-th Hermite polynomial with leading
coexcient 1. The identities EHy (") = 0, EHy(")? = k! hold. This meansthat
not only the tail distributions of Z. (f ) and ¥H (") are similar, but in the case
of a symmetric function f alsotheir rst two momerts agree.

In problems a) and a% a slightly weaker but similar estimate holds. In the
caseof problem a9 the following result is valid (see [20]).
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to the measure ! which satis es the conditions

kfk, = sup  jf(Xepiinxe)j o L 27)
QZX;I- j-k
kfks = f2(x1; 0 x)t (dxe) it (dxy) - 3% (28)

with some0 < ¥ - 1 togetherwith the degeneate U-statistic |« (f) de'ned in
formula with this kernel function f . There exist someconstants A = A(k) >
0 and B = B(k) > 0 depending only on the order k of the U-statistic |k (f)

suchthat
8 9
< U2:k =
P(kInt 2l (F)j > u) - Aexp, | —2— -
. 2%:[( 1+ B uni k:ZQ/J" (k+1)

(29)
for all 0 u - nk=234+1,

Remark: Actually, the universalconstart B > 0 can be chosenindependertly of
the order k of the degenerateU-statistic | (f) in inequality (29).

Theorem([4.3 can be consideredas a generalization of Bernstein's inequality
Theorem(2.2to the multiv ariate casein a slightly wealker form whenonly the sum
of independert and identically distributed random variables is considered.Its
statemert, inequality (29) doesnot contain an explicit value for the constarts A
and B, which areequalto A = 2andB = % in the caseof Bernstein's inequality.
(The constart A = 2 appears, becauseof the absolute value in the probability
at the left-hand side of (29).) There is a formal di®erencebetweenformula (9)
and the statemert of formula (29) in the casek = 1, becausen formula (29) the
U-statistic |,y (f ) of order k is multiplied by ni k=2, Another di®erencebetween
them is that inequality (29) in Theorem/4.3is stated under the condition 0 - u -
nk=29%*1 and this restriction hasno courterpart in Bernstein's inequality. But,
as | shall shav, Theorem[4.3 also cortains an estimate for u , nk=23%* in an
implicit way, and it can be consideredasthe multiv ariate version of Bernstein's
inequality. b

Bernstein's inequality gives a good estimate only if 0 - u - K ' n%% with
someK > 0 (with the normalization of Theorem[4.3, i.e. if the probability

A !

s
P nit™ X,>u
k=1

is considered). In the multiv ariate casea similar picture appears. We get a
good estimate for problem a% suggestedby Theorem 4.1 only under the con-
dition 0- u - const.n*=23%*1 If 0< u - "n*723%*1 with a suzxciently small
" > Q, then Theorem (4,3 implies the inequality P(kIn' *=jly (f)j > u) -

oenlzk | =k . .
Aexp j L& — 'Y with someuniversal constarts A > 0 and C > 0 de-

pending only on the order k of the U-statistic |, (f ). This meansthat in this
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caseTheorem[4.3 yields an almost as good estimate as Theorem[4.1 about the
distribution of multiple Wiener{It"o integrals. We have seenthat Bernstein's in-
equality has a similar property if the estimate (9) is comparedwith the certral
limit theorem in the case0< u - "V,2 with a small" > 0.

To seewhat kind of estimate Theorem/4.3 yields in the caseu , nk=2k*1
let us obsene that in condition (28) we have an inequality and not an iden-

tity. Hencein the casen*¥2 | u > nk=23k*1 relation holds with ¥, =
Luni k=2 D and this yields that

R

P(kInt *=jly (F)j>u) - Aexp i

- 3
1 U2k o
21+ B)¥k ¥
- Aei (uzn)1=(k+1) =2(1+ B)1=k :
(The inequality n*=2  u wasimposedto satisfy the condition 0 - 3% - 1)) If
u > n*=2, then the probability at the left-hand side of (29) equalszero because
of condition (27). It is not ditcult to seeby meansof the above calculation that
Theorem[4.3 implies the inequality

3 ,

P kini k:2‘j|%k f)i>u (30)

Il ©

<
GLexp, i 2 i
© Y87 1+ ¢z ouni k2234 (kD)

2=k
cou
2 forallu> 0

Gk

with someuniversal constarts c;, ¢; and ¢z depending only on the order k of
the U-statistic |,k (f), if the conditions of Theorem /4.3 hold. Inequality (30)
holds for all u , 0. Arcones and Gin§ formulated and proved this estimate in
a slightly di®erent but equivalent form in paper [3] under the name generalized
Bernstein's inequality. This result is weaker than Theorem/4.3, sinceit doesnot
give a good value for the constart c,. The method of paper [3] is basedon a
symmetrization argumert. Symmetrization argumerts can be very usefulin the
study of problems b) and b% formulated in the Introduction, but they cannot
supply a proof of Theorem[4.3 with good constarts becauseof some principal
reasons.

The following result which can be consideredas a solution of problem a)
is a fairly simple consequenceof Theorem[4.3, Theorem[3.2 and formulas (20)
and (21).

Theorem 4.4. Let ustake a sequene of independentand identically distributed

k-fold product (X *; X k) of the space (X;X) with somek , 1 which satis’es
conditions (27) and (28) with someconstant 0 < ¥- 1. Then there exist some
constants C = C, > 0 and ® = ® > 0 suchthat the random integral J,. (f)
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and function f satis es the inequality
Yo 3 Y

P(dnk(f)i>u)- Cexp | ® 35/4 for all 0< u- nk=2%*1: (31)

Theorem4.4providesa slightly weaker estimate on the probability considered
in Problem a) than Theorem/4.3 about its courterpart in Problem a%). It doesnot
give an almost optimal constart ® in the inequality for0- u- "nk=23k+t
with a small " > 0. On the other hand, this estimate is sharp in that sensethat
disregarding the value of the universal constart ® it cannot be improved. It
seemsto be appropriate in the solution of the problems about non-parametric
maximum likelihood estimates mertioned in the Intro duction.

The estimate (31) on the probability P (jdnk (f )j > u) canberewritten, simi-
larly to relation (30), in such aform which holdsfor all u > 0. On the other hand,
both Theorem'4.3 and Theorem'4.4 yield a very weak estimate if u A nk=23*1
We met a similar situation in Section/2lwhen these problems were investigated
in the casek = 1. It is natural to expect that a generalization of Bennett's
inequality holds in the multiv ariate casek , 2, and it givesan improvemert of
estimates(29) and in the caseu A n*=2%k*1 for all k , 1.1 can prove only
partial resultsin this direction which are not sharp in the generalcase.On the
other hand, there is a possibility to give such a generalization of Example [2.4
which shaws that the inequalities implied by Theorem/[4.3 or [4.4 in the case
u, nk¥23* k= 2 have only a slight improvemert.

The results of Theorems4.3 and [4.4 imply that in the caseu - nk=234*1
under the condition of these results the probabilities P (n*=?jl .« (f )j > u) and
P(jJnk (f)j > u) can be bounded by P(C% j* > u) with an appropriate uni-
versal constart C = C(k) > 0 depending only on the order k of the degenerate
U-statistic |« (f) or of the multiple random integral J,« (f ), wherethe random
variable * has standard rg)rmal distribution, and

Y2 = f2(xqpiiiix)t(dxg) it (dxy):

A generalization of Example[2.4 can be given which shaws for all k , 1 that in
the caseu A nk=234*1 we can have only a much weaker estimate. | shall preser
sudh an example only for k = 2, but it can be generalizedfor all k , 1. This
example is taken from my Lecture Note [22] (Example 8.6). Here | preseri it
without a detailed proof. The proof which exploits the properties of Example[2.4
is not long. But | found more instructiv eto explain the ideabehind this example.

tributed valued random variables taking valuesin the plane, i.e. in X = R?,
suchthat » = ("j.1;7j:2), "j;1 and "o are independent, P("j.1 = 1) = P("j;1 =
iD= % P(1u=03=1i 5 P(j2=1=P(j2=i1)=}forall-
j -+ n. Letusintroduce the function f (x; y) = f ((X1;X2); (Y1:¥2)) = X1Ya+ X2VY1,
X = (X1;X2) 2 R?, y = (y1,;¥2) 2 R? on X 2, and de ne the U-statistic

X

In;2(f) = (jia" K2+ "ki1"jo2) (32)
1-j:k- n;j6k
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of order 2 with the alove kernel function f and the sequene of independent

B1n¥? with some appropriate constant B; > 0, Bi'n | u | Byni 2 with a
suzciently large xed number B, > 0, and 1, %, % then the estimate
1 : 1=3,,2=3 Pul©
P(ni *1,.2(f) > exp i Bn"Pu°log — 33
( m2(f)>u), exp i u 9 3p (33)
holds with some constant B > 0 depending neither on n nor on %

It is not dizcult to seethat the U-statistic |,.»(f) introduced in Exam-
ple(4.5 is a degenerateU-statisticrof order two with a kernel function f sud
that supjf (x;y)j - land ¥ = f2(x;y): (dx): (dy) = E(2'j.17j:2)2 = %2
Example4.5 meansthat in the caseu A n¥2, (i.e. if u A nk=23*1 with k = 2)
a much wealker estimate holds than in the caseu - n¥#. Let us x the num-
bersu and n, and considerthe dependenceof our estimate on % The estimate
PN Ylna(f)j > u) - e Ku=% = o Ku"n™ hogs if 3= ul=3ni 13 and
Example (4.5 shaws that a rather weak improvement appearsif %¢, u*=ni 173,

To understand why the statemert of Example[4.5 holds obsene that a small
error is made if the condition j 6 k is omitted from the summation in formula
(32, and this suggeststhat the approximation

0 10 1
1 2 X X
|n;2(f)» ﬁ@ j;lA@ j;2A

: =1 =1

causesa negligible error. This fact together with the independenceof the se-
quences’j.1,1- j - n,and"j.2, 1 j - n, imply that

00 10 1 1
i1 @@)@ . A@Xﬁ F A s Ua
P(n' *lho(f)>u) » P i1 j:2 >7
j=1 j=1
0 1 0 1

X X
, P@ i>vAP@ ,>vA (34)

j=1 j=1

with such a choice of numbersv; and v, for which viv, = &L
The ‘rst probability at the righighand side of|(34) can be bounded because

] ) —n2)
of the result of Example 2.4 as P > vy, e Byilog@vi=nd) gy,
j=1A |

’

4n¥#, and the secondprobability as P j2>Vvy, , Cé KVi=n with some

j=1
appropriate C > 0and K > 0if 0- v, - n. The proof of Example|4.5 can be
obtained by meansof an appropriate choice of the numbersv; and v,.

In Theorem/4.1 the distribution of a k-fold Wiener{lt"o integral Z., (f ) was
bounded by the distribution of % * with a standard normal random variable *
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and an appropriate constart % By Theorems/4.3 and (4.4 a similar, but weaker
estimate holds for the distribution of a degenerateU-statistic |, (f ) or random
integral Jn.x (f). In the next section| brie°y explain why sud results hold.

There is a method to get a good estimate on the momerts of the random
variables consideredin the above theorems, and they enable us to get a good
estimate also on the distribution of the random integrals and U-statistics ap-
pearing in thesetheorems. The momerts of a k-fold Wiener{It"o integral can be
bounded by the momerts of % ¥ with an appropriate %> 0, and this estimate
implies Theorem[4.1l Theorems/4.3 and can be proved in a similar way.
But we can give a good estimate only on not too high momerts of the random
variables |, (f) and Jnk (f ), and this is the reasonwhy we get only a weaker
result for their distribution.

