We will prove that ¢, = oo.

Intuitive idea of the proof: We will see that there is a neighborhood S(p,e) C "F
such that k& “sees” all those events which m sees in S(p,¢). By ¢, = oo, observer
m sees three photons such that they “form a triangle” inside S(p,¢). See Figure 39.
Since k sees all events which m sees in S(p, €), those three photons form a triangle
in the world-view of k, too. This can only happen if ¢, = oo, and this will complete
the proof.

Formally: Let p € Dom(f;). Such a p exists by Rng(w.,) N Rng(wg) # 0. Now
by Ax6q; there is ¢ € TF such that S(p,e) C Dom(f,x). Let such an & be fixed.
Let g,r € S(p,e) such that p,q,r are non-collinear and ang®(pg) = ang®(qr) =
ang?(pr) = oo. Such g,r exist by n > 3. By Ax5F" and ¢, = oo, there are
phy, phy, phy € Ph such that tr,,(ph,) = pq, tr,(phy) = @r, tr,,(phy) = pr. Let
such ph,, ph,, ph; be fixed. We have

phy € wy(p) Nwim(q),  phy & wi(r),
(35) th € wM(Q) N wm(r)v pr ¢ wm(p)a
phy € wi(p) N wi(r), phy & wi(q).
)

By p,q,7 € S(p,e) C Dom(fx), there are p', ¢, 7" € "F such that

(36) wm(p) = wi(p'), wm(q) = wi(q) and wm(r) = wi(r).

By (35), (36) and Ax3q, we have that p’, ¢, 7’ are non-collinear and try(ph,) = p'q’
tri(phy) = ¢'r" and tri(phy) = p/r’. By this and by AxEqy, we have vg(ph,
vi(phy) = vi(phs) = 0o. Hence ¢ = o0.

Proof of (ii): Item (ii) follows by item (i) because

Ax6go = (m 3 k = Rng(w,,) N Rng(wy) # 0).

Proof of (iii): Throughout the proof the reader is asked to consult Figure 40.
Let 9 be a frame model of Baz \ {AxEq;}. Let m, k € Obs with

Rng(w,,) N Rng(wg) #0 and ¢, # 0.

We will prove that ¢, # 0.

Intuitive idea of the proof: We will see that there is a neighborhood S(p,e) C"F
such that k& “sees” all those events which m sees in S(p,e). Now by ¢, # 0, m sees
two photons intersecting each other in one point which is in S(p, ). See Figure 40.
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trm(phy) trm(phy)

‘ S(p, e)
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Figure 40: Ilustration for the proof of Lemma 3.76(iii).

But then k sees these two photons intersecting each other in one point. See Figure 40.
But this implies ¢, # 0, and this will complete the proof.

Formally: Let ph,, phy € Ph such that tr,,(ph;) # tr,,(phy) and p € tr,,(ph;) N
trm(th). Such ph,, ph, exist because of the following. By Ax50Ps5  we have m 8 ph,
for some ph € Ph. Let such a ph be fixed. Let A be the linear transformation which takes
1;,15,1,,€3,...,en—1 t0 14, =1y, 15, €3,...,en_1, respectively (for n =3 A is the rotation around
t axis with 90 degrees). Now let ¢, > € Eucl such that p € ¢4 N ¥a, &1 || trm(ph), £s || Altrm(ph)].
Obviously ¢; # > and ang?(¢1) = ang?(f2) = v (ph). Hence by Ax5FP there are ph,, phy, € Ph
such that trp,(ph;) = ¢ and try,(phy) = f2. For such ph; and ph,, trm,(ph;) # trm(phy) and
p € troy(phy) N try,(phy) hold.

p € Dom(fx) and Ax6q; implies that S(p,e) C Dom(fyy), for some ¢ € TF.
Let such an ¢ be fixed. Let g € S(p,¢) such that

(37) ph; € wy(g) and phy € wy,(q).

By p,q € S(p,e) C Dom(f,,;) there are p', ¢ € "F such that

(38) wm(p) = wi(p') and wm(q) = wi(q).

p € try(phy) N try,(phy), (37) and (38) implies that p’ € try(phi) N tri(phse) and
tre(phy) # tri(phy). This means that observer k£ “sees” two photons which traces
are different and contain point p’. But trg(ph,), try(phy) € Eucl by Ax1, Ax2,
Ax3y. By this, we conclude that ¢, # 0 because there is exactly one £ € Eucl such
that p' € £ and ang®(¢) = 0.

105



Proof of (iv): Item (iv) follows from item (iii) because

Ax6g0 = (m 3 k = Rng(wy) N Rng(wy) # 0).

Prop.3.77 below is an analogon of Prop.2.6(iii) (§2.3).
PROPOSITION 3.77
(i) Baz \ AxEg; = (Ym € Obs) (cm #0 = (wy, is an injection)).
(ii) Baz E (Ym € Obs)(wy, is an injection).

Proof: It is enough to prove item (i) because item (ii) follows from item (i). Let
M be a frame model of Baz \ {AxEg;}. Let m € Obs with ¢,, # 0. Let p,q € "F
with p # ¢q. We will prove that w,,(p) # w,,(q). By ¢, # 0, there is £ € Eucl such
that ang?(f) < ¢, p € £ and q & £. ang?(¢) < ¢, Ax59P% and AxEg implies that
there is k € Obs with ¢r,,(k) = £. For such a k, k € w,,(p) and k ¢ wy,(g). Thus

p#q. 1

Lemma 3.78 below is an analogon of Lemma 3.26 (§3.3).
LEMMA 3.78
(i) Baz \ {AxEqi} = (Ym, k € Obs)((m 3k A e #0) = vm(k) # cm).

(ii) Baz = (Vm, k € Obs)(m 3 k = vp(k) # cm).

Proof: It is enough to prove item (i) because item (ii) follows from item (i). The
proof goes by contradiction. Let 9t be a frame model of Baz \ {AxEq1}. Let
m, k € Obs withm 5 k, ¢,, # 0 and v (k) = . By Ax5P® and v, (k) = ¢, there
is ph € Ph such that t¢r,,(ph) = tr,,(k). Let such a ph be fixed. Let p,q € tr,,(k)
such that p # ¢q. Then w,,(p) # wn,(q) by Prop.3.77(i). Now by Ax6go we have
that

(39) wm(p) = wr(p) and wm(q) = wi(q),

for some p',q" € "F. Let such p',¢' be fixed. By wy,(p) # wmn(q) and (39), we
have p’ # ¢'. Further ph, k € wi(p') N wi(q') because ph, k € w,(p) N w,(g). By
k € wy(p') Nwi(q') and Ax4, we have p/q’ =t. Now p'q’ =t, ph € wi(p') N wi(q)
and Ax3¢ implies that try(ph) = ¢. By this and AxEgqg, we have that ¢, = 0. But
by Lemma 3.76(iv), it follows that ¢ # 0 because ¢y, # 0 and m > k. B
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Proof of Thm.3.40 for n = 3: It is enough to prove item (ii) because item (i)
follows from item (ii).
Assume n = 3. Let

M = ((B, Obs, Ph,Ib),§, G; B, W) = Baz \ {AxEq}.

Let mg, mq € Obs with myg oY my. We have to prove the following. If ¢,,, # 0 then
Vo (M1) < €y, and if ¢, = 0 then v,,,(m) = 0.

Case 1: ¢, # 0 and c,,, # 0o. Throughout the proof for Case 1 the reader is asked
to consult Figure 41.

Figure 41: Illustration for the proof of Thm.3.40 for n = 3.

Intuitive idea of the proof: For the beginning of the intuitive idea of the proof
the reader is referred to the formulation of Thm.3.40 in §3.4.2. Recall from
there that from the model 90t above we want to construct another model N €
M ( ew asazr) such that certain connections between 9t and 9 hold. In par-
ticular we will have to check that an observer say m is FTL in O iff it is FTL in 9.
We will construct 91 in the following way. For each observer m we will change the
world-view w>" of m in such a way that the speed of light (for m) becomes 1. See
Figure 41. This change will be implemented by using a linear transformation A,,.
We note that A,, will leave the time-axis ¢ point-wise fixed, will take the vectors
14,1, to two orthogonal vectors ({0, z,y), (0, —y, z)) of the same length.
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Formally: Assume c,,, # 0 and ¢, # 00. Then we define a frame model
N = (B, Obs™, Ph™, Ib™), 5, G; &, W)
as follows.
Obs™ = {me€Obs:cn#0 ¢ # oo},
Ph” = {phe Ph : ( m € Obs™)(m 3 ph holds in 9M)},
" = { €Ib:(meObs™)(m-> holdsin M)}

Now we are going to define W”'. For every m € Obs™ first we will define a linear
transformation A,, of > and then we will define w2 as follows. Let m € Obs.

By Ax5°P% and Ax5F" m 3 ph for some ph € Ph with 0 € t¢r,(ph). Let
such a ph be fixed. By v,,(ph) = ¢, # oo there is (1,z,y) € tr,(ph). Let this
(1,z,y) be fixed. Let A,, be the linear transformation of > which takes 1;,1,,1, to
14, (0, z,y), (0, —y, ), respectively. By ¢, # 0, we have that A,, is invertible. Let

N _
w,, = Am W

Now
W = {(m,p, ) : m € Obs™ pe?F c wX(p)}.

By the above 9 is defined.
We will prove that (I) (III) below hold.

() (Ym € Obs™)(V € B) (trI( ) = A trF() A () =4, 2()).
(IT) (Vm € Obs™)(Vf € Eucl)(ang?(¢) =1  ang®(Am £) = cm).

(IT1) (Vm € Obs™)(V/ € Eucl)(ang?() <1 ang®(Ap, £) < cm).

To prove (I) let m € Obs™ and € B. Then

trm() = {p€’F: cuwnlp)}
= {pe’F: €A, wi(p)}
= {pe’F: cwy(4a(p)}
= A' {peiF: cuw(p)}
= Atr™().
Hence tr2Y( ) = A, ' tr™( ) and tr™( ) = A, tr2( ). To prove (II) and (III) let
m € Obs™ and let £ € Eucl. We will prove that

(ang?(¢) =1 ang’(An £ ) = ¢) and (ang?(¢) < 1 ang?(An 0) < cp)-
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Without loss of generality we can assume that 0 € £ and ang?(¢) # oo because A,
takes parallel lines to parallel lines and because

(V¢ € Eucl)(ang?®(¥) = oo ang’>(Am £) = o0). By 0 € £ and ang®(¢) # oo,
we have £ = 0(1, , ), for some , € F. Let this , be fixed. By the defi-
nition of A,,, A, takes 1;,1,, 1, to 14 (0, z,v), (0, —y, z), for some z,y € F with
(1,z,y) € try,(ph), for some ph € Ph with m S phand 0 € tr(ph). Let this z,y
and ph be fixed. By (1,z,y) € tr,,(ph), we have 2 y* = c,,. Now

ang*(Ap ) = e

ang?(0,(1, = y, 2— y)=cn (by £=0(1, , ) and by the def. of A,,)
(z 9? (22— yP=cn (by the def. of ang?)
(2 (@? y?) =cm (by computation)

2 2.4 (by 22 4% = e)

ang*({) =1 (by £=0(1, , )).
(IT) is proved. The proof of (III) is analogous, but for completeness we write down

all the details.
ang’(Am £) < ¢

ang?(0,(1, = vy, z— y)<cm (by£=0(1, , ) and by the def. of A4,,)
(z 9 (22— y)f’<cm (by the def. of ang?)
(? &® Y?) <cm (by computation)
Por<l (by 2° 4 = cm)
ang?(0) < 1 (by £=0(T, ).