Remark: My goal was to obtain a good estimate in Problems a) and a° if
we have a bound on the L, and L; norm of the kernel function f in them.
A similar problem was consideredin Problem a% about Wiener{lt"o integrals
with the di®erencethat in this caseonly an L, bound of the function f is
needed.Theorems4.1, and[4.4 provided such a bound, and as Example[4.2
shows theseestimatesare sharp. On the other hand, if we have someadditional
information about the kernel function f, then more precise estimates can be
given which in certain casesyield an essetial improvemert. Suc results were
known for U-statistics and Wiener{lt"o integrals of order k = 2, (see[9] and [12])
and quite recertly (after the submissionof the rst version of this work) they
were generalizedin [1] and [15] to generalk , 2. Moreover, theseimprovemerts
are useful in the study of someproblems. Hencea refereesuggestedto explain
them in the present work. | try to follow his advice by inserting their discussion
at the end, in the open problems part of the paper.

5. On the pro of of the results in Section [4

Theorem[4.1 can be proved by meansof the following

Prop osition 5.1. Let the conditions of Theorem|4.1/ be satis ed for a multiple
Wiener{It"o integral Z. (f) of order k. Then, with the notations of Theorem/4.1,
the inequality

E (jZu (F)))?M - 1¢3¢50¢¢(2kM | 1)%2M (35)
holdsfor all M = 1;2;:::.

By the Stirling formula Proposition (5.1 implies that

Uz'ﬂkM

|
(KM)! som A S (kM )KkM 32M (36)

EGZu (OD™ - S gy

for any A > P 2if M, Mg = Mg(A), and this estimate is sharp. The following
Proposition[5.2which canbe applied in the proof of Theorem/4.3 statesa similar,
but wealker inequality for the momerts of normalized degenerateU-statistics.
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Prop osition 5.2. Let us consider a degenerate U-statistic |, (f) of order k
with sample size n and with a kernel function f satisfying relations (27) and
with some 0 < %£ - 1. Fix B positive numker © > 0. There exist some
universal constants A = A(k) > 2, C = C(k) > 0 and My = Mg(k) , 1
depending only on the order of the U-statistic | .« (f) suchthat

3 ’ H 2'” kM

2M i L
E ni 2kl (F) A1+ cp®¢2"M S (kM <M 32M (37)

for all integersM suchthat kMg - kM - ®n¥#:

The constant C = C(Kk) in formula (37) can be chosene.g. as C = 2p 2 which
does not depend on the order k of the U-statistic | .« (f).

Formula (35) can be reformulated asE (jZ«x (f)j)?™ - E (3% %)°M, where” is
a standard normal random variable. Theorem 4.1 statesthat the tail distribution
of kljZw, (f)j satis es an estimate similar to that of %} j¥. This can be deduced
relatively simply from Proposition[5.1 and the Markov inequality P (jZ.x (f)j >

u) - E(k"zukz# with an appropriate choice of the parameter M .
Proposition gives a bound on the momerts of k!ni k=2 ., (f ) similar to
the estimate on the momerts of Z. (f). The di®erencebetweenthem is

that estimate (37) in Proposition [5.2 contains a factor (1 + Cp®)2kM¢2at its
M

right-hand side, and it holds only for sudh momerts E 'kini K=2] e (F) for
which kMg - kM - ®n¥%f with someconstart My. The parameter ® > 0 in
relation (36) can be chosenin an arbitrary way, but it yields a really useful
estimate only for not too large values. Theorem[4.3 can be proved by meansof
the estimate in Proposition [5.2 and the Markov inequality. But becauseof the
relatively weak estimate of Proposition only the estimate of Theorem[4.3
can be proved for degenerateU-statistics. The main step both in the proof of
Theorem[4.1and (4.3 is to get good momert estimates.

A most important result of the probability theory, the so-calleddiagram for-
mula about multiple Wiener{It"o integrals can be applied in the proof of Proposi-
tion [5.1 This result canbefound e.g.in [17]. It enablesusto rewrite the product
of Wiener{lt"o integrals as a sum of Wiener{It"o integrals of di®erert order. It
got the name “diagram formula’', becausethe kernel functions of the Wiener{It"o
integrals appearing in the sum represenation of the product of Wiener{It"o in-
tegrals are de ned with the help of certain diagrams. As the expectation of a
Wiener{It"o integral of order k equalszerofor all k , 1, the expectation of the
product equalsthe sum of the constart terms (i.e. of the integrals of order zero)
in the diagram formula. The sum of the constart terms in the diagram formula
can be bounded, and such a calculation leadsto the proof of Proposition [5.1.

A version of the diagram formula can be proved both for the product of mul-
tiple random integrals Jn« (f ) de ned in formula (2) (see[18]) or for degenerate
U-statistics (see[20]) which expresseghe product of multiple random integrals
or degenerateU-statistics as a sum of multiple random integrals or degener-
ate U-statistics of di®eren order. The main di®erencebetween these new and
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the original diagram formula about Wiener{lt"o integrals is that in the caseof
random (non-Gaussian)integrals or degenerateU-statistics somenew diagrams
appear, and they give an additional cortribution in the sum represertation of
the product of random integrals Jn.« (f ) or of degenerateU-statistics | n (f).

Proposition/5.2 can be proved by meansof the diagram formula for the prod-
uct of degenerateU-statistics and a good bound on the cortribution of all in-
tegrals corresponding to the diagrams. Theorem [4.4 can be proved similarly
by means of the diagram formula for the product of multiple random inte-
grals Jnk (f) (see[18]). The main dixcult y of sud an approad arises,because
the expectedvalue of a k-fold random integral Jn (f ) (unlikethat of a Wiener{
It integral or degenerateU-statistic) may be non-zeroalsoin the casek , 1.
The expectation of all these integrals is small, but since the diagram formula
contains a large number of suc terms, it cannot supply sud a sharp estimate
for the momerts random integrals J, (f ) aswe have for degenerateU-statistics
I nk (f). On the other hand, Theorem/4.4 can be deducedfrom Theorems4.3, 3.2,
and formulas (20) and (21).

Remark: The diagram formula is an important tool both in investigations in

probability theory and statistical physics. The secondchapter of the book [25]
contains a detailed discussionof this formula. Paper [28] explainsthe combinato-
rial picture behindit, andit contains someinteresting generalizations.Paper [31]
is interesting becauseof a di®eren reason.It shavs how to prove certral limit

theoremsfor stationary processesn somenon-trivial casesby meansof the di-
agram formula. In this paper it is proved that the momerts of the normalized
partial sums have the right limit asthe number of terms in them tends to in-
Tnit y. Actually, the limit of the semi-invariants is investigated, but this can be
consideredas an appropriate reformulation of the study of the momerts. The
approad in paper [31] and the proof of the results mertioned in this work shon
somesimilarity, but there is also an essetial di®erencebetweenthem. In pa-
per [3]] the limit of "xed momerts is investigated, while e.g.in Problem a% we
want to get good asymptotics for such momerts of U-statistics | n« (f) whose
order may depend on the sample size n of the U-statistic. The reasonbehind
this di®erenceis that we want to get a good estimate of the probabilities de ned
in Problem a9 also for large numbers u, and this yields somelarge deviation
character to the problem.

The statemert of Example /4.2 follows relatively simply from another impor-
tant result about multiple Wiener{lt"o integrals, from the so-calledIt® formula
for multiple Wiener{It"o integrals (seee.qg. [14] or [17]) which enablesus to ex-
pressthe random integrals consideredin Example/4.2asthe Hermite polynomial
of an appropriately de ned standard normal random variable.

Here | did not formulate the diagram formula, hencel cannot explain the
details of the proof of Propositions/5.1 and/5.2. | discussinstead an analogous,
but simpler problem brie°y which may help in capturing the ideas behind the
proofs outlined above.

Let us considera sequenceof independert and identically distributed random
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P
variables»y;:::;», with expectation zero,taketheir sumsS, = » , and let us
j=1
try to give a good estimate on the momerts ES?M for all M = 1;2;:::. Because
of the independenceof the random variables » and the condition E» = 0 we
can write

X . .
ESiV = E»! G0CE»*: (38)

ji+ ¢+ jg=2M;j,, 2foralll- u- s;
ly 6 lyoif ug u°

Simple combinatorial considerationsshow that a dominating number of terms

suq1 tQat ju=2forall1- u- M, and the number of such vectors is equal

to 1 CME 5 M BV The Jast asymptotic relation holds if the number n

of terms in the random sum S, is sutciently large. The above co&siderations

.. . |
suggestthat under not too restrictive conditions ES2 » n3# M % =

E"2,, where %% = E»? is the variance of the terms in the sum S,,, and ", is a
random variable with normal distribution with expectation zeroand variance u.
The question ariseswhen the above heuristic argumert givesa right estimate.
For the sake of simplicity let us restrict our attention to the casewhen the
absolute value of the random variables » is boundedby 1. Let us obsene that
even in this casewe have to imposea condition that the variance ¢ of the
random variables » is not too small. Indeed, let us considersud random vari-
ables», for which P(» = 1) = P(» = j 1) = %, P(» = 0)= 1 ¥ . These
random variables » have variance ¥, and the cortribution of the terms E»™ ,

1- j - n,to the sumjn (38) equalsn¥?. If 3% is very small, then it may
occur that n¥2 A 'n3# ™ M) and the approximation given for ES2M in

the previous paragraph doesnot hold any longer. Let us obsene that for larger
momerts ESZM the choice of a smaller variance % is sutcient to violate the
asymptotic relation obtained by this approximation.

A similar picture arisesin Proposition [5.2. If the variance of the random
variable I, (f ) is not too small, then thoseterms give the essetial contribution
to the momerts of | o (f ) which correspond to sudh diagramswhich appear also
in the diagram formula for Wiener{It"o integrals. The higher momen we estimate
the stronger condition we have to imposeon the variance of |, (f ) to presene
this property and to get a good bound on the momert we consider.

In the next Section problems b), b% and b% will be discussed,where the
distribution of the suprenum of multiple random integrals J,.« (f ), degenerate
U-statistics | nk (f ) and multiple Wiener{lt"o integrals Z.,c (f ) will be estimated
for an appropriate classof functions f 2 F. Under someappropriate conditions
for the classof functions F a similar estimate can be proved in these problems
asin their natural counterpart when only one function is taken. The only dif-
ferenceis that worseuniversal constarts may appear in the new estimates. The
conditions we had to imposein the results about problemsa) and a® appear in
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their courterparts problems b) and b% in a natural way. But these conditions
also have somehidden, more surprising consequencesn the study of the new
problems.

6. On the suprem um of random integrals and U -statistics

To formulate the results of this section rst | introduce some notions which
appearin their formulation. Such properties will be intro ducedwhich say about
a classof functions that it has relatively small and in some sensedense nite
subsets.

First | introduce the following de nition.

De nition  of Lp-dense classes of functions with respect to some mea-
sure. Let us have a measurable space (Y;Y) together with a % nite measure
° and a set G of Y measurable real valued functions on this space. For all
1. p< 1, wesaythat Gis an L,-dense class with resgct to © and with
parameter D and exmnent L if for all numbers 1, " > O there existsa nite

m. D"it elepents, i.e. there existsa set G % G with m - D"i L elements
suchthat ||;é jgi gjPd° < "P for all functions g2 G.
g 2G-

The following notion will also be needed.

De nition  of L-dense classes of functions. Let us havea measurable space
(Y;Y) and a set G of Y measurable real valual functions on this space. We call
Gan Lp-denseclassof functions, 1- p< 1, with parameter D and expnent L
if it is L ,-densewith parameter D and expnent L with resgect to all prokability
measures® on (Y;Y).

The above introduced properties can be consideredas possible versions of
the so-called"-entropy frequertly applied in the literature. Nevertheless,there
seemsto exist no unanimously accepted version of this notion. Generally the
above intro duced de nitions will be applied with the choicep = 2, but because
of someargumerts in this paper it was more natural to introduce them in a
more generalform. The rst result | presen can be consideredas a solution of
problem b%.