(III) is proved.
Now we will prove that M = ew asaz.

N = Ax1 by M = AxL1.

M = Ax2 because of the following. Let m € Obs™. By m € Ib and by m S m
holds in 9, we have m € Ib”. Hence Obs™ C Ib™. Ph” C Ib™ holds by
Ph C Ib and by the definitions of Ph™, Ib”. 9N = Ax2 is proved.

9 = Ax3¢ because of the following. (V € Ib?)(tr2( ) € G {#}) holds because
of (I), 9 = Ax3 and Ib” C Ib. By (I), we have that

(v € ™) (Ym € Obs™)((m S holdsin 9)  (m 3 holds in 0)).
Hence we have
(Vv € Ib™)( m e Obs™)(m 3 holds in N)

by the definition of Ib”. 91 = Ax3, is proved.

109



M = Ax4 because M = Ax4, because of (I) and because
(Vm € Obs™ A, 1t =1

M = Ax5 because of the following. Let m € Obs™ and let l1,0, € Eucl
with ang®(¢;) = 1 and ang®(f;) < 1. We have to prove that there are
ph € Ph™ and k € Obs™ such that tr,(ph) = ¢ and trp(k) = fo.
ang® (A, b)) = ¢, and ang®(A,, £2 ) < ¢, hold by (IT) and (III). Thus by
M = {Ax59P% Ax5Ph AxEg}, we have that

(40) tr(ph) = A, 4y and tr2N (k) = Ay, £y,

for some ph € Ph and k € Obs. Let such ph and & be fixed. By m 2 ph holds
in 9, we have ph € Ph”. By m € Obs™, we have ¢,,, # 0 and ¢,, # co. Hence
by m & k and Lemma 3.76, we have that ¢ # 0 and ¢; # oo. Therefore
k € Obs™ by the definition of Obs™. Now by (40) and (I), we get

tr(ph) = ¢, and tr2X(k) = 4.
Hence 91 = Ax5.

M = Ax6g9 because
(Vm, k € Obs™) (w?,:( tr (k) = w™ tr™(k) and Rng(w)) = Rng(wzﬁ))
and because 9 = Ax6qo.
N = Ax6o; because M = Ax6g;, because

(¥m, k € Obs™) (Dom(f},) = A" Dom(f}) ),
and because A,, is a continuous function.
N = AxEq by 9 = AxEgo, by the definition of ¢,, and by (I) and (II).

By the above, M1 = ew asax is proved.

Since mg # 0, my # oo and mg > my, we have ¢,, # 0 and ¢,, # oo by
Lemma 3.76. Hence mg, m; € Obs™. By Thm.3.29, which says that ew asaz does
not allow FTL observers, we have ang?(try (m1)) < 1. By this and by (III), we get
ang?(Ap, tr2X (m1) ) < ¢me. By (I), this is e uivalent with ang®(trm (m1)) < Cm,-
Hence v2% (m1) < Cmq-

Case : ¢y, = 00. Assume ¢, = 0o. Then v,,,(m;) < ¢, holds by Lemma 3.78.
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Case : ¢y, = 0. Assume ¢,,, = 0. Then we have to prove that v,,,(m;) = 0. Since

mo = 0 and mo = my, we have ¢,, = 0 by Lemma 3.76. Then by Ax4 and Ax5P",
there is ph € Ph such that tr,, (m;) = tr,, (ph). Let this ph be fixed. By Ax6qo,
we have that w,, trm,(m1) C Rng(w,, ). By this and tr,, (mi1) = tr,, (ph), we
have (Vp € trp,(m1)) ph € Wy, (p). Hence trp,(m1) = trm,(ph). By this, we have
Umo (M) = 0 since vy, (ph) = ¢y = 0. 1

Now we turn to the proof of Thm.3.40 for n = 4. As we said, to do this we have
to formulate and prove analogous counterparts of theorems and statements of §3.2
and §3.3 for Baz.

Claim 3.79 below is an analogon of Claim 2.10(ii) (§2.3).
im 3.7 Baz = (fouk is a (possi ly) partial one to one function).

Proof: The proof follows by Prop.3.77(ii). &

Lemma 3.80 below is an analogon of Lemma 3.27 (§3.3).

LEMMA 3.80
Baz = (Ym, k € Obs)(Vp,q € "F) ((angz(p_q) =c¢m N p € Dom(f))

= q € Dom(f, ))

Proof: The proof is analogous to the proof of Lemma 3.27. Checking the details is
left to the reader. 1

Thm.3.81 below is an analogon of Thm.3.21 (§3.3).
T EOREM 3.81

Baz = (Ym, k € Obs)(Rng(w,,) = Rng(wy,)  Rng(w.,) N Rng(wg) = 0).

Proof: The proof follows by Lemma 3.80 as follows. Let 9t be a frame model of
Baz. Let m, k € Obs with Rng(w,,) N Rng(wy) # 0. We will prove that Rng(w,,) =
Rng(wyg). To prove this it is enough to prove that Dom(f,,x) = "F and Dom (fim,) =
"F. We will prove that Dom(f,,;) = "F, the proof of Dom(f,,) = ™F is analogous.
To prove this let ¢ € "F. We will prove that ¢ € Dom/(f).

Case 1: ¢, = 00. Assume ¢,;, = co. Then ¢; = oo by Lemma 3.76(i). First we will

prove that m 3 k. Let p € Dom(fi,). Such a p exists by Rng(wn,) N Rng(wy) # 0.
Then there is 7 € t such that ang®(pr) = oo = c¢;. Let this 7 be fixed. Since
p € Dom(fr,) and ang?(pr) = cx, we have that r € Dom(f,,) by Lemma 3.80.
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By r € t = tri(k), we have that k£ € wg(r). This and r € Dom(fi,,) implies that
k € wp(r'), for some ' € "F. Hence trp(k) # 0, i.e. m < k. By Lemma 3.78,
we have vy, (k) # ¢ = 0o. Since vy, (k) # oo, there is € try, (k) with ang?(7q) =
00 = ¢y Now we have € Dom(fx) by € trp,(k) and Ax6g9. € Dom(f,y) and
ang®(7q) = ¢,, implies ¢ € Dom(f,,,) by Lemma 3.80.

Case : ¢y # 00. Assume ¢, # 00. Let p € Dom(f,,). We will show at the end of
the proof that

(41) | ro,rl,...,r"G”F)(rozp ANrt=q NV Gn)angz(rrﬂ):cm).

Now by (41) and p € Dom(f,), by applying Lemma 3.80 n times, we get ¢ €
Dom(fyg). Thm.3.81 is proved modulo (41). To prove (41) we need Claim 3.82
below.

im 3.82 et ce€ *F such that there are 1, o,..., , 1 € F with
c= 2 2 ... 2 .. henthe vector space™ is generated vy
{<1aplap2""apn 1> cP1,P2,---3Pn IEF C:p% p% pi 1}'
Proof of Claim . : The proof goes via straightforward induction on n. For com-

pleteness we write down all the details.
Assume n = 2. Let ¢ € TF such that there is ; with ¢ = % Let such an ; be
fixed. Then (1, 1),(1,— 1) are linearly independent and

<17 1>7<17_ 1> € {<1:p1> t:peF C=p%}.

Hence ? is generated by {(1,p1) : p € F ¢ = p?}. Thus Claim 3.82 holds for
n=2.

Assume that Claim 3.82 holds for n = k, where £ > 2. We will prove that
Claim 3.82 holds for n = £ 1. To prove this let ¢ € TF such that there are
1, 25---, k€ Fwithe= 2 2 ... 2 Letsuch 1, o,..., ; be fixed. We

have to prove that ¥t is generated by

A= {(L,pi,p2, - 18) : P1sD2s--, €F c=p] Py ... D}
Byc= 2 2 ... Z2andk > 2, thereis (1 k) such that ¢ 2. Without
loss of generality we can assume that ¢~ . Then we havec— 2= 2 2 ... 2,

and c— 7 € TF. Then by the assumption that Claim 3.82 holds for n = k, we have
that ¥ is generated by
{(1,p1,p2,--sPk 1) : PLD2 -k 1EF c— =D Pk 1}
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Hence the sub-space of ¥*!  generated by
2
1

= {<laplap2a"'apk 1, k> S P1,P2,-- 5Dk 1 eF c— i:p p% p% 1}

is k-dimensional.

Case I: a # 0. Assume  #0. Then (1, 1, 2,..., k 1,— &) is not an element of
the subspace generated by  and it is an element of A. By this, by C A and by
generates a k dimensional subspace, we have that A generates a (¢ 1)-dimensional
subspace, i.e. ¥T! is generated by A.

CaseII: a = 0. Assume j; = 0. Then there is (1 k — 1) such
that # 0. Without loss of generality we can assume , ; # 0. Then
(1, 1, 2,---5 &k 2, k, k 1)is not an element of the subspace generated by  and it

an element of A. By this as in Case I, it follows that *™' is generated by A. This
completes the proof of Claim 3.82.

(Claim 3.82)
Proof of ( 1): By Ax5F" there is ph € Ph with v,,(ph) = ¢,, and tr,,(ph) 0.

Let such a ph be fixed. By v,,(ph) = ¢, # oo there is (1, 1,..., , 1) € trn(ph).
Let this (1, 1, 2,.--, » 1) be fixed. By 0 € ¢r,,(ph) and v,,(ph) = ¢,,, we have
cm= % 2 ... 2, Then by Claim 3.82,™ is generated by
A:: {(17p17p25"'pn 1) . p17p27"'7pn 1EF cm:p% pg ce p72’l, 1}'

For every € A we have angz((_)_) = ¢,,- By this and because ™ is generated by
A, there is a basis !, 2,..., ™ of ™ such that

ang?(0 1) = ang®(0 2) =... = ang®(0 ") = cp.
Let such !,..., ™ be fixed. Recall that ¢ is a fixed element of "F and p is a fixed
element of Dom(fx).

g—p= 1" 27 ... 4"

for some +, o,..., , € F. Let such 1, o,..., , be fixed. Let

r:=pand (V €n)rt':=r
Now for 7%, 7!, ..., 7™ we have
" =p, " =gq, and (V € n)ang®(r r 1) = c,,.
Hence (41) above holds, and this completes the proof of Thm.3.81. &
Thm.3.83 below is an analogon of Thm.3.22 (§3.3).