Theorem 6.1. Let us consider a measurable space (X; X) together with a ¥
“nite non-atomic measure ! on it, and let 1 be a white noise with reference
measure ' on (X;X). Let F be a countable and L ;-dense class of functions

f(Xx1;:::;%xK) on (XX; X¥) with someparameter D and expnent L with respect
to the product measure 1 ¥ such that
z
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Let us consider the multiple Wiener integrals Z. (f ) introduced in formula (5)
for all f 2 F. The inequality

A ! Yoo 3 - W 3
. . u 2=k .U 2=k 2
P fSZLII:pJZ1;k (f)j>u - C(D+1)exp | ® % if A MLIogs—/4
(39)
holds with some universal constants C = C(k) > 0, M = M (k) > 0 and
®= ®k) > 0.

The next two results can be consideredas a solution of problems b) and b9).

Theorem 6.2. Let a probability measure ! be given on a measurable space

of k variables with some parameter D and expnent L, L , 1, on the product
space (X ¥; X*) which satis es the conditions

kfky = sup  jE(Xeiinxe) - L forall f 2 F (40)
Xj2X; 1 j-k
and
z
kfk3= Ef2(»;iiim) = F2(xqiinx)t(dxe) it (dxe) - 9% (41)
forallf 2 F

with someconstant 0 < %- 1. Then there exist someconstants C = C(k) > 0,
®= ®&k) > 0and M = M (k) > 0 depending only on the parameter k such that
the supremum of the random integrals Jn« (f ), f 2 F, de ned by formula (2)
satis es the inequality

A ! B 3 u' 2=k3/4
P supjdnk(f)j, u - CDexp i® - (42)
f 2F Ya
s -
; 2 u =k —\32 |0y 2-
if n¥%f, % , M(L+ ) Iogs—/4,
3
wher ~— = max ',%%'ﬁ ;0 and the numkers D and L agree with the parameter

and exponent of the L ,-denseclassF .

Theorem 6.3. Let a probability measure ! be given on a measurable space

of k variables with some parameter D and expnent L, L , 1, on the product
space (X X;XK) which satis'es conditions (40) and with some constant
0 < % - 1. Beside these conditions let us also assumethat the U-statistics
I nk (f) de ned with the help of a sequene of independent?! distributed random

functions f 2 F are canonical with respect to the measure 1 . Then there exist
someconstants C = C(k) > 0, ® = ®&Kk) > 0and M = M (k) > 0 depending
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only on the parameter k suchthat the inequality

A ! s 3u'2=k‘°/4
P supn “Zjlu(f)j, u - CDexp | ® _ (43)
f 2F Ya
U 2= 2
i 3/2 u + )32 ‘.
if n¥%ft, % ., M(L )**“log 7

3

holds, where ~ = max ',‘(’)%2 :0 and the numbker D and L agree with the param-

eter and exmnent of the L,-denseclassF .

The above theoremswhoseproofs can be found in [19] or [22] in a more de-
tailed version say that under some conditions on the class of functions F an
almost as good estimate holds for problems b), b% and b% as for the analo-
gous problems a), a% and a, where similar problems were investigated, but
only one function f was considered. An esseti?l &gsktriction in the results of

Theorems6.1,/6.2 and[6.3 is that the condition "3, , M(L;D)log 33/4 is im-
posedin them with someconstart M (L; D; k) depending on the exponert L and
parameter D of the L,-denseclassF. In Theorem 6.1M (L; D;k) = ML was

chosen,in Theorems6.2and/6.3M (L; D; k) =aM (L + ~)372 with an appropriate

universal constat M = M (k) and ~ = max O 'I%%'ﬁ . We are interested not

somuch in a good choice of the quantity M (L; D; k) in theseresults. Actually,
they could have beenchosenin a better way. We would like to understand why
such conditions have to be imposedin theseresults.

| shall aIsodiscusssomeotheir a@ekstionsrelated to the above theorems.Beside

the role of the lower bound on " 3, onewould alsolike to understand why we
have imposedthe condition of L ,-denseproperty for the classof functions F in
Theorems/6.2 and 6.3. This is a stronger restriction than the condition about
the L,-denseproperty of the classF with respect to the measure! ¥ imposed
in Theorem[6.1 It may be a little bit mysterious why in Theorems[6.2 and[6.3
such a condition is neededby which this classof functions is L »(°)-densealso
with respect to sudh probability measures® which seemto have no relation to
our problems. | can give only a partial answer to this question. In the next
section | present a very brief sketch of the proofs which shaws that in the
proof of Theorems6.2 and the L,-denseproperty of the classof functions
F is applied in the form as it was imposed.| shall discussanother question
which alsonaturally arisesin this context. One would like to know someresults
which enableus to ched the L ,-denseproperty and show that it holdsin many
interesting cases.

| shall discussstill another problem related to the above results. One would
like to weaken the condition by which the classesof functions F must be count-
able. Let me recall that in the Introduction | mertioned that our results can be
applied in the study of somenon-parametric maximum likelihood problems. In
these applications such casesmay occur where we have to work with the supre-
mum of non-courtably in nite random integrals. | shall discussthis question
separately at the end of this section.
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| show an examplewhich shawvsthat the condition ! %/A%_k M (L; D; k) log %
with someappropriate constart M (L; D; k) > 0 cannot be omitted from Theo-
rem[6.1l In this example([0; 1]; B), i.e. the interval [0; 1] together with the Borel
Yxalgebrais taken asthe measurablespace(X; X ), and the Lebesguemeasure,
is consideredon [0; 1] together with the usual white noise, v with the Lebesgue
measureasits referencemeasure.Fix somenumber %> 0, and de ne the class
of functions of k variablesF = Fs, on ([0; 1]<; BX) asthe indicator functions of

B

the k-dimensional rectangles @ [3;8] %[0 1J¢ such that all numbers a and
j=1
b,1- j- k, arerational, and the volume of theserectanglessatisfy the condi-

tion ® (b i &) - 4.1t canbe seenthat this courtable classof functions F is
j=1

L .-densewith respect to the measure, , (moreover it is L ,-densein the general
sense),hence Theorem[6.1 can be applied to the supremum of the Wiener{lt"o
integrals Z  (f) with the above classof functions f 2 F.

Let the above chosennumber %> 0 be suzciently small and suc that ¥#7«
is a rational number. Let us dene N = [¥ 27] functions f; 2 F, where [X]
denotesthe integer part of the number x in the following way: The function f;
is the indicator function of the k-dimensional cube we get by taking the k-fold
direct product of the interval [(j i 1)¥£7;j ¥%£7] with itself, 1- j - N. Then
all functions f; are elemens of the above de ned classof functions F = Fy,
and the Wiener{It'o integrals Z  (fj), 1 - j - N, are independert random
variables. Hence

A oo 1
ProsupjZy (F)i>u P sup jZu(f)i>u =10 PGZx (Fa)i- u)™
3

(44)
for all numbersu > 0. 1 will shav with t_hegelp of relation (44) that for a small
%2> 0 and sugh a number u for which '%/A ™ = alog2 with somea < # the

probability P supjZ « (f)j > u is very closeto 1.
f 2F

By the It’o formula for multiple Wiener{It"o integrals (seee.g.[14]) the identit y
Zy (fj) = ¥H« (") holds, where Hk(d?qis the k-th Hermite polynomial with
- 32k
leading coetcient 1, and " = ¥ 17K (11?1)3/3* d, w, henceit is a standard
normal random variable. With the help of this relation it can be shavn that for
all 0 < ° < 1 there exists some¥y = ¥%(°) suc that P(jZ « (f1)j - u) - 1j
oi ©(u=7)?* =2 _ 1 '%‘ =2 if'&) < ¥< ¥. Hencerelation (44) and the inequality
- . . . . ? i3¢°a:2 %ZZkil
N, % 2% limply that P supjZ x (f)j>u , 1j 1; ¥
f 2F
By choosing ° suzciently closeto 1it can be shavn with the help of the above
relation that with g suzciently small¥2> 0 and the above choiceof the number u

the probability P supjZ i (f)j> u is almost 1.
f 2F
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The above calculation shaws that a condition of the type
U 2=

¥, >

is really neededin Theorem[6.1. With someextra work a similar examplecan be

constructed in the caseof Theorem[6.2 In this examplethe samespace(X; X)

and the sameclassof functions F = F3, can be chosen, only the white noise
hasto be replacedfor instance by a sequenceof independert random variables

M(L;D;k)logs—z/
4

large sample size n. (The lower bound on the sample size should depend also
on ¥) Also in the caseof Theorem[6.3 a similar example can be constructed. |
omit the details.

The theory of Vapnik{ Cervonenkis classeds a fairly popular and important
subject in probability theory. | shall shov that this theory is also useful in the
study of our problems. It provides a useful sutcient condition for the L ,-dense
property of a classof functions, a property which played an important role in
Theorems6.2 and[6.3. To formulate the result interesting for us rst | recall the
notion of Vapnik{ Cervonenkis classes.

De nition  of Vapnik- Cerv onenkis classes of sets and functions. Let a
set S be given, and let us selet a class D consisting of certain subsetsof this
setS. We call D a Vapnik{ Cervonenkisclassif there exist two real numbkers B

of cardinality n of the set S the collection of setsof the form Sg(n)\ D, D 2 D,
contains no more than BnX subsetsof Sy(n). We shall call B the parameter
and K the expnent of this Vapnik{ Cervonenkis class.

A class of real valual functions F on a space (Y;Y) is called a Vapnik{
Cervonenkis class if the collection of graphs of these functions is a Vapnik{
Cervonenkis class, i.e. if the setsA(f) = f(y;t):y 2 Y; min(0;f(y)) - t -
max(0;f (y))g, f 2 F, constitute a Vapnik{ Cervonenkis class of subsetsof the
product sppee S = Y £ RL.

The theory about Vapnik{ Cervonenkis classeshas generated a huge liter-
ature. Many suzcient conditions have been stated which ensurethat certain
classesof setsor functions are Vapnik{ Cervonenkis classes.Here | do not dis-
cussthem. | only present an important result of Richard Dudley, which states
that a Vapnik{ Cervonenkis classof functions boundedby 1 is an L ;-denseclass
of functions.

Theorem 6.4. Letf(y), f 2 F, be a Vapnik{ Cervonenkisclass of real valued
functions on some measurable space (Y;Y) such that supjf (y)j - 1 for all
y2yY

f 2 F. ThenF is an L;-denseclassof functions on (Y; Y). More explicitly, if F
is a Vapnik{ Cervonenkisclasswith parameterB , 1 and exmnentK > 0, then
it is an L;-denseclasswith exmpnent L = 2K and parameter D = CB?(4K )?K
with someuniversal constant C > 0.
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The proof of this result can be found in [28] (25 Approximation Lemma)
or in my Lecture Note [22]. Formally, Theorem[6.4 gives a sutcient condition
for a classof functions to be an L;-denseclass.But it is fairly simple to showv
that a class of functions satisfying the conditions of Theorem[6.4 is not only
an L4, but alsoan L,-denseclass.Indeed, an L ;-denseclassof functions whose
absolute values are bounded by 1 in the supremum norm is also an L ,-dense
class,only with a possibly di®eren exponert and parameter.| nish this section
by discussingthe problem how to replacethe condition of countable cardinality
of the classof functions in Theorems[6.2 and[6.3 by a useful weaker condition.

6.1. On the supremum of non-c ountable classes of random inte grals
and U -statistics

First | introduce the following notion.

De nition  of countably appro ximable classes of random variables. Let

a class of random variables U(f ), f 2 F, indexal by a class of functions on

a measurable space (Y;Y) be given. We say that this classof random variables

U(f), f 2 F, is countably approximable if there is a countable subsetF ° ¥ F

such that for all numbkers u > 0 the setsA(u) = f! : supju(f)(!)j, ugand
f 2F

B(u)=1f!: supju(f)(!)j, ug satisfy the identity P(A(u) nB(u)) = 0.
f2F ©

It is fairly simple to seethat in Theorems|6.1, 6.2 and [6.3 the condition
about the courtable cardinality of the class of functions F can be replaced
by the weaker condition that the classof random variables Z. (f), Jnk (f) or
Ink (f), f 2 F, is a courtably approximable classof functions. One would like
to get someresults which enableusto chedk this property. The following simple
lemma (seeLemma 4.3 in [22]) may be useful for this.

Lemma 6.5. Let a classof random variables U(f), f 2 F, indexed by some

set F of functions on a space (Y;Y) be given. If there exists a countable subset

FO% F of the set F such that the sets A(u) = f! : supjU(f)(!)j, ug and
f 2F

B(u) = f!': supju(f)(!)j, ug introduced for all u > 0 in the de nition of
f2F ©

countable approximability satisfy the relation A(u) 2B (uj ") forallu> " > 0,
then the classof random variablesU(f ), f 2 F, is countably approximable.

The alove property holdsif for all f 2 F, " > Oand! 2 - there exists a
function f = £(f;" 1) 2 F%suchthat jU(f)(! )i, jUFE)(!)ji ".

Thus to prove the countable approximability property of a classof random
variables U(f), f 2 F, it is enoughto ched the condition formulated in the
secondparagraph of Lemmal6.5. | preseri an example when this condition can
be cheded. This exampleis particularly interesting, sincein the study of non-
parametric maximum likelihood problems suc exampleshave to be considered.
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Let us x a function f (xq1;:::;Xk), supjf (X1;:::;X%k)j - 1, on the space
(X *; X¥) = (R*s; BkS) with somes, 1, whereB! denotesthe Borel ¥+algebraon
the Euclidean spaceR!, together with someprobability measure? on (RS; BS).
For all vectors (uy;:::;uk), (vi;:::;v) sud that uj;v; 2 R®>andu; - vj, 1-

j - Kk, (i.e. all coordinates of u; are smaller than or equalto the corresponding
coordinate of v;) let us de ne the function fy, ...y, v, v, Which equals the

function f on the rectangle [uy; vi] £ ¢¢¢uy;vk], and it is zero outside of this
rectangle.

in the space(R%; BS) with somedistribution , and de ne the empirical measure
L, and random integrals Jnk (fuy:mu veomv ) by formulas (1) and (2) for all

vectors (ug;:::;uk), (Vi;iii; Vi), uJ : v}m’for all 1. j - k, with the above
in[22).

Lemma 6.6. Letustake n independentand identically distributed random vari-

furiueveive 2 (RSk;BSk), U v 2 RS, uy - v, 1 j - k, introduced in

the last but one paragraph. This class of random variables J,« (f), f 2 F, is
countably approximable.

Let me also remark that the class of functions f, ...y v,:: v, IS 8lSO an
L o-denseclass of functions, actually it is also a Vapnik{ Cervonenkis class of
functions. As a consequenceTheorem([6.2 can be applied to this classof func-
tions.

To clarify the badkground of the above results | make the following remark.
The classof random variablesZ.y (f), Jnk (f) or Ik (f), f 2 F, canbe consid-
eredasa stochastic processindexed by the functionsf 2 F, and we estimate the
suprenum of this stochastic process.In the study of a stochastic processwith a
large parameter set one intro duces some smoothnesstype property of the tra-
jectories which can be satis ed. Here we followed a very similar approach. The
condition formulated in the secondparagraph of Lemmal6.5 can be considered
asthe smoothnesstype property neededin our problem.

In the study of a general stochastic processone has to make special e®orts
to 'nd its right version with suzciently smooth trajectories. In the case of
the random processesd,. (f) or Inx (f), f 2 F, this right version can be
constructed in a natural, simple way. A "nite sequenceof random variables

living. It hasto bechedkedwhether the “trajectories' of this random processhave
the “smaothnessproperties' necessaryfor us. The caseof a classof Wiener{It"o
integrals Z.x (f), f 2 F, is di®erert. Wiener{lt"o integrals are de ned with the
help of someL ,-limit procedure.Henceead random integral Z., (f) is de ned
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only with probability 1, and in the caseof a non-courtable set of functions F
the right versionZ. (f), f 2 F, of the Wiener{It"o integrals hasto be found to
get a countably approximable classof random variables.

R. M. Dudley (seee.qg.[5]) worked out a rather deeptheory to overcomethe
measurability ditculties appearingin the caseof a non-courtable set of random
variables by working with analytic sets, Suslin property, outer probability, and
soon. | must admit that | do not know the preciserelation betweenthis theory
and our method. At any rate, in the problems discussedhere our elemerary
approach seemsto be satisfactory.

In the next two sections| discussthe idea of the proof of Theorems 6.1,
[6.2 and[6.3. A simple and natural approad, the so-called chaining argumert
sutcesto prove Theorem[6.1 In the caseof Theorems6.2 and[6.3 this chaining
argumert can only help to reduce the proof to a slightly weaker statemert,
and we apply an essetially di®erern method based on some randomization
argumerts to complete the proof. Since in the multiv ariate casek , 2 some
essetial additional ditculties appear, it seemedto be more natural to discuss
it in a separatesection.

7. The metho d of pro of of Theorems 6.1, (6.2 and 6.3

There is a simple but useful method, called the chaining argumert, which helps
to prove Theorem[6.1 It suggeststo take an appropriate increasing sequence
Fi,j = 0;1;:::, of Lo-densesubsetsof the classof functions F and to estimate
the supremum of the Wiener{It'o integrals Z., (f), f 2 Fj, forallj = 0;1;:::.

In the application of this method rst we de ne a sequenceof subclassesG
of F,j = 0;1;2:::, such that G = fg,1;:::;0G,m, g% F is an 2 1k%.dense
subsetof F in the L,(* *)-norm, i.e. they satisfy the relation

inf  %f:g.)?
1- |- mj é gj";

21 Akyz (45)
for all f 2 F, and also the inequality m; - D2k-34 L holds. Such sets G
exist becauseof the conditions of Theorem/6.1. Let us also de ne the classesof

functions F; = G, and sets
p=0

( 3 )
Bj = Bj(u)= !: supjZu (F)(V)j, u 1j 210%2 + j =012
f2F,

Givenafunction fj+11 2 G+ letus cthsesum afunction ;0 2 F; with some
19=191) for which %f;.o;fj.14) - 2 1k%with the function %f;g) de ned in
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formula (45). Then

PE o
P(Bj«1) - P(Bj)+ P jZuk (Fjena i fja0)j > u2i KU =2 - (4p)
=1

Theorem 4.1 yields a good estimate of the terms in the sum at the right-hand

side of (46), and it also provides a good bound of the probability P(Bg). With

the help of somesmall modi cation of the construction it can be achieved that

also the relation s Fij = F holds. The proof of Theorem6.1 follows from the
j =0

estimates obtain(;d in such a way.

Theorem[6.2 can be deducedfrom Theorem 6.3 relatively simply with the
help of Theorem[3.3, since Theorem[6.3 enablesus to give a good bound on all
terms in the sum at the right-hand side of formula (19). The only non-trivial
step in this argumert is to shaw that the set of functions fy, f 2 F, appearing
in formula (19) satisfy the estimatesneededin the application of Theorem 6.3
Relations and are parts of the neededestimates. Beside this, it has
to be shown that if F is an L,-denseclassof functions, then the samerelation
holds for the classesof functions Fy = ffy : f 2 Fgfor all setsV % f1;:::;kg.
This relation canalsobe showvn with the help of a not too ditcult proof (see[19J
or [22]), but this question will be not discussedhere.

One may try to prove Theorem[6.3 similarly to Theorem[6.1, with the help
of the chaining argumert. But this method does not work well in this case.
The reason for its weaknessis that the tail distribution of a degenerateU-
statistic with a small variance ¥ does not satisfy such a good estimate as the
tail distribution of a multiple Wiener{lt"o integral. At this point the condition
u - nk¥2%*1 in Theorem 4.2 plays an important role. Let us recall that, asEx-
amplel4.5 shaws, the tail distribution of the normalized degeneratedU -statistics
ni k22| (f) satis es only arelatively weak estimate at level u if u A nk=23/*1
We may try to work with an estimate analogousto relation (46) in the proof of
Theorem[6.3. But the probabilities appearing at the right-hand side of such an
estimate cannot be well estimated for large indicesj .

Thus we can start the procedureof the chaining argumert, but after “nitely
many steps we have to stop it. In such a way we can nd a relatively dense
subsetFg ¥2 F (in L,(*) norm) such that a good estimate can be given for
the distribution of the suprenum sup Ink (f). This result enablesus to reduce

f 2F

Theorem(6.3to a slightly weaker statemert formulated in Proposition|[7.1 below,
but it yields no more help. Nevertheless,sud a reduction is useful.

Prop osition 7.1. Let us have a protability measure * on a measurable space
(X; X) togetherwith a sequene of independentand * distributed random vari-
ables»;:::;» and a countable L ,-denseclassF of canonical kernel functions
f = f(xg;:::;Xk) (with respect to the measure 1) with some parameter D and
exmnent L on the product space (X ¥; X¥) suchthat all functions f 2 F satisfy
conditions (40) and (41) with some0 < ¥- 1. Let us consider the (degeneante)
U-statistics |1« (f) with the random sequene@ »;:::;» and kernel functions
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f 2 F. There exists a suzciently large constant K = K (k) togetherwith some
numbers ¢ = €(k) > 0, ° = °(k) > 0 and thresholdindex Ag = Ag(k) > O de-
pending only an the order k of the U-statistics suchthat if n%2 > K (L+ ") logn
with ~ = max 'I‘;ggﬁ ;0 , then the degeneate U-statistics |« (f), f 2 F, satisfy
the inequality

A I

P supjni %I, ()i, AnK=2% . Eel AT f A Ag (47)
f 2F

The statement of Proposition (7.1 is similar to that of Theorem 6.3, The
essetial di®erencebetweenthem is that Proposition 7.1yields an estimate only
for u , Agn*¥2%*l with a suzciently large constart Ao, i.e. for relatively
large numbers u. In the caseu A nk=23* it yields a weaker estimate than
formula in Theorem[6.3 but actually we need this estimate only in the
caseof the number A in formula being bounded away both from zeroand
in nit y.

The proof of Proposition [7.1, brie°y explained below, is basedon an induc-
tiv e procedurecarried out by meansof a symmetrization argumert. In ead step
of this induction we diminish the number A, for which we show that inequal-
ity (47) holds for all numbers Ank=234*1 with A , Ag. This diminishing of the
number Ag is doneaslong asit is possible.It hasto be stopped at such a num-
ber Ag for which the probability P (jni k=214 (f)j , Aon*=2%k*1) can be well
estimated by Theorem|4.3 for all functions f 2 F. This has the consequence
that Proposition[7.1yields just suc a strong estimate which is neededto reduce
the proof of Theorem[6.3 to a statemert that can be proved by meansof the
chaining argumert.

In the symmetrization argumert applied in the proof of Proposition 7.1 sev-
eral additional ditculties arise if the multivariate casek , 2 is considered.
Hencein this section only the casek = 1 is discussed.A degenerateU-statistic
In:1(f) of order 1is the sum of independert, identically distributed random vari-
ableswith expectation zero. In this paper the proof of Proposition [7.1 will be
only brie®y explained. A detailed proof can be found in [19] or [22]. Let me also
remark that the method of these works was taken from Alexander's paper [2],
where all ideasappearedin a di®erent cortext.

We shall bound the probability appearing at the left-hand side of (if k=
1) from above by the probability of the event that the suprenum of appropri-
ate randomized sumsis larger than somenumber. We apply a symmetrization
method which meansthat we estimate the expressionwe want to bound by
meansof a randomized (symmetrized) expression.Lemma/7.2, formulated be-
low, has such a character.