T EOREM 3.83 Baz = (Vm, k € Obs)(m S k Rng(w.,) = Rng(wy)).
Proof: The proof follows by Thm.3.81. 1

113



Thm.3.84 below is an analogon of Thm.3.23 (§3.3).

T EOREM 3.84
Baz = 5 is an e wivalence relation when restricted to Obs.

Proof: The proof follows by Thm.3.81. 1
Proposition 3.85 below is an analogon of Proposition 2.6(iv) (§2.3).

PROPOSITION 3.85
Baz = (Ym, k € Obs) (m Sk = (fk s a ijection fy - "F — "F))

Proof: ne could think that this proposition immediately follows from Thm.3.45
about Bar . However in Baxr we assumed that there is a photon in every direction.
This is not assumed in Baz, therefore we include the proof here. The proof follows
by Claim 3.79 and Thm.3.83. &

Thm.3.86 below is an analogon of Thm.3.3 (§3.2) and Thm.3.45 (§3.4.2).

T EOREM 3.86 Baz = (Vm, k € Obs)(V/ € Eucl)(m 3 k = f; £ € Eudl).

Proof: ne could think that this theorem immediately follows from Thm.3.45 about
Bax . However in Baxr we assumed that there is a photon in every direction. This
is not assumed in Baz, therefore we include the proof here. Let 971 be a frame
model of Bax. Let m,k € Obs with m 2 k. To prove that f,; takes lines to
lines we need Claims 3.87, 3.88 and 3.89 below which are analogons of Prop.2.6(viii)
(§2.3), Lemma 3.6 (§3.2) and Lemma 3.7 (§3.2), respectively.

im 3.87 (V/ € Eucl)(ang®(f) < ¢, = fur £ € Eucl).

Proof of Claim . : The proof is analogous to the proof of Prop.2.6(viii).

im 3.88 (V/y,/; € Eucl)((ang?(1) < cm A &1 £o) = i s fu b)),

Proof of Claim . : The proof is analogous to the proof of Lemma 3.6.

f +f

im 3.8 (Vp,q €"F) ang’*(pq) < ¢y = fmk(%) = 2

Proof of Claim . : The proof is analogous to the proof of Lemma 3.7.

Now (V¢ € Eucl)f,,x £ € Eucl can be proved by Claims 3.87, 3.88, 3.89 as Thm.3.3
was proved by Prop.2.6(viii) and Lemmas 3.6, 3.7. 1§

Thm.3.90 below is an analogon of Thm.3.4 (§3.2).
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T EOREM 3. 0
Baz = (Vm, k € Obs) (m Sk = (= f forsomefe and € ut( ))

Proof: The proof follows by Prop.3.85, Thm.3.86 and Lemma 3.5 (§3.2).
Lemma 3.91 below is a generali ation of Lemma 3.30 (§3.4.1).

LEMMA 3. 1 ssumen > 3 and § is wuclidean. et ¢;,co € TF. ssume
f:"F —"F is a ijection such that

() (V£ € Eucl) (fE € Eucl A (ang*(¢) = ang?(f£) = CQ)).
hen ang®*(ft ) < c,.

Proof: Let ¢i,co € TF and f : "F — "F be a bi ection such that ( ) holds. Let fi,f,
be the linear transformations for which fi(1;) = 1;, (Vv € n\ {0PHfi( )= & ,
fo(1,) =1,and (Vv €n\{0})fz( )= ¢ . Thenfor :=f, f f,' we have

(VeeEuc)( ¢ €Bud A ( £ € Eud €€ Eud)).

By Lemma 3.30 we have that # € | Eucl,ie. ang®((fi f f,') %) < 1. But this
is e uvivalent with ang?(f¢ ) < cp.

For n = 4 Lemma 3.92 below is a generali ation of Lemma 3.31 (§3.4.1).

LEMMA 3. 2 ssume cj,¢o € TF such that ¢, = ang®*(f) for some £ € Eucl.

ssume f € (4, ) satisfying ( ) in emma . 1a ove. ssumeF = , )is
an ordered eld such that §CF . etf € (4, ) for whichf F=f. henf
satis es () in emma . 1 a ove whenf and § are su stituted in place of f and
§ respectively.

We will give the roof of Lemma 3.92 after the proof of Thm.3.40 for n = 4.

Proof of Thm.3.40 for n = 4:
Proof of (i): Assume n = 4. Let 9% be frame model of Baz. Let m,k € Obs with

m S k. We have to prove that vy, (k) < cm.

Intuitive idea of the proof: We want to prove that ang?(tr,,(k))  ¢n,. We will
see that fg,, = fwhere € wi( )andfisana ne transformation satisfying ( )
in 3.91 for ¢; := (cx) and ¢ := ¢pp,. By 3.92 f will continue satisfying ( ) in a larger
field § , which, in turn will be uclidean. Looking at it from § , ang?(f f ) < ¢, by
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3.91. Therefore ang?(ft ) < ¢, in §, too and then tr,,(k) = f# will complete the
proof.

Formally: By Thm.3.90, fi,, = f for some f € and € wut( ). Let
this f and  be fixed. We have f,, tri(k) = tr,(k) because f, is a bi ection. By
frm = f,by t =t, by tri(k) =t and by fy,, tri(k) = tr,(k), we have
(43) ft =tr,(k).

By Ax5°P Ax5F" AxEge and Prop.3.85 it is easy to see that
(44) (V¢ € Eucl)(ang®(¢) = ¢ ang’(fym £) = cm).
By (44) and fy,, =  f, we have

(45)  (Ve€Euc)(ff €Euc A (ang’(0)= ()  ang’(fFL) =cn)).

cx = vi(ph), for some ph € Ph. Let such a ph be fixed. Then t¢ry(ph) € Eucl and
ang’( trg(ph) ) = (cx). Thus

(46) ( £ € Euc)ang®({) = (cx)

Let § =( , ) besuch that § is uclidean and § C § . Such an § exists, e.g.
the real closure of § is such. Let f € (n, ) such that f F =f. By AxEg
and (46), we have (cg),cn, € TF. By this, by (45), by (46) and by Lemma 3.92, we
have that

(47)  (Ve€Eud)(f € €Eucl A (ang?(f) = (cx)  ang’(f £)=cn))

Lett :=F ™ Y0}. Then ang?(f ¢ ) < ¢;, by Lemma 3.91. Hence ang®*(ft ) <
Cm- By this and by (43), we have v,,(k) < cp.

Proof of (ii): Assume n = 4. Let 9 be a a frame model of Baz \ {AxEq;}. Let

mg, m, € Obs such that my N my. We have to prove the following. If ¢,,, # 0 then
Umo(M1) < Cmy, and if ¢,y = 0 then vy, (m1) = 0. For ¢,y = 0 or ¢, = 00 the
proof is analogous to the proof when n = 3. Assume ¢,,,, # 0 and ¢, # 0o. We
define a frame model

N = ((B, Obs”, P, Ib™), 5, G; &, W)
as follows.
Obs™ = {meObs:cn#0 ¢p# 00},
P = {phe Ph: ( m e Obs™)(m S ph holds in 9)},
M = { eIb:( meO0bs™(m3 holds in M)},
W% = W (0bs®™ F B).
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It is easy to check that 91 = Baz by M |= Baz \ {AxEg;} and Lemma 3.76.

Further mg,m; € Obs™, v} (m,) = v (my) and ¢ = ¢ . By item (i) we have

mo
vl (my) < X hence vl (my) < 2. N

Proof of L mm 3. 2:

im 3. 3 etcy,eo,§ ,f,f e asin the formulation of emma . . hen

() (V¢ € Eucl(4, ))(ang®(£) =c¢; = ang®(f £) = ).

We will prove Claim 3.93 very soon. Lemma 3.92 follows from Claim 3.93 because
of the following. Intuitively: If f satisfies ( ) in 3.91 then f ' satisfies ( ) when
f 1, c9, ¢y are substituted in place of f, c1, ¢y, respectively. Then applying Claim 3.93
tof,ci,co and to f 1, ¢, €1, respectively, we obtain Lemma 3.92.  ore formally: Let
c1,¢c2, 8 ,f,f asin the formulation of Lemma 3.92. Then by Claim 3.93, we have

(49) (V¢ € Eucl(4, ))(ang?(f) =c; = ang®*(f £) = cy).

Let (f') € (4, )suchthat (f') F=f"' bviously (f ') =(f) %
By f satisfying ( ) in Lemma 3.91 we have

(50) (V¢ € Eucl(4, )) (ang?(¢) = cy ang®(f ' £) =¢)).
(51) ( £ €Euc(4, )) ang®(f)=c

because there is £ € Eucl such that ang?(f) = ¢, and ang®(f £ ) = ¢, for that ¢ by
(). By (50) and (51), Claim 3.93 can be applied to ¢z, c1,§ ,f ', (f ') . So we have

(52) (V¢ € Eucl(4, ))(ang®({) =c; = ang®((f ) £) =c¢)).
By (49), (52) and (f ') = (f) ', we have
(V£ € Eucl(4, ))(ang®(¥) = ¢ ang’(f ) =cy).

Thus Lemma 3.92 follows by Claim 3.93.

Proof of Clatim . :Letci,cy,§ ,f,f beasin formulation of Lemma 3.91. We have
to prove that f satisfies () in Claim 3.93. Without loss of generality may assume
that f(0) = 0.

n the structure of the proof: Items (53) an (54) below are reformulations of
saying that f and f satisfies (), respectively. Items (57) and (58) below are
e uivalent forms of (53) and (54), respectively. Hence our task is to prove (58) from
(57). This is done by the linear algebraic considerations given below.
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By our assumption that f is a linear transformation, we have that

3 3 3 3
(Vpe F)fp)=( » oo P 1, P 2 D 3)

0 0 0 0
for some € F, where , € 4. Let these s be fixed. By the definition of f | we

have
3 3 3 3

(Vpe F)f(p)=( p o P 1, P 2, P 3).
0 0 0 0

By f satisfies ( ), we have that (53) below holds, and to prove that f satisfies ( )
we have to prove (54) below.

3 2 3 3 2
(33) (Vpe F) apy=pi Py P3 = ¢ p o = p
0 1 0
3 2 3 3 2
(54)(Vpe F) clp§=pf pg pg = Co P o = p
0 1 0
Let (V: 64) =C o0 0 21 k kandlet o= g0, 1:= 11, 2= 99,
3 = 33, = o1 10, = 02 20, = 03 30, = 12 21, = 13 31,

:= 93  32. Then (53) and (54) above are e uivalent with (55) and (56) below,
respectively.