Lemma 7.2. Leta countableclassof functions F on a measurablespace (X ; X)
and a real number 0 < %< 1 be given. Consider a sequen@ of independent,
0, Ef?(») - 3% for all f 2 F together with another sequen@ "1;:::;", of

independent random variables with distribution P("j = 1) = P("; = j 1) = %
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1- j - n, independentalso of the random sequen@ »1;:::;». Then

0 - - 1
> —
P @é sup— f(»)-, An'2%2A
N toF i1

0 - = 1 0
0 - 5
. 4P @91: sup—  "if (), A =252 if A, 5’72: (48)
N¢op 3 N¥4

i=1

Let us rst understand why Lemma7.2 can help in the proof of Proposi-
tion It enablesto reducethe estimate of the probability at the left-hand
side of formula (48) to that at its right-hand side. This reduction turned out
to be useful for the following reason.At the right-hand side of formula 7.4 the
probability of such an event appears which depends on the random variables

»1;11;» and somerandomizing terms "q;:::; ", . Let us estimate the probabil-
ity of this evert by bounding rst its conditional probability under the condition
that the valuesof the random variables »;;:::;», are prescribed. These condi-

tional probabilities can be well estimated by means of Hoe®ding's inequality
formulated below, and the estimateswe get for them also yield a good bound
on the expressionat the right-hand side of (48).

Hoe®ding'sinequality, (seee.g.in [28] pp. 191{192), more preciselyits special
casewe need here, states that the linear combinations of independert random
variables";, P("j = 1) = P("; = j 1) = % 1- j - n, behave soasthe certral
limit theorem suggests.More explicitly, the following inequality holds.

Theorem 7.3 (Ho e®ding's inequalit y). Let";;:::;", be independentran-
dom variables, P("; = 1) = P("; = i 1) = % 1-j- n,andletag;:::;a, be
arbitrary real numters. Put V = a"j. Then
j=1
( o)
P(V>y): exp j —Pi2 3,1/ 2 for all y > 0: (49)
i=1 9%

As we shall see,the application of Lemmal7.2 together with the above men-
tioned conditioning argumernt and Hoe®ding'sinequality enable us to reduce

the estimation of the distribution of sup  f(») to that of sup  f2(») =
f2F j=1 f2F j=1

sup P [f2(») i Ef2(3)] + nsupEf?2(»). At st sight it may seemso that
f2F j=1 f 2F

we éid not gain very much by applying this approac. The estimation of the
suprenum of a classof sumsof independert and identically distributed random
variables was replaced by the estimation of a similar suprenum. But a closer
look shows that this method canhelp usin "nding a proof of Proposition[7.1. We
have to follow at what level we wanted to bound the distribution of the supre-
mum in the original problem, and what level we have to choosein the modi ed
problem to get a good estimate in the problem we are interested in. It turns
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out that in the secondproblem we needa good estimate about the distribution
of the suprenum of a classof sums of independert and identically distributed
random variables at a considerablehigher level. This obsenation enablesus to
work out an inductiv e procedurewhich leadsto the proof of Proposition [7.1

Indeed, in Proposition [7.1 estimate (47) has to be proved for all numbers
A , Ao with some appropriate number Ag. This estimate trivially holds if
Ao > ¥ 2, becausen this casecondition (40) about the functions f 2 F implies
that the probability at the left-hand side of (47) equalszero. The argumert of
the previous paragraph suggeststhe following statemert: If relation holds
for someconstart Ag, then it alsoholds for a smaller Ag. HenceProposition[7.1
can be proved by meansof an inductive procedurein which the number Ay is
diminished at ead step.

The actual proof consistsof an elaboration of the details in the above heuristic
approach. An inductiv e procedureis applied in which it is shown that if relation
(47) holds with somenumber A for a classof functions F satisfying the condi-
tions of Proposition [7.1] then this relation also holds for it if Ag is replacedby
A?f“, provided that Ay is larger than some xed universalconstart. | would like
to emphasizethat we prove this statement not only for the classof functions F
we are interested in, but simultaneously for all classesf functions which satisfy
the conditions of Proposition 7.1 As we want to prove the inductiv e statemert
for a classof functions F, then we apply our previous information not to this
class,but to another appropriately de ned classof functions F %= FYF) which
also satis”es the conditions of Propositions(7.1 | omit the details of the proof,
I only discussone point which desenes special attention.

Hoe®ding'sinequality, applied in the justi cation of the inductiv e procedure
leading to the proof of Proposition [7.1 gives an estimate for the distribution
of a single sum, while we needa good estimate on the suprenum of a classof
sums. The question may arise whether this doesnot causesomeproblem in the
proof. | try to brie°y explain that the reasonto introduce the condition about
the L,-denseproperty of the classF wasto overcomethis ditcult y.

In the inductive procedurewe want to prove that relation (47) holds for all
A, A8=4 if it holds for all A, Ay. It can be shovn by meansof the inductive
assumption which states that relation holds for A , Ay and Hoe®ding's
inequality Theorem[7.3 that there is a set D % - such that the conditional
probabilities

— — 1
_ 1=232
EOy)-, L(SA?:))l(! Yoo (1)A (50)

%II

0
1
@p—
P RS

=1

are very small for all f 2 F, and the probability of the set- nD is negligibly
small. Let me emphasizethat at this step of the proof we can give a good
estimate about the conditional probability in (50) for all functions f 2 F if
I 2 D, but we cannot work with their supremum which we would needto apply
formula (48). This ditcult y can be overcome with the help of the following
argumert.
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Let usintroduce the (random) probability measure® = °(!) uniformly dis-

(random) measure® has a support consisting of n points, and the °-measure
of all points in the support of © equals%. This implies that the suprenum of a
function de ned on the support of the measure® can be bounded by meansof
the L,(°)-norm of this function. This property together with the L,(°)-dense
property of the classof functions F imposedin the conditions of Proposition[7.1

ments m in such a way that for all f 2 F there is somefunction f;, 1- |- m,
whosedistanee from the function f-in the L»(°) norm is lessthan A¥£=6, hence

_inf ni 1=2:Fnl "(F(y)i fi(q)=- ni2 ij i fijdo - A% The condi-
j=
tion that F is L,-densewith exponert L and parameter D enablesus to give
a good upper bound on the number m. This is the point, where the condition
that the classof functions F is L ,-densewas exploited in its full strength. Since
we can give a good bound on the conditional probability in for all functions
f =1f,,1- |- m, wecanbound the probability at the right-hand side of (48).
It turns out that the estimate we get in such a way is suzciently sharp, and the
inductiv e statemert, hencealso Proposition [7.1 can be proved by working out
the details.
| brie°y explain the proof of Lemma[7.2 The randomizing terms";, 1- j -

n, in it can be introduced with the help of the following simple lemma.

measurablespace (X; X), independentof each other. Let";:::;", be a sqquen@
of independent random variablesP("; = 1) = P("; = j 1) = ; 1. n,
which is independent of the random sequen@s »,;:::;» and %;:::;%,. Take

a countable set of functions F on the space (X;X). Then the set of random
variables
1 X R
p=  fO)if(): f2F;
j=1
and its randomizal version
1 X1 " i 1 ¢
p= " feDife) s f2F;
j=1

havethe samejoint distribution.

Lemmal(7.2 can be proved by meansof Lemma (7.4 and some calculations.
There is one harder step in the calculations. A probability of the type
0 1
1 X
P@p—sup f(»)>UuA
N t2F i=1
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hasto be bounded from above by meansof a probability of the type
0 1
X ¢
P@pljsup If()’j)if(>1>1) >uj KA
N toF =

with somenumber K > 0. (Here the notation of Lemma 7.4 is applied.) At this
point the following symmetrization lemma may be useful.

Lemma 7.5 (Symmetrization Lemma). LetZ, and Zp, p=12:::, betwo
sequen@s of random variables independent of each other, and let the random
variablesip, p=1;2;:::, satisfy the inequality

P(iZpj- ®, ~ foralp=12::: (51)
with somenumbkers®, Oand , 0. Then
M 1 . M 1
P sup jZpj>®+u - =P sup jZpi ipj > u for all u> 0:
1. p<1 1. p<1

The proof of Lemma(7.5 can be found for instancein [28] (8 Symmetrization
Lemma) or in [22] Lemma 7.1.
Let us list the elemen of the countable classof functions F in Lemmal7.2

in the form F = ff;f5;:::;9. Then Lemmal7.2 can be proved by means of
Lemmas7.4 and[7.5 with the choice of the random variables
1 X 1
Zy=p=  fp(») and 2,= = () p= Lz (52)
i=1 j=1

| omit the details.

One may try to generalizethe above sketched proof of Theorem[6.3 to the
multiv ariate casek , 2. Herethe questionariseson how to generalizeLemmal7.2
to the multiv ariate caseand how to prove this generalization. Theseare highly
non-trivial problems. This will be the main subject of the next section.

8. On the pro of of Theorem [6.3 in the multiv ariate case

Here we are mainly interestedin the question how to carry out the symmetriza-

tion procedurein the proof of Proposition[7.1to the multiv ariate casek , 2. It

turned out that it is possibleto reducethis problem to the investigation of mod-

i ed U-statistics, where k independert copiesof the original random sequence
are taken and put into the k di®erert argumerts of the kernel function of the

U-statistic of order k. Such modi ed versionsof U-statistics are called decoupled
U-statistics in the literature, and they can be better studied by meansof the

symmetrization argumert we are going to apply. To give a precise meaning of

the above statemerts somede nitions have to be intro duced and someresults

have to be formulated. | intro duce the following notions.
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The de nition  of decoupled and randomized decoupled U-statistics.
Let us have k independent copies »);:::;»?, 1 - j - k, of a sequene

Banach space. Then the decoupled U-statistic determined by the random se-

quen@s»);:iimi), 1. | - k, and kernel function f is de ned by the formula

1 X :
P (F) = - £y (53)
" |;je' |J.n;0 Jif:jls;:j:o;k

Let us have beside the sequen@s »’;:::;»9), 1 - j - k, and function

P("'=1)=P(" =i1)= 3 1- |- n, whichis independent also of the

sequene@s of random variables »g”;:::;»,ﬂ”, 1- j - k. We dene the ran-

domized decoupled U-statistic determined by the random sequen@s»{?;: 115,

1- j - Kk, the kernel function f and the randomizing sequen@ "1;:::;"n bythe

formula
X 3

" 1
Fo (F) = A ", oot f >ﬁ(11);:::;»|(:‘) : (54)
1. lj-omj=tm ok
|j§|10if1510

Our “rst goalis to reducethe study of inequality (47) in Proposition[7.1to an
analogousproblem about the suprenum of decoupledU -statistics de ned above.
Then we want to show that a symmetrization argumert enablesus to reduce
this problem to the study of randomized decoupled U-statistics introduced in
formula (54). A result of de la Pera and Montgomery{Smith formulated below
helpsto carry out such a program. Let me remark that both in the de nition of
decoupledU-statistics and in the result of de la Pera and Montgomery{Smith
functions f taking their valuesin a separableBanadc spacewere considered,
i.e. we did not restrict our attention to real-valued functions. This choice was
motivated by the fact that in such a generalsetting we can get a simpler proof
of inequality (56) presered below. (The de nition of U-statistics given in for-
mula (3) is also meaningful in the caseof Banach-spacevalued functions f .)

Theorem 8.1 (de la Pera and Mon tgomery{Smith). Let us consider a
on a measurable space (X ; X) together with k independent copies »{’;::1;»{,
1- j - k. Letusalsohavea function f (x1;:::;Xx) on the k-fold product space
(X *¥; X*) which takesits valuesin a serable Banach space B. De ne the U-
statistic and decoupled U-statistic | (f ) and oy (f ) with the help of the atove
random SeqUeN@s »;;:::;m, »)); i), 1+ j - k, and kernel function f .
There exist someconstants € = ¢(k) > 0 and ° = ° (k) > 0 deending only on
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the order k of the U-statistic suchthat
i ¢
P (Klnk (F)k>u) - EP ki (F)k> °u (55)

for all u > 0. Here k ¢k denotesthe norm in the Banach space B where the
function f takesits values.