(55) vpe F) (api=0% 05 05 =0i0 P11 Pio Ps
PoP1 Pop2 PoPs3 DiP2 D13 PPz = 0)-
(56) (Vpe F)(epi=pl »5 p5 =0 pi1 Po2 Dis
PoP1 Pop2 DPoPs3 DiP2 D13 PPz = 0)-
Let and be the following set of linear e uations.
= {pizo PiT1 DT> D3T3 PopiT  PoPeT  PoPsT  Pipod
pipsr  pepsr =0:p€ F  apy=p, p5 pi}.

= {piTo PiTi DP5T2 D3T3 DPopiT  DoPa  DoP3T  Pipad

pipst  papst =0 :p€ F  api=pl p; D3}
Now (55) and (56) above are e uivalent with (57) and (58) below.

57) (o0y 15203 » » » , » )isasolution for the system of e uations

(58) (o5 152, 3 , » » , , )isasolution for the system of e uations
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Thus to prove Claim 3.93 it is enough to prove (57)=-(58). To prove (57)=>(58)
it is enough to prove that each linear e uation from is a linear combination of
some e uations from , i.e. that each vector from A is a linear combination of some
vectors from A, where A and A are defined below.

A = {{(p3, p?, P3, D3, PoD1, PoP2, PoP3, P1D2, P1P3 D2ops) :p € F aipd =p?  p3  pi}.
A = {(p}, p%, P}, D3, PoD1, PoD2, PoD3s P12, P1D3, P2D3) P € F cipd =p? ph pi}.

Both A and A are at most 9-dimensional because of the “condition” ¢;p3 = p?
p>  p?in the definitions of A and A . Hence to prove that each vector from A is
a linear combination of some vectors from A it is enough to prove that A generates
a 9-dimensional sub-space of '© because A C A . Now to prove that subspace
generated by A is 9-dimensional it is enough to prove that the subspace of
generated by

= {(02, D3, D3, 1, P2, D3, P1D2, D1D3; P2P3) : P1,D2, 3 €F ci=p] p; pi}

is 9-dimensional, i.e. = . By ( £ € Eucl)ang®(¢) = ¢;, we have that there is ¢
with ang®(¢) = ¢; and 0 € £. Let such an £ be fixed. Then (1, , , ) € ¢, for some
(1, , , ). Let this (1 , Ybefixed Nowe = 2 2 2byang’(d) = c1.

We can assume that 0 # | | # | | # 0 (we checked that this is true, but we do not
include the details here). We have
2 2 2
1 = < ) ) ) ) ) ) ) ) > € )
2 2 2
2 < ) ) Ty Ty T ) ) > € )
3 < 27 27 27 - ) y s ) > € )
< 27 27 27 sy Ty Ty T T ) > € )
< zv za Za T T ) s > € )
< 2a 2, 25 ) T s s > € )
- < 2a 2, 25 ) ) ) ) ) > € )
= < ) 7 7 7 7 7 7 7 > E 7
= < 2’ 2, 2’ 7 7 7 7 7 > E
It is easy to check that 3 = L( 1 — 5— 3 ). Hence 3 € . Similarly
, € .lItiseasy tocheck that =-1(,— — ), for some which
is in the sub-space generated by { 3, , }. Hence € . Similarly , €
It is easy to check that ¢ | o= +71+( 1 ) , for some  which
is in the sub-space generated by { 3, , , , , }. Thus ¢ | o€ . Itis
easy to check that ¢— = ——( ;— ) ,forsome which is in the sub-space
generated by { 5, , ,, , , }. Hence ¢— o€ . Similarly (— 3€ . But
0 1 2, 0— 1, 0— 2 € implies ¢ € . Similarly {, 5 € . We proved

(V €9) € , and this completes the proof of Claim 3.93 and Lemma 3.92. 1
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In this sub-section we show that Basax is consistent for arbitrary n > 2 by defining
a class of frame models, which we call the class of simple models, in symbols M, and
showing that M [= Basaz. Let us recall that in §2.4 a set of models for Basaz(2)
was given. In this sub-section we will give models for Basaz in the same spirit.
We suggest the reader to concentrate on n = 2 and n = 3, at the first reading.

To define the class of simple models, we need the definition of the set of “Newto-
nian transformations” which is a subset of the set of a ne transformations. (Recall
that we have a fixed § in the background.) This comes next. In this definition we
use notation ¢, , |p|, which were introduced in items 4, 5, 8, 13 of Nota-
tion 3.1 and item 1 of ef.3.2, respectively. We recall that denotes the translation
by vector p.

ni ion 3. 4

o={ € : (Vpet) (p)=p (vpe )| (p)=lpl},
={ € D= , for some € oand p € "F}.
Rmr 3.5 0, , ',Id) and ( , , 1, 1d) are groups.

n the intuitive meaning of Newtonian transformations we will write later. We

note that elements of o are invertible linear transformations, moreover 0 18
the set of all congruence (i.e. distance preserving) linear transformations which leave
t point-wise fixed. We also note that 0= o(n, )and = (n, ),

in accordance with the conventions of the present section (§3).

Lemmas 3.96 and 3.97 below are needed for the definition of the class of simple
models.

Let ( ) denote the n dimensional version of the class of models to be defined in this
section. he class () is almost the same as the class
m is an appropriate choice function (c¢f. . first lines) definedin . . heonlydi er
ence is that () is slightly bigger in the following sense n  ( ) we have an extra parameter
, which on the other hand cannot do too much for n = . nother di erence is that in ()
§ is allowed to be an arbitrary uclidean field, while in 90t it was fixed to be
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LEMMA 3. 6 ssume § is wuclidean (i.e. positive s uare roots ezist in §).
ssume ¢ € Eucl and p is a point lying on £.  hen there is € such that
¢ C | (t,z) and (p)=0.

We will give the roof at the end of this sub-section.
LEMMA 3. 7 ssume £ € Eucl and € . hen ang®(¢) = ang®( 1).
Proof: The proof is straightforward. We omit it. B

In ef.3.98 below the class M of simple models will be defined in the following

way. For each uclidean field § and for each function  that to each £ € | Eucl
associates two distinct points and ¢ lying on ¢ and € with
¢ C 1 (t,r)and ( ) =0, aframe model M will be defined. We suggest

the reader to read the following definition only for n = 2 and n = 3, at the first
reading.

ni ion 3. 8 (Sim Mo M)
Let § be a uclidean field (i.e. “positive” s uare roots exist in §). Let be a
“choice” function that to each £ € | Eucl associates two distinct points and ¢
lyingon £ and € with ¢ C | (f,z)and ( )=0. By Lemma 3.96

above, such a  exists. We will denote (¢) by ( ,t, ). To each such § and
function , we will define a frame model 9 .

We define Mt = 9M = (B,F, ;0Obs,Ph,Ib, ,, , E,W), where
(F, ,, )is%,
( ,E) = (Eud, €),
Obs = | Eudl,
Ph = Eucl,
B =1b=0bs Ph={f{€Eud : ang’(¥) 1}= | Eud Eucl.

By the above, Ax1 and Ax2 are true in 9. It remains to define W. Let

m():f.
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First we will define w,,, : "F — (B) and fi,, : "F — "F for all
k€ | Eucl, k # mg. To define wy,,, let p € "F. Then

Wme(p) = {€ €B : pel}.
By this, we have that for all £ € B,
trme (0) = £,

in particular, tr,,,(mo) = my. Thus Ax3, Ax4, Ax5, AXE are satisfied when m is
replaced in them with my.

De nition of fxm,:

Let us recall that for every £k € | Eucl by parameter  of the model 9t = 9 a
triple ( g, tx, &) was given such that 4ty =k ( x #1x) and € with
kk Q | (Z,.T) and k( k):()
First we will define fy,,, for the case n = 2, after that for the case n = 3, and
finally for arbitrary n > 2.

Recall that Id is the identical transformation of "F taking p to p.

De nition of fgm, for the case n

Assume n = 2. Let k € | Eucl, k # mg = ¢ be arbitrary and fixed. First we will
define fg,,, for the special case when ; = Id. This will be implemented in item (i)
below. After that in item (ii) we will define fy,,, for , # Id.

(i) We define fy,,, for the special case = Id as follows.

» = Id implies that , =0 € k.

Let z; be the mirror image of ¢ w.r.t. the line 0(1,1). In more detail: If
ty, = (to,t1) then we define x, = (t1,1%o).
Let fy,, be the linear transformation which takes 14, 1, to tx, , respectively.

Clearly such an fg,,, exists and is uni ue. It is easy to check that this fg,,, is
an invertible linear transformation. °

The reason why we chose x; exactly the way we did can be explained by
Prop.3.15 in §3.2.

his is so because t # =0, and by ang?( ) # 1 one can check that vectors ¢t and  are
linearly independent.
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(ii) We define fy,,, for the case , # Id as follows.
Lett’: ktk.Thent%;«é(_]bytk;é kand(_]: k:(k:)-
Let z}, be chosen for ¢}, exactly as we chose zj, for ¢ in item (i). Let
Tk = & 1(372)
We define fy,,, to be the a ne transformation which takes 0, 1;, 1, to , t,
T}, respectively. Clearly such an fy,,, exists ! and is uni ue.

De nition of fgm, for the case n

Assume n = 3. Let k € | Eucl, k # my = ¢ be arbitrary and fixed. Let us recall

(k) = ( k,tr, &) (see at the beginning of ef.3.98). First we will define fy,,, for
the case when 4 = Id. This will be implemented in item (i) below. After that in
item (ii) we will define f,,, for , # Id.

(i) We define f,,, for the case ; = Id as follows. Throughout this definition the
reader is asked to consult Figure 42.

, t fmko € N Tk
17
P 1 B
(1,0, 1% =
| , N
| /) "~
| ! ./,Ck-
| K
\ T K T
| — ®- / =
! O 1$ // O
| /
y Ly 7 Yk
Figure 42: Tllustration for item (i) of def. of fy,,, for the case n=3.
¢ = Id implies that ,=0and iz =kC | (7).
In what follows we will define points z; and yi, and fg,, will be the linear
transformation which will take 1;, 15, 1, to tx, ok, Yk, respectively. The reason
1. exists because vectorst — , —  are linearly independent (this is so because vectors
t, are linearly independent and ' is the a ne transformation taking 0, ¢ , L0 L,t,
respectively).
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why we will choose z; and ¥y, exactly the way we will do, can be explained
(and motivated) in a completely similar style as in the proof of Prop.3.15 in
§3.2. Such an explanation will be included in the present work at a later stage
of its development.