More geneally, if we havea countable sequen of functions fg, s= 1;2;:::,
taking their valuesin the same sefrable Banach-sgace, then

vl 1 M o 1

P sup kink(fs)k>u - P sup “F(fs)” >°u :  (56)
1-s<1 1. s< 1

The proof of Theorem/8.1 can be found in [4] or in Appendix B of my Lecture
Note [22]. Actually [4] cortains only the proof of inequality (55), but (56) can
be deducedfrom it simply by introducing appropriate separableBanacd spaces
and by exploiting that the universal constarts in formula (55) do not depend on
the Banach spacewhere the random variables are living. Theorem[8.1 is useful
for us, becauseit shaws that Proposition (7.1 simply follows from its version pre-
serted in Proposition [8.2 below, where U-statistics are replaced by decoupled
U-statistics. The distribution of a decoupledU-statistic is not changing if the
sequence®f random variables put in somecoordinates of its kernel function are
replacedby an independert copy, and this is a very useful property in the appli-
cation of symmetrization argumerts. Beside this, the usual argumerts applied
in calculation with usual U-statistics can be adapted to the study of decoupled
U-statistics. Now | formulate the following version of Proposition [7.1.

Prop osition 8.2. Consider a class of functions f 2 F on the k-fold prod-
uct (X *; XK) of a measurable space (X ; X), a probability measure * on (X X)
together with a sequen@ of independent and * distributed random variables
pendent copies »g”;:::;)q(q'), 1. j - k, of the random sequen@ »y;:::;»,
and consider the decoupled U-statistics Iln;k (f), f 2 F, de ned with their help
by formula (53). There exists a suzciently large constant K = K (k) together
with some number ° = °(k) > 0 and thresholdindex Ay = Ag(k) > 0 depend-

ing only on the order k of the decoupled U-statistics we consider such that if
n¥f > K (L + ) logn with ~ = max I@%? ;0 , then the (degenente) decoupled

U-statistics Iln;k (f), f 2 F, satisfy the following version of inequality (47):
A !

P supjni %%2f, (F)j ., An<=23+ . @ AT G A A (57)
f 2F

Proposition and Theorem[8.1 imply Proposition Henceit is enough
to concerrrate on the proof of Proposition (8.2 It is natural to try to adapt
the method applied in the proof of Proposition [7.1 in the casek = 1.1 try to
explain what kind of new problems appear in the multiv ariate caseand how to
overcomethem.



P&ter Major/R andom integrals and U-statistics 490

The proof of Proposition [7.1 was based on a symmetrization type result
formulated in Lemma[7.2 and Hoe®ding's inequality Theorem [7.3. We have
to nd the multiv ariate versionsof theseresults. It is not ditcult to nd the
multiv ariate version of Hoe®ding'sinequality. Such a result can be found in [22]
Theorem 12.3,0or [2]] contains an improved versionwith optimal constart in the
exponert. Here | do not formulate this result, I only explain its main content.
Let us considera homogeneougolynomial of Rademader functions of order k.
The multiv ariate versionof Hoe®ding'sinequality statesthat its tail distribution
canbe boundedby that of K ¥ ¥ with someconstart K = K (k) depending only
on the order k of the homogeneouspolynomial, where “ is a standard normal
random variable, and 37 is the variance of the random homogeneougpolynomial.

The problem about the multiv ariate generalization of Lemma(7.2 is much
harder. We want to prove the following multiv ariate version of this result.

Lemma 8.3. LetF be a classof functions on the space (X ¥; X ¥) which satis es
the conditions of Proposition [7.1 with some probability measure * . Let us have
k independent copies »g‘); o)1 i - k, of a sgquene of independent*

variables” = ("1;:::5;"), P(" = D) =P =il = % 1- |- n, whichis
independentalso of the random sequen@s»\?;:::;»4), 1- j - k. Consider the
decoupled U-statistics Iln;k (f) de ned with the help of theserandom variables by
formula (53) together with their randomized version Il;',;k (f) de ned in (54) for
all f 2 F. There exists someconstant Ag = Ag(k) > 0 suchthat the inequality

A !

P supn! 2 oy (1) > An*Eak (58)
A |

An - . . . 1= ki 1) 2
< 2k+l P Sup Iln;k (f) > 2 (k+1) Ank%+l + Bnkl 1e| A n¥s“ =k
f 2F

holdsfor all A, Ag with someappropriate constant B = B (k). One can choose
for instance B = 2 in this result.

The estimate (58) in Lemmal8.3 is similar to formula in Lemma 7.2
There is a slight di®erencebetweenthem, becausethe right-hand side of
cortains an additional constart term. But this term is suzciently small, and
its presencecausesno problem as we try to prove Proposition 8.2 by means
of Lemmal8.3. In this proof we want to estimate the distribution of the supre-
mum of the decoupledU-statistics Iln;k (f), f 2 F, dened in formula (53), and
Lemmal(8.3 helps us in reducing this problem to an analogousone, where these
decoupled U-statistics are replaced by the randomized decoupled U-statistics
Ilr';;k (f), de'ned in formula (54). This reducedproblem can be studied by taking
the conditional probability of the event whose probability is consideredat the
right-hand side of (58) with respect to the condition that all random variables
>ﬁ(‘), 1-j- k,1- |- n,take a prescribed value. These conditional proba-
bilities can be estimated by meansof the multiv ariate version of the Hoe®ding



P&ter Major/R andom integrals and U-statistics 491

inequality, and then an adaptation of the method described in the previous sec-
tion suppliesthe proof of Proposition The proof is harder in this new case,
but no new principal dixcult y arises.

Lemma 7.2 was proved by meansof a simple result formulated in Lemmal[7.4
which enabled us to introduce the randomizing terms ";, 1 - j - n. In this

Lemma (7.4 which may help in the proof of Lemma8.3. In its formulation |
intro duce besidethe k independert copies»\);:::;»’, 1+ j - k, of the origi-

appearing in the de nition of a decoupledU-statistic of order k another k inde-
pendert copies»{’;::; 3 1. j . k, of this sequenceBecauseof notational
corveniencel reindex them, and | shall dealin Lemma[8.4with 2k independert
copiessd i and U DI 1. Lk, of the original sequence

Now | formulate Lemma|8.4.

Lemma 8.4. Let us have a (non-empty) class of functions F of k variables
copies 0 D and T DT 1. Lk, of a sequene of
Py = i1 = % 1- j - n, independent of all previously considered ran-
dom segjuenes. Let us denote the class of sequenes of length k consisting of

8 1 digits by Vk, and let m(v) denote the number of digits | 1 in a sequene

the random variables I (f) and M (f;") as

1 X X - ey
M) = (O™ @ (s9)
' v2 Vi 1o - m r=1 ;K
Irelroif rer0
and
1 X X - .
M ()= G " " 00e f YDk
’ v2 Vg 1o Ip-n; r=1 ;0 5k
Irslroif rer0
(60)

for all f 2 F. The joint distributions of the random variablesf 7.« (f); f 2 Fg
and f (f; ");f 2 Fgde ned in formulas (59) and (60) agree.

The proof of Lemmal8.4 can be found as Lemma 11.5in [22]. Actually, this
proof is not ditcult. Let us obsene that the inner sum in formula (59) is a
decoupled U-statistic, and in formula it is a randomized decoupled U-
statistic. (Actually they are multiplied by k!). In formulas and (60) suc a
linear combination of theseexpressionsvastakenwhich is similar to the formula
appearing in the de nition of Stielties measures.
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Let us list the functions in the classof functions F in Lemmal/8.3in the form
ffi;f2;:::9= F, and introduce the quartities

ni k=2 X e 1)
Zp= i fp >ﬁ(1’));:::;)ﬁ(k’) ;op= 1,20 (61)
: 1o 0p-m or=1 ok
Irélroifrsro

and
2p=2Zpi N FR(fp); p= 1200 (62)

with the random variables [T, (f ) introducedin (59) with the function f = f.
We would liketo prove Lemmal8.3with the help of Lemma/8.4. This canbe done
with the help of somecalculations, but this requiresto overcomgsomevery harﬁi

problems. We should like to bound a probability of the form P~ sup Z,>u
m 1. p<1 ﬂ
from above with the help of a probability of the form P sup (Z; i ip) > 3
1 p<i
for all suxciently large numbers u. The question arises hgw to prove such an
estimate. This problem is the most ditcult part of the proof.

In the casek = 1 consideredin the previous section the analogousproblem
could be simply solved by meansof a Symmetrization Lemma formulated in
Lemmal7.5. This Lemma cannot be applied in the presern case,becauseit has
an important condition, it demandsthat the sequence®f random variables Z ,
p=1;2;:::, and Zp, p= 1,2;:::, should be independert. In the problem of
Section[7 we could work with such sequencesvhich satisfy this condition. On
the other hand, the sequence<, and Zp, p=1;2;:::, de ned in formulas
and (62) we have to work with now are not independert in the casek , 2. They
satisfy someweak sort of independence,and the problem is how to exploit this
to get the estimateswe need.

Let us rst formulate such a version of the Symmetrization Lemma which
can be applied also in the problem investigated now. This is donein the next
Lemma8.5.

Lemma 8.5 (Generalized version of the Symmetrization Lemma). Let
Z, and 2, p= 1;2;:::, be two sequenes of random variables on a probability
spce (- ;A;P). Leta¥salgeba B ¥2 A be givenon the probability space (- ; A; P)
togetherwith a B-measurableset B and two numbers ®> 0 and ™ > 0 suchthat
the random variablesZ,, p= 1,2;:::, are B measurable, and the inequality

P(jipj- ®B)('), foralp=1,2:::if! 2B (63)
holds. Then
M 1 L M f
P sup jZpj>®+u - =P  sup jZpi Z2pj>u + (1i P(B)) (64)
1. p<1 1- p<1

for all u> 0.
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The proof of Lemma/8.5is contained together with its proof in [22] under the
namelLemma 13.1,and the proof is not hard. It consistsof a natural adaptation
of the proof of the original Symmetrization Lemma, preseried in Lemma 7.5
The hard problem is to ched the condition in formula in concrete appli-
cations. In our casewe would like to apply this lemmato the random variables
Z, and Zp, p=1,2:::, dened in formulas (61) and (62) together with the
YsalgebraB = B 'P;::;» ;1. | - k) generatedby the random variables
sd I 1§ - k. We would like to show that relation (63) holds with
this choice on a set B of probability almost 1. (Let me emphasizethat in
a set of inequalities must hold for all p= 1;2;::: simultaneously if ! 2 B.)

In the analogousproblem consideredin Section[7 condition had to be
chedked with someappropriate constarts ® > 0 and = > 0 for the random vari-
ablesip, p= 1,2;:::, de ned in formula (52). This could be donefairly simply
by the calculation of the variance of the random variables 2, p = 1;2;:::.
A natural adaptation of this approad is to bound from above the supremum

sup E Zng of the conditional secondmomerts of the random variables Zp,
1 p<1
1- p<1,denedin with respectto the ¥:algebraB and to show that this
expressionis small with large probability. | have followed this approac in [19]
and [22]. One can get the desired estimates, but many unpleasart technical de-
tails have to be tackled in the proof. | do not discusshere all details, | only
brie°y explain what kind of problems we meet when try to apply this method
in the special casek = 2 and give someindications how they can be overcome.