First we define the point z; as the mirror image of 5 w.r.t. the line 0(1, 1, 0).
In more detail: Let ¢, = (to,t1,0) then we define z; = (t1, ¢y, 0).

Let r € TF and y = (0,0,7). We will use r as a parameter. We define
f :3F — 3F to be the linear transformation for which f (1;) = #, f (1) = zy,
and f (1) = y . Clearly, such an f exists and is uni ue. It is easy to check
that this f is an invertible linear transformation. 2

Let £ = 0(1,0,1). Let us notice that £ € Eucl. We claim that ang®(f /)
depends on the choice of 7. If 7 is very big (e.g. r 100 |t|), then

ang®(f £) 1, while for small 7 (e.g. 7 < [t;| 100) ang?(f (£) < 1, the latter
is so because 0t; = k € | Eucl. Cheking this claim is left to the reader.

Next we use our assumption that § is uclidean, i.e. that “positive” s uare-
roots exist in §. Namely, we claim that between the two extremes (big and
small choices of r) there exists r € TF such that

(59) ang?(f £)=1,
because r — ang®(f ¢) is a uadratic polynomial function (and “positive”

s uare-roots exist). 3

Let this r be fixed. Now, we define

YU =Y,

fk:mo = f )

for the above choice of 7. Let us notice that condition (59) above was needed
because ¢ € Eucl and because of Prop.3.13 in §3.2.

By this, fy,, is defined for the case j = Id, i.e. fg,,, is the invertible linear
transformation which takes 1, 1, 1, to t, Tk, Yk, respectively.

(ii) We define fy,,, for , # Id as follows.

Let #, = 4t;. Then 0f, € (| Eudn | (£7)) by () =0, by
¥tk =k € | Eucl, by Lemma 3.97, and by &k C | (¢7).
2 his is so because vectors ¢t , , are linearly independent.
3 s a curiosity we mention that = 2 —#? is such, wheret = t ,#;,0 . e will see this in

laim 3.100, but it is irrelevant at the present point.
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Let zj and y; be chosen for ¢} exactly the way as we chose z; and yj for ¢ in
item (i). It can be done because 0t} € ( | Eucln | (&, a_c))

Let z =  '(2}), and yp = 4 '(v})-
We define fg,, to be the a ne transformation which takes 0, 1;, 1, 1, to &,
tk, Tk, Y, respectively. Clearly such an fi,, exists and is uni ue.

De nition of fxm, for the case of ar itrary n:

The definition of fy,, for arbitrary n is analogous to the definition of fy,,, for n = 3.
(We recommend the reader to consult Figure 42 there.) Let n > 2 be arbitrary. Let
k € | Eucl, k # mg be arbitrary and fixed. Recall again that (k) = ( &, tx, &)-
First we will define f,,, for the case when ; = Id. This will be implemented in
item (i) below. After that in item (ii) we will define f,,, for , # Id.

(i) We define fy,,, for the case , = Id as follows.
r = Id implies that ,=0and fxr=kC | (¢ 2).
First we define the point x; as the mirror image of ¢, w.r.t. the line
0(1,1,0,...,0). In more detail: Let t;, = (ty,%1,0,...,0) then we define
T = <t1,t0,0, ce ,0>
Let r € TF. We will use r as a parameter. The notation was introduced in
item 6 of Notation 3.1. We define f : "F — "F to be the linear transforma-
tion for which f (1;) = ¢, f (1z) = ap, and f ( ) =r ,forall €n\2.
Clearly, such an f exists and is uni ue. It is easy to check that f is an
invertible linear transformation.
Let £ = 0(1; ), forall € n\2. Let us notice that £ €  Eucl, for all
en\ 2.
It is easy to check that ang?(f £ ) = ang?(f £ ), forall , €n)\2.
We claim that ang?(f £ ) depends on the choice of r. Now if r is very big,

then ang®(f ¢ ) 1, while for small r ang®(f £ ) < 1, the latter is so because
0ty = k € | Eucl. Checking this claim is left to the reader.

Next we use our assumption that § is uclidean, i.e. that “positive” s uare-
roots exist in §. Namely, we claim that between the two extremes (big and

m exists because vectorst — , — , — are linearly independent (this is so because
vectors t , are linearly independent and ~! is the a ne transformation taking 0, t ,
to ,t, , ,respectively).
ecall from set theory thatn = ,...,n—1.
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small choices of r) there exists € TF such that
ang?(f £ )=1, forall en\2,
because r — ang?(f ) is a uadratic polynomial function (and “positive”

s uare-roots exist). Let this r be fixed.

Now, we define

¢ = r ,and

fkmo = f ’

for the above choice of 7, and for all € n\ 2.

By this, fgm, is defined for the case j = Id, i.e. fgy,, is the invertible lin-
ear transformation which takes 14, 1, o,..., n 1 t0 tg, Thy k2y---y kn 1,
respectively.

(ii) The definition of fi,,, for the case  # Id is obtained from item (i) in a
completely analogous way as we did this for the case n = 3. In more detail:
Let t, = 4t;. Then 0f), € ( | Eucln | (_,a_c)) by (%) =0, by
")ty =k € | Eucl, by Lemma 3.97, and by &k C | ({,2).

Let 2}, . ( €n)\2) be obtained from ¢, exactly as zx, , ( € n\2) were
obtained from ¢t in item (i). This can be done because

O, € (I Eudn | (£2)). Thenlet 7 = ,'(z}) and , = R
Then fin,, is defined to be the a ne transformation wich takes 0, 1;, 1,
9 vy n 180 ky Tky Thy k29 -y kn 1 respectively.

De nition of W:
By the above, fg,,, is defined for all £ € | Eucl, k¥ # mgy. Recall that w,,, was
defined below the definition of my at the beginning of ef.3.98. We now define

Wi = feme  Wmg, for all k € Obs\ {my}, and
W = {(m,p,h) : m € Obs,h € w,(p)}-
By this, the model 9t = 9 = (B,..., W) has been defined.

For fixed n > 2, the class of the above defined models is called the class of
stmple models, and we denote this class by M.

N F F. F M

126



T EOREM 3. M = Basaz .

Proof: We will give the proof for the case n = 3. The proof for arbitrary n is
similar and we omit it. (The proof for n = 2 is obtainable from that for n = 3 in
the obvious way.) The organi ation of the proof will be analogous with that of a
similar proof given for n = 2 for Thm.2.12 in §2.4 (“ odels for Basaz in dimension
27).

Let 9 = 9 be such that §is uclidean. Recall that (k) = ( g, tk, &) (cf.
the beginning of ef.3.98). We have already observed that 9 = Ax1, Ax2, and
that Ax3, Ax4, Ax5, AXE hold for the fixed observer my € Obs (cf. the first two
pages of ef.3.98, above ¢ efinition of fg,,”). Let k € Obs\ {mg} be arbitrary but
fixed.

We will prove that (I)-( ) hold for fi,:
(I) feme : °F — 3F is a bi ection.
(II) fxm, ¢ € Eucl, for all £ € Eucl.
(II1) fpmy © = k.
(I ) fum, ¢ € Phiff ¢ € Ph, for all £ € Eucl.
() frme £ € Obs, for all £ € Obs.

Indeed, (I)-(II) hold because fg;,, is defined to be an a ne transformation. (III)
holds because of (II) and because we defined fy,,, to take 0, 1;, respectively, to g,
ty, and k = t,. We will prove (I ) and ( ) at the end of the proof.

Now, in 9t we have that for all / € B that
(60) (= trk(fk:mo 12 ) .

(The proof of (60) is exactly like in §2.4, in the proof of Thm.2.12.) Since fi,,, is a
bi ection, by (II) we have that both fy,,, and fkéo preserve Eucl. sing this, together

with (IT)-( ), (60), and the fact that Ax3, Ax4, Ax5, AXE hold for mg = t, we get

that Ax3, Ax4, Ax5, AXE hold for k&, too. From (I) and from the definition of wy,

we get that Rng(wy) = Rng(w,,). Since k was arbitrary, this proves 9t = Basaz.
Thm.3.99 is proved modulo (I ) and ( ) above. Now we turn to prove these.

ecall that = m -
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Proof of (I ):
To prove (I ), by Ph = Eucl it is su cient to prove (61) below.

(61) (Ve e Eucl)(ﬁ €  Eud femo £ € Eucl).

Next we turn to prove (61). The proof of (61) will consist of two cases: (i) = Id,
(i) x #Id.

Proof of ( 1) for case | =1d:

Let us recall that for this case fg,, was defined in item (i) of the “definition of fy,,,
for the case n = 3”. Let us recall that in that definition we have that

(62) r=0 and “fpr=kC | (¢,7),

and fi, is the linear transformation which takes 1, 1, 1,, respectively, to
ty = (to,t1,0), xx = (t1,t0,0), yx = (0,0,7), for fixed r € *F, where r was fixed in
such a way that

ang® (fym, £) = 1, where £ = 0(1,0,1).

im 3.100 2 —¢ Oandr= tj—1t.

Proof of Claim .100: We have t3 —t2 0 because t; = (to,t1,0), because

k€ Obs = | Eucl and because by (62), 0t = k.
By fim, being a linear transformation taking 1;, 1., 1, to ¢k, xk, yx, respectively,
it is easy to see that fy,, £ = 0{to,t1,7). Now by this

2 r?
ang?(frm, £) =1 4 =1.
£
By this and by r € TF, we have
angz(fkmoﬂ)zl r=t§—1;
where 12 —t? exists because t3 — t3 0 and § is wuclidean. This proves

Claim 3.100.
(Claim 3.100)

We have that fy,,, takes parallel lines to parallel lines because fg,,, is a linear
transformation. Hence to show (61) it is enough to show (63) below.

(63) (Ve €Euc)(0€l = ((€ Euc  fypf €  Eucl).
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To show (63) let £ € Eucl with 0 € £. Without loss of generality we may assume that
¢=0(1, , ), forsome , € F. Let these , be fixed. Now by using Claim 3.100,
we have that fg,, is the linear transformation taking 1, 1, 1, to tx = (to,%1,0),
T = (t1,10,0), yr = (0,0, 3 —t2), respectively (£3 —¢?  0). By this, it is easy to

see that

fomo(1, » )=(to  ti, 1 to, t§—1t3), hence

(64) fome £ =0 {to  t1, 1 to, t3—12).
Now )

(tr to)? tg — 1
ang?(fimy £) = RN (by (64))

to ) (2 -1
= (fo )° )t = 1) (by some computation).

(to  t)?
Now
ang®(fm, £)) =1
(2 ?=1)(5—-t}) =0 (by t5 —t7 0)
2 2 (by def. of , )

ang?(f) = 1.
By the above computation, we have fg,,, £ € Eucl iff 7 € Eucl. By this,
(61) is proved for case ; = Id.

Proof of ( 1) for case | #1d:

Let us recall that for this case fy,,, was defined in item (ii) of the “ efinition of
fem, for the case n = 3”. Let t}, x), y;. be exactly those points which were defined
there and let fy,,, be the a ne transformation which was defined there (in item (ii)
of the ¢ efinition of fgy,, for the case n = 3”). Now we define f},,, to be the linear
transformation which takes 14, 1,, 1, to t},, x}, Y}, respectively.

Now we can prove that f},, satisfies condition (61) above in a completely analo-
gous way as we did for case j = Id for f,,, there (to see the analogy, consider the
definition of z}, y}, in line 4 of item (ii)).

It is easy to check that fim, = fi,,,  , '- Now by f,,, satisfying condition (61)
above, by fime = fim, = and by Lemma 3.97, we have that fi,,, satisfies (61).
We proved (61) for case  # Id, too. This completes the proof of (I ).

44

129



Proof of ( ): To prove (), by Obs = | Euclitissu cient to prove (65) below.
(65) (Ve | Eud)fum ¢ € | Eud.

Next we turn to prove (65). The proof of (65) will be similar to that of (61) in the
proof of (I ). The proof again will consist of two cases.

Proof of () for case | =1d:
As we have shown at the beginning of the proof of (I ) (cf. Claim 3.100), for this case
we have that fi,, is a linear transformation which takes 1;, 1, 1, to tx = (%o, 1,0),
zr, = (t1,10,0), yp = (0,0, 3 —t3), respectively (£2 — 2 0).

By fim, being a linear transformation, we have that fg,,, takes parallel lines to
parallel lines. Thus to prove (65) above it is enough to prove

(Vee | Euc)(0€l = fumy £ € | Eucl).

To see this, let £ € | Eucl with 0 € £. Then it is easy to see that £ = 0(1, , ), for
some , € Fwith 2 2<1. Let these , be fixed. Now it is easy to see that

(66) fk:mo £ = (_) <t0 tl, tl to, t% - t% ) .
Now )
(i o) tg—
ang? (fumo £) = CREEAE (by(66))
2 22 _ ) (2 — 2
_ o t) (t( e )t 1) (by some computation)
0 1
( ” (by 2 %< 1and
to t 2 2
—_—= te—t 0
< (tO t1)2 0 1 )
= 1.

If we summari e the above computation we get ang?(fgm, £ ) < 1, hence
femo £ € | Eucl. By this, (65) is proved for case , = Id.

Proof of () for case | #1d:
The proof of this will be analogous with that of (61) in the proof of (I ). Let us

recall that for this case fg,, was defined in item (ii) of the “ efinition of fg,,, for
the case n = 3”. Let t}, x}, v, be exactly those points which were defined there
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and let fg,, be the a ne transformation which was defined there (in item (ii) of
the “ efinition of fy,, for the case n = 3”). Now we define f;, to be the linear
transformation which takes 14, 1,, 1, to t},, }, Y}, respectively.

Now we can prove that f},, satisfies condition (65) above in a completely analo-
gous way as we did for case , = Id for fy,,, there (to see the analogy, consider the
definition of z}, yj, in line 4 of item (ii)).

It is easy to check that fim, = fi,,, 5 - Now by fi,, satisfying condition (65)
above, by fyme = fim, 1~ and by Lemma 3.97 we have that fy,, satisfies (65).
We proved (65) for case ; # Id, too. This completes the proof of ( ). 1

Proof of L mm 3. 6:

efinition: By a congruence transformation h : "F — "F we understand an a ne
transformation which preserves uclidean distances, i.e. (Vp,q € "F)
|h(p) — h(q)| = |p — q|- We note that in the present proof we will use such transfor-
mations which preserve 0.

Let us turn to proving Lemma 3.96.

(1) Without loss of generality we may assume p = 0.

(2) The assumption that § is uclidean (i.e. “positive” s uare-roots exist) is essen-
tial in proving this lemma (it is not true without this assumption).

(3) We need a proof only for n 4 because, we mentioned earlier in this work that
we treat n 4 only if no extra effort is needed for that. (All the same, the present
lemma is true for arbitrary n).

Sub-lemma: Let ¢ € F, € arbitrary, and let § be uclidean. Then there is a
congruence transformation : F — F with (0)=0and (¢) € Z.

Proof of u lemma:

We prove this only for 3 because that will be su cient for n 4, cf. item
(3) above. Let = 3. Throughout the proof of Sub-lemma the reader is asked to
consult Figure 43.

Let ¢ = (0,¢1,¢2) and € F be such that 1, = ¢’ is of length 1, i.e. |1}| = 1.
Such a exists because § is uclidean.

Let 13 = (0, , ) be arbbitrary but orthogonal (in the uclidean sense) to 1, with

1] = 1. This obviously exists.
Let h be the linar trasformation defined by 1;,1;,1) — 14, 1,,1,. By the choice of

1,1!,  h exists and is invertible. Further, h(q) € | (¢, 7).

T Y

For the definition of orthogonality see item of ef.3. .
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QDh h* L

T h* o

~ly U A,

Figure 43: Illustration for the proof of Sub-lemma.

By a completely similar argument, there is another invertible linear transforma-

tion At with At (h(q)) € Z. But then =h A" has the desired properties. Further
is a congruence transformation because 1/, 1; had lenght 1, 1/, lfy etc.
The proof for < 3 is obtained from the above one the obvious way.

D of Proof of u lemma.

Let us turn to proving Lemma 3.96. Throughout the proof the reader is asked to
consult Figure 44.

t T

Y
A
\

Figure 44: Illustration for the proof of Lemma 3.96.

Let £ € Eucl,0€efand 0 £ g€ (. Let ¢ =(0,q1,-.-,q, 1) €
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Clearly, any congruence transformation : — of preserving 0 induces an
€ o as follows.

(pO:---ap'rL 1) = (Poa (pla---:pn 1))

By Sub-lemma (applied to ¢', in place of ¢, F), there is —  with
<Oa (q1; ---sQn 1)> €.
The “ 7 induced by this has the desired properties.

This completes the proof of Lemma 3.96 for n 4, because we proved Sub-
lemma only for 3.

The generali ation for n 4 goes by proving Sub-lemma for arbitrary . This
can be done via a straightforward induction. We omit it for the already indicated
reasons. 1
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In this sub-section we will characteri e the models of Basaz(3),

Basax(n) {Ax( )}, and Basaz(n) {AxT7}, for n > 3, where Ax7 will be
introduced very soon. We will construct a class of frame models which we call the
class of general models, in symbols M, and we will show that M = Basaz. Let

M(n) denote the n dimensional version of the class M of models to be defined
in this sub-section. We will show that every model of Basaz(3) is isomorphic to a
model in  M(3), and every model of Basaz(n) {AxT7} or Basaz(n) {Ax( )},
for n > 3, is isomorphic to a model in M(n). Further in this sub-section we will
show that both Basaz(3) and Basaz(n) {AxT7} imply Ax( ) for n > 3, where

AXT is a more natural (or more “physical” in some sense) axiom than Ax( ).

Below we postulate axiom AX7.

AX7 (Yme€ Obs)(Vee | Eudn | (£,7))( k€ Obs)

(trm(k) =L A fgm ¥ g) .
See Figure 45.

m At kAT

trm (k)
tre(m)

fk:mg /

Figure 45: Illustration for Ax7.

Intuitively, Ax7 says that there are observers moving in direction z whose y
axis remains parallel with the “original” ¢ axis. This assumption is almost
always taken for granted in physics books (cf. e.g. Rindler 35). Indeed, it
sounds contrary to experience to assume that for some velocity v < 1, if an
observer k is moving with velocity v in direction Z then some “magical force”
would force k£ to point his ¢ axis in some direction different from the original
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1 axis.

Summing up, we consider Ax7 as a relatively weak and natural (“physically
convincing”) assumption. Actually we tend a feel that Ax7 is more natural
(in some sense) than e.g. Ax( ).

R m r 3.101 We note that M p= Ax7, where M is defined in ef.3.98 in
§3.5. However, we will see that the models of M can be extended to richer models
validating Ax7 (cf. Prop.3.115).

In what follows we will introduce the set P  of so called photon preserving
transformations which will be a subset of the set of all a ne transformations. To
motivate this definition we recall Thm.3.3 and Prop.3.13 from §3.2.

Thm.3.3 Basaz = (fr = , for some € and € ut( )).
Prop.3.13 Basaz = (V¢ € Eucl)({ €  Eucl fok £ € Eucl).
By these two, we also have that the “ ” occurring in Thm.3.3 preserves Eucl.
Next, we will collect these s into something called P .

ni ion 3.102 The set of photon preserving transformations, in symbols
P =P (n, ),is defined as follows.

P ={ € : (V¢ € Eucl)(¢ €  Eudl ¢ € Eud)}.

Rmr 3.103 (P , , ' Id) is a group.

The next two propositions belong to the motivation of ef.3.102 above.
Thm.3.108 below them describes how the elements of P look like. Prop.3.104(ii)
below also serves as a motivation for the definition of M ( ef.3.109 way below).

PROPOSITION 3.104

(i) Basazx = (Ym,k € Obs)(fm;C = for some € P with
t =trr(m) and € ut( ))
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(ii) Basaz {Ax( )} = (Vm,k € Obs)(fm,C = for some € P with
t =trg(m) and € ut(g))

Proof: Item (i) follows by Thm.3.4, by Prop.3.13, by Ax4, by Prop.2.6(vii) in §2.3,
and by the following property (which follows by Lemma 3.119(iii) way below):

(V € wut( ))(VeEu)(f{e Eud ¢ €  Eud).
Item (ii) is a corollary of item (i) and Remark 3.106 below. B

The emphasis in Prop.3.104(ii) above and Prop.3.105 below is on  being order
preserving, i.e. on writing § in place of

PROPOSITION 3.105 etn >3. hen (i) (i) elow hold.

(i) Basaz(n) {Ax7} = (Ym,k € Obs) (fmk = for some € P with
t =trg(m) and € ut(%))

(ii) Basaz(3) = (Ym,k € Obs)(fm;c = for some € P with
t =trr(m) and € ut(%))

Proof: This proposition is a corollary of Prop.3.104(ii) above and Thm.3.114 way
below which says that both Basaz(3) and Basazr(n) {Ax7} for n > 3, implies
Ax( ).

R m r 3.106 Assume §is uclidean, ie. § = Ax( ). Then ut(F)= wut( )
because of the following. ut(F) € wut( ) is obvious. To prove the other inclusion
let € wut( )andlet0 =z € F. By Ax( ), we have z = 3?2, for some y € F.
Let this y be fixed. Now (z) = (y?) = (y)? > 0. Hence is order preserving,

ie. € ut(F).

ni ion 3.107 ()
Assume § is uclidean.
Let :"F "F — o be a fixed function with the property ( ) below.