In the casek = 2 the de nition of ip is very similar to that of ni I‘=2I~n;2(fp)
de ned in (59) with the function f = f,. The only di®erenceis that in the
de nition of Z, we have to take the valuesv = (1;j 1), v = (j ;1) and v =
(i ;i 1) in the outer sum, i.e. the term v = (1;1) is dropped, and we multiply
by (j 1)"M*1 instead of (j 1)™(Y). We can get the desired estimate on the
conditional suprenmum of secondmomerts if we can prove a good estimate on
the conditional secondmomerts of the supremum of the inner sumsin 7. »(f ),
1- p< 1,inthe caseofeadindexv= (1;j 1),v=(j L1)andv=(j 1;j 1).
If we can get a good estimate in the casev = (1;j 1), then we cangetit in the
remaining cases,too. Sowe have to give a good bound on the expression

0 o . 1oL
1 X . . -
sup ER-@ fp %Y A BX: (65
1. p<1 n 1- I,-n r=1:2; 1161, -
Moreover, since the sequenceof random variables »l(z;i V1. 1. nis

independert of the ¥+algebraB, and the canonical property of the functions f ,
implies some orthogonalities, the estimation of the expressionin (65) can be
simplied. A detailed calculation shows that it is enoughto prove the following
inequality:

Let us have a countable classF of canonical functions f (x; y) with respect
to a probability measure! on the secondpower (X 2; X 2) of a measurablespace
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(X; X), which is L ,-densewith someexponert L and parameter D, (the prob-
ability measure! is living in the space(X; X)) together with a sequenceof
independert and ! -distributed random variables »;:::;»,, n, 2, on (X;X),
and let %he relations

f(x;y)?1 (dx)t (dy) - ¥%; supjf(xy)j- 1 forallf 2 F

hold with somenumbey 0 < %% - 1 which satis es the relation n¥# , K (L +

“)logn with — = max 'g%? ;0 and a suzciently large xed constart K > 0.
Then the inequality
0 X A ', 1 . o
P @supﬁ f(Or;y)  t(dy), A?n%A . exp j A¥n¥Z (66)
f 2F

=1

holdsif A, Ao with somesuzciently large xed constart Ag.

Inequality (66) is similar to relation (47) in Proposition[7.1in the casek = 1,
but it does not follow from it. (It follows from in the special casewhen
the function f does not depend on the argument y with respect to which we
integrate.) On the other hand, inequality (66) can be proved by working out
a similar, although somewhatmore complicated symmetrization argumert and
induction procedure asit was done in the proof of Proposition [7.1in the case
k = 1. After this, inequality enablesus to work out the symmetrization
argumert we needto prove Proposition [7.1 for k = 2. This procedure can be
continued for all k = 2;3;:::. If we have already proved Proposition [7.1 for
somek, then an inequality can be formulated and proved with the help of the
already known results which enable us to carry out that symmetrization pro-
cedure which is neededin the proof of Proposition in the casek + 1. This
is a rather cumbersomemethod with a lot of technical details, henceits de-
tailed explanation had to be omitted from an overview paper. In the work [22]
Sections 13, 14 and 15 deal only with the proof of Proposition [7.1 Section 13
contains the proof of somepreparatory results and the formulation of the induc-
tiv e statemerts we have to prove to get the result of Proposition [7.1, Section 14
contains the proof of the Symmetrization argumerts we need, and nally the
proof is completed with their help in Section 15.

There is an interesting theory of Talagrand about so-called conceriration
inequalities. This theory has somerelation to the questions discussedin this
paper. In the last section this relation will be discussedtogether with some
other results and open problems.

9. Relation with other results and some open problems

Talagrand worked out a deeptheory about so-calledconcerration inequalities.
(Seehis overview in paper [33] about this subject.) His results are closelyrelated
to the suprenum estimatesdescribed in this paper. First | discussthis relation.



P&ter Major/R andom integrals and U-statistics 495

9.1. On Talagrand's concentr ation inequalities

P
classof functions F, took the partial sums  f(») for all functions f 2 F,
j=1
and investigated their supremum. He proved sud estimates which state that
this suprermum is very closeto its expectedvalue, (it is concerrated around it).

The following theorem in paper [34] is a typical result in this direction.

Theorem 9.1 (Theorem of Talagrand). Consider n independentand iden-

space (X;X). Let F be some countable family of real-valued measurable func-

P
tions of (X;X) suchthat kf k; - b< 1 for everyf 2 F.LetZ = sup f(»)
f2F i=1

P
andv = E(sup f?2(»)). Then for every positive number x,
f2F i=1

Y U bﬂ%
P(Z.  EZ+x)- Kexp | log 1+X7 (67)

ol X

1
KO
and 1 A

X2
P(Z, EZ+Xx)- Kexp j

20V + GbY) (68)

where K, K9 ¢; and ¢, are universal positive constants. Moreover, the same
inequalities hold whenreplacingZ by Z.

Inequality (67) can be consideredas a generalization of Bennett's inequality,
inequality (68) as a generalization of Bernstein's inequality. In these estimates
the distribution of the supremum of possibly in nitely many partial sums of
independert and identically distributed functions are considered.A remarkable
feature of Theorem 9.1 is that it imposesno condition about the structure of
the classof functions F. In this respect it di®ersfrom Theorems[6.2 and 6.3
in this paper, where such a classof functions F is consideredwhich satis es a
so-calledL ,-density property.

Talagrand's study was also cortinued by other authors who got interesting
results. In particular, the works of M. Ledoux [16] and P. Massart [26] are worth
mertioning. In theseworks the above mertioned result wasimproved. Suc a ver-
sionwasprovedwhich alsoholdsfor the supremum of appropriate classeof sums
of independent but not necessarilyidentically distributed random variables. (On
the other hand, | do not know of such a generalizationin which U-statistics of

higher order are considered.) The improvemerts of these works consist for in-
P

f2())
i=1

stancein a version of Theorem[9.1 where the quantity v = E(sup
f2

P
is replaced by ¥# = fszqu . Var (f (»)), i.e. the supremum of the expectation
1=

P
of the individual partial sums  f?2(») is considered(the statemert that 37
i=1
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P
equalsthe supremum of the expected valuesof the partial sums  f2(») holds
i=1
if Ef (») = 0 for all random variables» and functions f ) instead of the second
momert of the suprenum of these partial sums.

On thegother hand, the estimatesin Theorem(9.1 contain the expected value

P
EZ =E sup f(») ,andthis quartity appearsin all concerration type
f2F i=1

inequalities. This fact has deep consequencewhich desene a more detailed
discussion.

Let us considerTheorem[9.1or oneof its improvemerts and try to understand
what kind of solution they provide for problem b) or b% formulated in Section/1
in the casek = 1. They supply a good estimate on the probabilities we consider
for the numbersu , ni '2EZ = ni 22E(sup  f(»)). But to apply these

f2F i=1
results we need a good estimate on the expectation EZ of the supremum of
the partial sums we consider, and the proof of such an estimate is a highly
non-trivial problem.

Let us considerproblem b9 (in the casek = 1) for sudh a classof functions F
which satis”es the conditions of Theorem[6.3 The considerationstaken in Sec-
tion [6 shaw that there are suc classe®f functions F which slgtisfy the conditions
of Theorem[6.3, and for which the probability P(supni =2 * f (») > ®@%4og 2)

f 2F i=1

1=

is almost 1 with an appropriate small number ® > 0 for all large enough sam-
ple sizesn. (Here the number %is the sameas in Theorem[6.3) This means
that Eni 122 | (®; ")%log2 for all " > 0 if the sample size n of the se-

that under the conditions of Theorem 6.3 Eni 1*2Z - K ¥dog Z with an ap-
propriate number K > 0. (In this calculation some dizcult y may arise, be-
cause Theorem[6.3 for k = 1 does not yield a good estimate if u n¥z.
But we can write P(supni 172 P f(») > u) - e &N = g o i with
2F i=1
¥% = uni %2 if u , " n¥#, and this estimate is sucient for us. We get the
upper bound we formulated for ni 1*2EZ from Theorem[6.3 only under the con-
dition n¥# ., const. Iogg% with someappropriate constart. It can be seenthat
this condition is really needed,it appearednot becauseof the weaknessof our
method. | omit the details of the calculation.) Then the concerration inequality
Theorem[9.1] or more preciselyits improvemen, Theorem 3 in paper [26] which
gives a similar inequality, but with the quartity 37 instead of v implies Theo-
rem[6.3 in the casek = 1. This meansthat Theorem[6.3 can be deducedfrom
concerration type inequalities in the casek = 1 if we can shaw that under its
conditions Eni ¥2Z - K %log 2 with someappropriate K > 0 depending only
on the exponert and parameter of the L ,-denseclassF . Suc an estimate can
be proved (seethe proof in [8] on the basisof paper [33]), but it requiresrather
long and non-trivial considerations.| prefer a direct proof of Theorem[6.3.
Finally | discussa re nement of Theorems4.1 and[4.3 promisedin a remark
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at the end of Section/4 together with someopen problems.

9.2. Some re nements of the estimate in Theorems [4.1)and

If we have a bound on the L, and L; norm of the kernel function f of a
U-statistic |-, (f), but we have no additional information about the behaviour
of f, (and such a situation is quite commonin mathematical statistics problems),
then the estimate of Theorem[4.3 about the distribution of U-statistics cannotbe
considerablyimproved. On the other hand, onewould like to prove such a multi-
dimensional type version of the large deviation theorem about partial sums of
independert random variables which gives a good asymptotic formula for the
probability P(ni k=21, (f) > u) for large valuesu. Such an estimate should
dependon the function f . A similar questioncanbe posedabout the distribution
of multiple Wiener-Itd integralsZ (f ) if K, 2, becausehe distribution of such
random integrals (unlik e the degeneratecasek = 1) is not determined by their
variance.

Sud large deviation problems are very hard, and | know of no result in this
direction. On the other hand, somequartities can be introduced which enable
us to give a better estimate on the distribution of Wiener{lt"o integrals or U-
statistics in the caseof their knowledge.Sud results were known for Wiener{lt"o
integrals Z.. »(f) and U-statistics | ».2(f) of order 2 earlier, and quite recertly
they weregeneralizedfor all k ;| 2.1 describethem and show that they are useful
in the solution of someproblems. My formulation will di®era little bit from the
previous ones. In particular, | shall speak about Wiener{lt"o integrals where
previous authors consideredonly polynomials of Gaussianrandom vectors. But
the Wiener{lt"o integral preseration of theseresults seemsto be more natural
for me. First | formulate the estimate about Wiener{lt"o integrals of order 2
provedin [12] by Hansonand Wright.

Theorem 9.2. Let a two-fold V%iener{lt"o integral
Zio(f) = f(x5y)tw(dx)tw(dy)

be given, where  y is a white noise with a non-atomic referenee measure * , and
the function f satis'es th(% inequalities

06 y)? (dx)* (dy) - % (69)

and Z
f (X ¥)91(x)(y)* (dx)* (dy) - D (70)

R
with somenumber D > O for all functions g; and g, suchthat gjz(x)1 (dx) - 1,
j = 1;2. There exists a universal constant K > 0 suchthat the inequality
5 1 H 2 u‘ﬂs/4
P(jZ: o(f)j - K i —mn —;— 71
(24 2(f)i > W) - Kexp i -min oo (71)

holdsfor all u> 0.
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As it wasremarked in Section/4 we can assumewithout violating the gener-
ality that the function f in the de nition of Wiener{lt"o integrals is symmetric.
In this caseTheorem[9.2 can be reformulated to a simpler statemert.

To do this let us de ne with the help of the (symmetric) function f the fol-
lowing so-calledHilb ert{Schmidt operator A¢ in the L»(*p, spaceof squareinte-
grable functions with respectto the measuret : As v(x) = f (x; y)v(y)* (dy) for
all L»(*) measurablefunctions v(9. It is known that A is a compact, self-adjoirt
operator, henceit hasa discretespectrum. Let | 1;, »;::: denotethe eigervalues
of the operator A; . It follows from the theory of Hilb ert-Schmidt operators and
the It formula for multiple Wiener{lt"o integrals that the identity Z.. »(f) =

L ('j2 i 1) holds with someappropriately de ned independert standard nor-
j=1

p R
mal random variables " 1; " ,;:::. Beside this, Jz = f2(x;y)t (dx)t (dy).
j=1

P
Hencecondition can be reformulated as JZ - ¥%, and condition is
j=1

equivalert to the statemert that supj, jj - D. In sud a way Theorem/9.2 can

be reducedto another statemert V\;hoseproof is simpler.