= 9.

() Vpae"F)(p#te¢=( mC | ED A (p)=0)).
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Such a function exists by Lemma 3.96 in §3.5. Throughout, this function is
fixed.

For every distinct p,q € "F with pg € | Eucl we define exacly as fgm,
was defined in the definition of M ( ef.3.98 in §3.5) but with (p,q, ) in place of

< katk, k>

The following theorem describes how the elements of P look like.
T EOREM 3.108 ssume § is uclidean. ssume p,q € "F with p # q and
pg € | Eucl. For (i) (ii) elow we claim (i) (i)
(i) Ae P with A(0)=p A(1;) =q.
(ii) A= for some € 0-
We will give the roof later, after the proof of Lemma 3.118.

In the following definition we will define a class of frame models M, so called
general models. This definition is motivated by Prop.3.104(ii) and Thm.3.108.

ni ion 3.10 ( nr Mo M)
Let § be wuclidean. Let B, Obs ,Ph, Ib be sets and let
Obs — "F "F ut(F) o and

B — ("F)
be functions with properties 1-6 below. For all & € Obs we denote (k) by
(koles ks k)

1. Obs PhCIbC B.
2. (Vk € Obs) 4 # ty.
3. (Vk € Obs) (k) = #in.

4. Obs = | Eucl

5. Ph = Eucl.

6. Ib C Eucl

)n some sense, is also a choice function similarly to in the definition of ( ef3.9 in
3. ).
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For every such §, and for every such sets B, Obs, Ph, Ib and functions , satisfying
1-6 we define a frame model 91 as follows.

M = ((B, Obs, Ph,Ib),§,G; E, W), where ( , E) = (Eucl, €).

It remains to define W. First we define a function wq : "F —  (B) as follows. Let
p € "F. Then

wo(p) ={ €B:pe ()}
Let £ € Obs be arbitrary. We define

W = k t Wo

where ; was defined in  ef.3.107. (Let us notice that , # ¢ (by 2) and
it € | Eucl (by 3,4). Therefore ; is defined.)

= {{m,p,h) : m € Obs,h € w,(p)}-

By this 9 is defined.
For a fixed n > 2, the class of the above defined models is called the class of
general models, and we denote this class by M= M(n).

T EOREM 3.110 M E Basaz.

We will give the roof later, after the proof of Lemma 3.120.

No 1ion 3.111 Let be a class of models. Then I denotes the class of isomor-
phic copies of members of | that is,

In the following theorem we give “structural” characteri ations for the models

of the theories Basaz(3), Basaz(n) {Ax( )}, and Basaz(n) {AxT7}, forn > 3.

T EOREM 3.112 etn > 3. hen (i) (i) elow hold.
(i ™ (Basaz(3)) ) = I M(3).
(i) ™ (Basaz(n) {Ax( )}) I M(n).
(iii) M (Basaz(n) {AxT7}) = I M(n)nM (Ax7).
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n the roof: We will give the proof of item (ii) later, after the proof of Thm.3.110.
Items (i) and (iii) directly follow by item (ii) and Thm.3.114 below.

ESTION 3.113 Is M (Basaz(4)) =1 M(4) true

Theorem 3.114 below says that if n > 3, then both Basaz(3) and
Basaz(n) {Ax7} imply Ax( ). We note that these implications do not hold

backward, i.e. Basaz(n) {Ax( )} £ Ax7, for every n > 3. However, Proposi-

tion 3.115 below Thm.3.114 says that every model of Basaz(n) {Ax( )} can be
extended to a model of Basaz(n) {AxT7}, for every n > 3.

T EOREM 3.114 ssumen > 3. hen (i) (ii) elow hold.
(i) Basaz(3) F Ax( ).
(ii) Basar(n) {Ax7} = Ax( ).

The roof is available from the authors.

In the following proposition we will use the notation 9t C 91 introduced in item
15 of Notation 3.1.

PROPOSITION 3.115 ssumen > 3. ssume I is a frame model such that
M = Basazr(n) {Ax( )}. hen there is a frame model " such that I C IM*
and M = Basaz(n) {AxT}.

Proof: Let n > 3. Let

9 = ((B, Obs, Ph,Ib), ¥, G; B, W) = Basaz(n) {Ax( )}.

Let MM+ = ((B*, Obs™, Ph",Ib%), ¥, G; &, W') be defined as follows.

Bt = B o, Obs™ = Obs o, Ph™ = Ph o, Ibt = Ib 0
and for all (m, ) € Obs™ and p € "F w* (p) = ( Wi (p)) 0. By
this M* is defined. Now 9t C 9" assuming that we treat ( ,Id) € BT as identical
with € B, for all € B. We claim that 9" = Basaz(n) {Ax7}. Checking this
claim is left to the reader. 1

ESTION 3.116 Is Basaz(4) &= Ax( ) true

We note that uestions 3.113 and 3.116 are e uivalent in the sense that the answer
to uestion 3.116 is “ S” iff the answer to uestion 3.113is ¢ S”.
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LEMMA 3.117 { €P : (0)=0A (1) =1}= 0

The roof is available from the authors.

LEMMA 3.118 ssume § is uclidean. et p,q € "F with p # q and
pg€ | Eucl. hen for de ned in Def. .10 (i) (i11) elow hold.

(i) eP
i) (©0)=p and  (L)=gq.
(iii) (V¢ € | Euc) ¢ € | Eudl.

Proof: The proof of the lemma follows by the definition of ( ef.3.107). This
definition says that is defined exactly as fg,,, was defined in the definition of M
( ef.3.98 in §3.5) but with (p,q, ) in place of { j,tx, &). Now in the definition
of M, f,, was defined to be an a ne transformation which takes 0, 1; to , t,
respectively. Further, in the proof of Thm.3.99 in §3.5, which says M = Basaz, we
have the following propositions. In the “Proof of (I )” (61) says that

(Ve€EBuc)(¢€  Eud  fumg €  Eucl).
And in the “Proof of ( )” (65) says that
(V¢ e | Eud) fgm, £ € | Eucl.
By the above, we conclude that (i)-(iii) hold for . 1

Proof of Thm.3.108: Assume § is uclidean. Let p,q € "F with p # ¢ and
pg € | Eucl. By Lemma 3.118(i),(ii) we have that (67) and (68) below hold.

(67) eP

(68) (0)=p and (1) =q.

Proof of (i)= (ii): Let A€ P with A(0) = p and A(1;) = ¢. Then we have

(69) A 1 € P A 1((_]) = (_) A 1(1t) = ]-t7

by (67),(68), and by Remark 3.103. Now we conclude that A le o by
Lemma 3.117 and by (69). Therefore A = , for some € 0-
Proof of (ii)= (i): Let € oand A = . Then A€ P by CcP ,

0
by (67), and by Remark 3.103. By € 0, we have (0)=0and (1;) =1;.

Therefore A(0) = p and A(1;) = ¢ by (68). 1
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LEMMA 3.11 et € wut( ). hen (i) (i) elow hold.
(i) :"F—"Fisa ijection.

(ii) (V£ € Eucl) ¢ € Eudl.

(iii) (V£ € Eucl) ang?( ¢) = (ang®(¥)).

Proof: The proof is straightforward, we omit it. We note that (i) and (ii) follow by
Lemma 3.5 in §3.2. 1

LEMMA 3.120 et € ut(§). hen
¢e | Eud ¢ € | Eud.

Proof:
Proof of = : Let £ € | Eucl. Then ang?(¢) < 1. By Lemma 3.119(iii), we have
ang’( £)= (ang’(¢)). Therefore we have (ang?({)) < 1 by ang?(¢) < 1 and by

being order preserving. Hence ¢ € | Eucl.
Proof of  : The proof is analogous with the proof of direction =, because
le w(F). n

Proof of Thm.3.110: The proof will be analogous with the proofs of
M, = Basaz(2) in §2.4 (Thm.2.12) and of M = Basaz(n) in §3.5 (Thm.3.99).
The essential novelty in the present proof is that we have to handle the field auto-
morphisms ; and the new Newtonian transformations j too, for each observer k,
(because now they too belong to an observer k).

Let M € M. We will show that 9 = Basaz.

For every k € Obs, by Lemma 3.118, we have that (70)-(72) below hold.

(70) ¢ €P
(71) t t_ = ktk: (by t ((_]) = % and t (175) = tk)
(72) (Ve | Eud) 4 ¢ € | Eud.
For every k € Obs let
fk: = %k k t -
n the definition of |, an observer (more precisely s world view) was determined by data
,t, , while in it is determined by more data like  ,¢ , , ,
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We will prove that (73)-(77) below hold for fy, for every k£ € Obs.

f, :"F — "F is a bi ection.
(V€ € Eucl) f, £, f,' ¢ € Eucl.
(Vee Euc)fel, f,'¢ € Eud.
(Vee | Euc)fef € | Eud.
fot = klk-
3) holds by ; € and by Lemma 3.119(i).
4) holds by ¢ € , by Lemma 3.119(ii), and by (73).
5) holds by € o CP , by (70), and by Lemma 3.119(iii).
6) holds by (72), by Lemma 3.97 in §3.5, and by Lemma 3.120.

(77) holds by xt =t and by (71).
It is easy to see that for every £k € Obs and € B

(78)
(79)
(80)

wy = f wo,
fk trk() 5
tre() = f,1 (),

by the definitions of wy and f.

Now

M= Ax1,Ax2 by M e M.

M = Ax3 because of the following. Let h €  and m € Obs. By (80),
we have tr,,(h) =f,' (k). By h € Ib and by item 6 in the definition
of M ( ef.3.109), we have (k) € Eucl. Therefore tr,,(h) =f,' (h)
and (h) € Eucl imply tr,,,(h) € Eucl by (74).

M = Ax4 because of the following. Let m € Obs. Then f,, t = i,
by (77). We have ,t, = (m) by item 3 in the definition of M
( ef.3.109). By these two, we have f,, ¢ = (m). By (79), we have

(m) = fp triu(m) . By this, by f,, ¢ = (m), and by (73), we have

trm(m) = t.

M = Ax5 because of the following. Let m € Obs, ¢; € | Eudl,

Ly € Eucl. By (76), we have f,, /4 € | Eucl, and by (75), we
have f,, ¢35 € Eucl. Therefore by items 4,5 in the definition of M
( ef.3.109), we have f,, ¢4 = (k) and f,, {2 = (ph), for some k € Obs
and ph € Ph. Let such k£ and ph be fixed. Now we conclude tr,,(k) = ¢,
and tr,,(ph) = £y by fr, £ = (k), fm b2 = (ph), by (79), and by (73).
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M = Ax6 because (73) and (78) imply that (Vm € Obs)

Ring(w,) = Rng(w)

M = AXE because of the following. Let m € Obs and ph € Ph. By
(80), we have tr,,(ph) = f ' (ph) . By item 5 in the definition of M
( ef.3.109), we have (ph) €  Eucl. By this, by tr,,(ph) =f ' (ph)
and by (75), we have tr,,(ph) €  Eucl, hence v,,(ph) =1.