Theorem(9.2 yields a useful estimate if D2 ¢ ¥2. In this caseit states that
for large numbers u the bound P(Z: »(f) > u) - conste ““2% supplied by
Theorem 4.1 can be improved to the bound P(Z:. »(f) > u) - constel YK P,
The correction term % at the right-hand sideof (71) is neededto get an estimate
which holds for all u > 0. It may be worthwhile recalling the following result
(see[27] or [17], Theorem 6.6). All k-fold Wiener{It"o integrals Z. (f) satisfy
the inequality P(jZ:x (f)j > u) > Kel AU with some K = K({f;t) >0
and A = A(f;*) > 0. There is a strictly positive number A = A(f;1) in the
exponert of the last relation, but the proof of [27] yields no explicit lower bound
for it.

There is a similar estimate about the distribution of degenerateU-statistics
of order 2. This is the content of the following Theorem[9.3.

variables be given togetherwith a function f (x;y) canonical with respect to the
measure 1, and consider the (degeneate) U-statistic | .2(f ) de ned in (3) with
the help of the alove quantities. Let us assumethat the function f satis es
conditizons and (70) with somez?’/4> 0 and D > 0O, and also the relations

sup  f20Gy)t(dy) - A sup fA(xy)t(dx) - Az supjf (xy)j- B
X y Xy
(72)
hold with some appropriate constants A; > 0, A, > 0 and B > 0. Then there
exists a universal constant K > 0 such that the inequality
Y2 H

. 1%
i . . C
P n' jln2>u - Kexp j

u2 u. nl:3u2:3 . nl:2ul:2

K %D’ (AL+ Ay B2 73)

is valid for all u> 0.
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Theorem[9.3 was proved in [9]. The estimate of Theorem[9.3 is similar to
that of Theorem[9.2, the di®erencebetweenthem is that in formula (73) some
additional correction terms had to be inserted to make it valid for all u > 0.
But the proof of Theorem[9.3 is much harder. It canbe shown that the estimate
(73) implies that of Theorem|4.3 in the special casek = 2 if we disregard the
appearanceof the not explicitly de ned universal constart K in it.

To seethis obsene that Theorem[4.3 contains ihe conditions u -, n'=2%%

; ; nt=3y?=3 1 by "2=8 5-3 _ 1 Iy ™=3
and B - 1 which Imply that (A1t Ay)2 P—i 3z u = P—i A , and
1=2 1=2 _ P | 3=2 | =2 . . . .
n_“u Sul®? = 3y 127y J , since¥- 1 in this case.Beside

1=2 s 3 A 5 A
thiBs, o %A./gThe above relatic;ns imply t/hat in the caseu , ¥the estimate
is weakenedif the expressionin its exponert is replacedby p%—K% Theorem/4.3
trivially holdsif 0- u- %

Theorem[9.3 is useful in such problems where a re nement of the estimate
in Theorem [4.3 is neededwhich exploits better the properties of the kernel
function f of a degenerateU-statistics of order 2. Such a situation appearsin
paper [10], where the law of iterated logarithm is investigated for degenerate
U-statistics of order 2.

Let us consideran in nite sequence»;»;::: of independert * distributed
random variablestogether with a function f canonicalwith respect to the mea-
sure 1, and de ne the degenerateU-statistic |,.o(f) with their help for all

n=1;2;:::. In paper [10] the necessaryand suxcient condition of the iterated
logarithm is given for such a sequenceMore explicitly, it is proved that
lim sup o2 1 with probability 1

ni1  hloglogn

if and only if the following two conditions are satis ed:

R :
a) f”(x;y):jf(x;y)j_ ugfz(x; YL (dx)t (dy) - Cloglogu with someC < 1 for
all u,

R
b) f(xy)a(x)h(y)* (dx)* (dy) - C with someappropriategC < 1 for all
sugd pairs of functions g and h which satisfy the relations g?(x)* (dx) -
1, h*(x)*(dx) - 1, supjg(x)j < 1, supjh(x)j< 1.
X X

The above result is proved by meansof a clever truncation of the terms in the
U-statistics and an application of the estimation of Theorem([9.3 for thesetrun-
cated U-statistics. It hasthe form onewould expect by analogywith the classical
law of iterated logarithm for sums of independert, identically distributed ran-
dom variables with expectation zero, but it also has an interesting, unexpected
feature. The classicallaw of iterated logarithm for sumsof iid. random variables
holds if and only if the terms in the sum have nite variance. (The only if part
is proved in paper [7] or [30].) The above formulated law of iterated logarithm
for degenerateU-statistics also holds in the caseof nite secondmomen, i.e. if
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Ef2(»;») < 1, but asthe authors in [10] show in an example, there are also
caseswhen it holds, although Ef ?(»;») = 1 . Paper [11] is another example
where Theorem[9.3 can be successfullyapplied to solve certain problems.

To formulate the generalization of Theorems[9.2 and 9.3 for generalk , 2
some notations have to be introduced. Given a nite set A let P(A) denote
the set of all its partitions. If a partiion P = fBj;:::;Bsg 2 P(A) con-

tions. Take ] di®erert copies(Xp, ;Xp, ) and*p , 1+ r - j, of this measurable
spaceand probability measureindexed ll?y the elemerns of the Sft B, and de-

@ Q @

“ne their product (X (B); X (B):1(B)) = Xb: - Xp;  p . The points
r=1 r=1 r=1

help of the above notations | intro duce the quartities neededin the formulation
of the generalization of Theorems[9.2 and[9.3.

on the spaceX (), 1. r - s, and de ne with their help the quartity

®(P) = &(P;f;? ) ) (74)
3 3
= sup f(xq;nx)g xBY eeegs xBs) 1 (dxg):iit (dxy):
01;030s 7 3 , 3 , ?/4
g> x(B) 1 @) gx®) 1 foralll. r- s :

In the estimation of Wiener{lt"o integrals of order k the quartities & P), P 2 P,
play sudh a role asthe numbers D and %7 introducedin formulas and
in Theorem92 Obsenethat in the casejPj = 1,i.e.if P = f1;:::;kg the iden-
tity ®(P) = f2(xq;:::;%X)t (dxy) :::1 (dxy) holds. The following estimate is
valid for Wiener{It"o integrals of generalorder (see[15]).

Theorem 9.4. Let a k-fold Wiener{lt"o integral |, (f), k, 1, be de ned with
the help of a white noise * with a nonRatomic refeene measure ! and a
kernel function f of k-variable suchthat = f2(xq;:::;%,)t (dxq) :::2 (dxy) <
1 . There is someuniversal constant C(k) < 1 depending only of the order k
of the random integral suchthat the inequality

( M T2-s)

. . 1 _ u
PUZu D> W CUIEP T oy Mpor T &(P)

(75)

holds for all u > 0 with the quantities & P), P 2 Py, de ned in formula (74).
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Also the following corverseestimate holds which shows that the above esti-
mate is sharp. (Seeagain paper [15].) This estimate alsoyields an improvemert
of the result in [27] mentioned in this subsection.

Theorem 9.4°% The random integral Z.x (f) considered in Theorem|[9.4 also
satis es the inequality

1 ( 3 1 2=s)

PUZu ()i> W), cayexp i Ck) min min_ &5

for all u > 0 with some universal constant C(k) > 0 depending only on the
order k of the integral and the quantities ®& P), P 2 Py, de ned in formula (74).

To formulate the result about the distribution of degenerateU-statistics for
all k , 2 an analogof the expression®P) de ned in (74) hasto be introduced.
Let us considera set A Y2 f1;:::;kg with jAj = kj r elemens, 0 - r < Kk,

of a probability measure! on a measurablespace(X ¥; X¥). Let us introduce,
similarly to the de nition (74), the quartities

P: X(f 1;:5k gnA) 76
& 1/zZ) , . , . (76)
= sup f(xq;nx)o xBY o eeegs x(Bs) 1 (dxq):iit (dxy):

01::1.0s
Z 3 g 3 . Ya

g2 xBu) 1 (B gxB) .1 foralll- u- s

for all x(F1kanA) = fx;:§ 2 f1;:::k;gnAg 2 X kA “where g, are func-
tions dened on X Bv) 1. u - s, and put

®(A; p) - sup ®(P;X(f 1k gnA)): (77)

xfli skgnApx il kgnA

To consideralsothe caser = k whenA = ; let us make the following convertion.
Let us also speak about the partitions of the empty set by saying that its only
partition is the empty set itself. Besidethis, put j;j = 0, and

®(; ;) = supjf (Xg;:::5%Xk)j: (78)
With the help of the above notations the estimate about the distribution of

normalized degeneratedU-statistics proven in [1] can be formulated.

tributed random variables and a bounded function f (xq;:::;xx) of k, k , 2,
variables canonical with respect to the measure 1. Take the (degeneate) U-
statistic Inx (f) dened in (3) with the help of these quantities. There is some
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universal constant C = C(k) < 1 depending only on the order k of this U-
statistic suchthat the inequality

P(n' 2]l nx g )i > u)
M r2 ﬂ1:(2r+s))

Cexp i i max max _nu

I C f(ris): 0-r<k ;1-s-rg f(AP ): A%f 1 kg; ®2(A7P)

[f (ris):r=k;s=0g jAj=kij r;P 2P (A);jPj=sg

holdsfor all u > 0 with the alove constant C and the quantities ®& A; P) de ned
in (76), (77) and (78).

It can be seenwith the help of some calculation that Theorem[9.5 implies
Theorem[4.3 for all ordersk , 2 if we disregard the presenceof the unspeci ed
universal constart C. (It hasto be exploited that under the conditions of The-
orem[4.3®*(A;P) - £ if jAj = r with r = 0, &A;P) - 1for jAj=r, 1,
¥% . 1,and nk=23k*1 )

The proof of Theorems/9.4 and[9.5is based,similarly to the proof of Theo-
rems4.1and/4.3, on a good estimate of the (possibly high) momerts of Wiener{
Itd integrals and degenerateU-statistics. The proofs of these estimatesin [1]
and [15] are basedon many deepand hard inequalities of di®erern authors. One
may ask whether the diagram formula, propagatedin this work, which givesan
explicit formula about these momerts cannot be applied in the proof of these
results. | think that the answer to this question is in the positive, and even |
have someideas how to carry out such a program. But at the time of writing
this work | had not enoughtime to work out the details.

A natural open problem is to 'nd the large deviation estimates about the
tail distribution of multiple Wiener{It"o integrals and U-statistics mertioned at
the start of this subsection.Suc results may better explain why the quartities
®(P) and ®A; P) appear in the estimatesof Theorems/9.4and[9.5. It would be
interesting to 'nd the true value of the universal constarts in theseestimatesor
to get at least somepartial resultsin this direction which would help in solving
the following problem:

Problem. Consider a k-fold multiple Wiener{lt"o integral Z., (f ). Show that
its distribution satis es the relation

Jim U logP (jZux (F)j> u) = K(3; f)> 0
with somenumber K (%; f) > 0, and determine its value.

There appear someother natural problemsrelating to the above results. Thus
for instance, it wasassumedin all estimatesabout U-statistics discussedn this
work that their kernel functions are bounded. A closer study of this condition
desenes some attention. It was explained in this paper that its role was to
excludethe appearanceof someirregular everts with relatively large probability
which would imply that only weak estimateshold in somecasesinteresting for
us. One may ask whether this condition cannot be replaced by a weaker and
more appropriate onein certain problems.
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Finally, | mention the following problem.

Problem. Prove an estimate analogousto the result of Theorem alout the
supremum of appropriate classesof U-statistics.

To solve the above problem one hasto tackle someditculties. In particular,
to adapt the method of proof of previous results such a generalization of the
multiv ariate version of Hoe®ding'sinequality (see[21]) hasto be proved about
the distribution of homogeneouspolynomials of Rademader functions where
the bound dependsnot only on the variance of these random polynomials, but
also on somequartities analogousto the expression®P) introducedin (74).
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