By the above, 9 = Basaz. W

Proof of Thm.3.112(ii): Let n > 3. By Thm.3.110 and M = Ax( ), we have
that I M C M (Basaz(n) {Ax( )}). To prove the other inclusion assume

M = ((B, Obs, Ph, Ib),§, G”; ™ , W) e M (Basaz(n) {Ax( )}).
Without loss of generality we may assume that
(G*, M) = (Eucl(n, §), €).

Now we will prove that 9t € M. By 9t = Ax( ), we have that § is uclidean.
Let my € Obs be arbitrary and fixed. We will define functions

Obs — "F "F ut(§) o and

B — ("F).

De nition of
Let k € Obs. In what follows we will define (k). By Prop.3.104(ii), we have

fomo = k& A, forsome A€ P with At =trp,(k) and € ut(F).

Let these ; and A be fixed. Let

r=A0) and t = A(L;).

By this and At = tr,,(k), we have | # t; and il = try,, (k). There is no
FTL observer in 9 by Thm.3.28(i) in §3.4, hence 4ty = tr,,(k) € | Eucl. Now
Thm.3.108 implies that

A= ¢, forsome € 0,

because f # tg, xtx € | Eucl, A€ P |, A(0) = g, and A(1;) = t. Let this
be fixed. Now
(k) = koths ko &) -
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By this function is defined. We note that
(81) femo = & & t s
by fkm(): k Aand A= k t -

De nition of :
Let € B. Then

()= trm( ).

By this function is defined.

Now we will check that 1-6 in the definition of M ( ef.3.109) hold for B, Obs,
Ph, Ib, , and

1 holds by 9t e M (Ax2).
In the definition of we saw that 2 holds, i.e. for all k € Obs  ; # 1.

3 holds because of the following. Let £ € Obs. In the definition of we saw that
gl = trm (k) , and by def. of we have (k) = trp,(k). Hence (k) = gitx.

4 holds because in M there is no FTL observer by Thm.3.28(i), because of Ax5,
and by the definition of

5 holds by def. of and by Ax5,AxE.
6 holds by def. of and by Ax2 Ax3.

It remains to show that W defined in the definition of M coincides with W™,
To show this it is enough to prove wj' = wy, for all k € Obs. To see this let k €
By (81) above, we have

wit (wk) '= &k t
Therefore
(82) wgt = ¥k k t wgnto .

By the definition of | it is easy to see that

w%o = Wyq .
By this, by (82), and by the definition of wy, we have
wkm = Wg .

This completes the proof of Thm.3.112(ii). &
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In this section, we will study the possibility of adding an extra symmetry axiom
to Basax. The reason for this is that Basar has many different models which are
not elementarily e uivalent. Actually Basaz has 2 many consistent theories as
its extensions ° (hence it has continuum many non-elementarily-e uivalent models).
While we consider this as a virtue ', there exists a natural symmetry principle (cf.
Ax 1 way below) which could be added to Basaz. oreover this extra principle
makes Basaz much stronger. Roughly speaking the new principle (e.g. formali ed
as Ax 1) says that if two inertial observers m and k are looking at each other then
m “sees” k more or less the same way as k£ “sees” m. The point is the following.

f course, m thinks that & is moving fast while k£ thinks that m is moving fast. So
far the picture is symmetric in every model of Basaz. However, in some models of
Basax m may think that the effect of moving fast slows down the clocks of k£ while &
may think that moving fast speeds up the clocks of m. Now, we consider this as an
assymetric situation, since one might even interpret this such that the “laws of the
nature” are different for m and k. The principle Ax 1 excludes such possibilities.
(Actually, Ax 1 is stronger than this, it would be interesting to see how far could
one develop the theory by a weaker axiom saying only that if £ s clocks slow down
in m s world-view then m s clocks must also slow down in & s world-view.)

For completeness, we note that there is a form of the twin paradox which is
provable in Basar ~Ax 1 but not in pure Basazx. n the other hand one should
also note that a large ma ority of the theorems of Special Relativity are already
provable in Basaz (moreover many of these already follow from Baz, but we did not
explore this “Baz-direction” here).

Before studying the new principle Ax 1 (and its e uvivalent or almost e uvi-
valent forms) we will introduce some auxiliary definitions and axioms which we need
for technical reasons only.

No ion 3.121

1. Throughout, G = G (n, ) denotes the set of invertible linear transforma-
tions of the vector space "

his is as much as possible for administrative reasons.
'For various reasons, some of which are methodological, we find that it is a virtue if a theory
admits many extensions.
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2. The set of similarity linear transformations 2 is denoted as follows:
S =S (n, )={heG : (reF\{0}) (VWwe"F)h(p)=r p}.

3. Let 4, € G denote the re ections about ¢ and  respectively, in more
detail:

(Vv en\{0}) +«( )=~- ¢(1y) = 1;, and
(v en\{0}) ()= (1) = =1,

4. Let p € "F. Then p; = py, i.e. p; is the time-component of the vector p.

0= o(n, ) and = (n, ) were defined in §3.5, ef.3.94.
ni ion 3.122

R m r 3.123 We note that 0 C + C C CP C ,
< 0y > laId>a < ty laId>a < ’ 171d>, < LA laId>7
(P, , LIdy, ( , , ' 1Id) are groups, and

N G = t N G = 0 -

Next we list variants of the symmetry principle which is the sub ect matter of
this section.

Ax 1 (Ym,k,m' € Obs)( k' € Obs) f, =1 i -

Ax 2 (Ym,k,m' k' € Obs)(trp,(k) =tr, (K')=( € Yok =fme ).
Ax 1 (Vm,k € Obs)( k' € Obs)(trp,(k) = trn(k') AN fur = fim)-

Ax 2 (Vm,ke€ Obs)( € ) foke = frm

2 he similarity linear transformation is the same what is called expansion on p.1 of Burke [ ],
and sometimes it is called homothetical transformations.
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Next we list some (rather natural and harmless) auxiliary axioms needed e.g. to
prove the e uivalence of the above symmetry principles.

Ax8 (Vm € Obs)(V € 1)( k€ Obs)
(Vvpe{ : en} {0}) wi(p) =wn( p).

Ax o (Vm,k € Obs)(trp(k) =t = fu€ ).
Ax (Vm,k € Obs)(trp,(k) t = fux€ ).

R m r 3.124 We note that Ax = Ax  and Basar {Ax o} = Ax .

PROPOSITION 3.125 Basar {Ax8,Ax o} EAx( 4).

Proof: Assume Basaxr {Ax8,Ax o}. Let m € Obs. By Ax8 there is k € Obs
such that

(we(1e) = win(12) w(0) = win(0) (v €n\{0)we( ) = wam(- )).

Hence (V € n) fo( ) = 4( ) and f,.(0) = 0. By this and by Ax o, we get
fok = ¢

ON ENTION 3.126 As in usual in the literature of partial algebras cf. 3 we
will use the following convention. Let and be two terms involving partial symbols.
Then

= = ( = are both defined and = ).

Similarly for relation symbols in place of e uality.

ni ion 3.127 We define binary relations , C Obs Obs as follows.
(Vm, k € Obs)

m k= (fan(l)) —fun(0)), 0, and

We need two further auxiliary axioms.
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Ax5T  (Vm,k,m' € Obs)( k' € Obs)(tr,(k) =try (K') A (m k m' k).
Ax5%tT  (Ym € Obs)(VL e | Eucl)( k € Obs)(trp(k) =€ AN m k).

PROPOSITION 3.128 ssumen > 3. hen

Basar(n) {Ax57t Ax( )} = Ax5™.

We will give the roof after the proof of Lemma 3.161.
PROPOSITION 3.12

Basax = (Ax 1 Ax 1), where
Ax 1 is de ned elow.
Ax 1 (Vm,k,m' € Obs)( k' € Obs)(trp,(k) = trp (') N for =Ffmr) -
Proof: It is easy to see that it is enough to prove that
Basaz = (VYm, k,m' k' € Obs)(fpr = ke = tra(k) = tr, (k).
To see this, let m, k € Obs with f,,;, = f,, x . By Basaz, we have f,,; tr,,(k) =t and

ok trm (K') =t. By this and by f,,x = f,, x , we have tr,, (k) = tr,,, (k). 1

PROPOSITION 3.130 ssumen > 3. hen
Basaz(n) {Ax( )}E(Ax 1 Ax 1), where
Ax 1 isde ned elow.

Ax 1 (Vm e Obs)(Vee | Eucl)( k€ Obs)(trp(k) =0 N fur = fem) -

Proof: The proof easily follows by Thm.3.28(i) in §3.4 which says that

Basax(n) {Ax( )} implies that there is no FTL observer, if n > 3. &

PROPOSITION 3.131 ssumen > 3. hen
Basar(n) {Ax( )} E=(Ax 2 Ax 2), where
Ax 2 1isde ned elow.

Ax 2 (Vm,k € Obs)( € ¢) frke = fim

We will give the roof after Lemma 3.160 way below.
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The following theorem says that Ax 2 almost follows from Basaz.

T EOREM 3.132
Basaz = (Ym, k € Obs) (trm(k) =trm (k) = e =Ffnr h for some

heS € ¢ and € ut( )))
We will give the roof after Lemma 3.146.

Thm.3.133 below says that under some assumptions the world-view transforma-
tions are a ne transformations.

T EOREM 3.133
Basar  {Ax 2,Ax( )} (Vm,k € Obs) f, € P
We will give the roof after the proof of Thm.3.132.

The following theorem says that two relatively moving observers see each other
with the same velocity, under some mild assumptions.

T EOREM 3.134
Basaz  {(¥Ym,k € Obs) f € } = (Vm, k € Obs) vy,(k) = vi(m) .

The roof is available from the authors.

OROLLAR 3.135
Basaz  {Ax 2,Ax( )} (Vm,k € Obs) v, (k) = vi(m).
Proof: This is a corollary of Thm.3.133 and Thm.3.134. &

In the next three theorems we discuss the conditions under which our four vari-
ants of our symmetry principles are e uivalent.

T EOREM 3.136 ssumen >3. hen (i) (iv) elow hold.

(i) Basaz(n) {Ax( .),Ax( )} E (Ax 2 Ax 2).
(ii) Basar(n) {Ax( )} E (Ax 2= Ax 2).
(iii) Basaz(n) {Ax o, Ax( )} E (Ax 2 Ax 2).
(i ) Basar(n) {Ax o,Ax8,Ax( )} F (Ax 2 Ax 2).
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We will give the roof after the proof of Lemma 3.158.

T EOREM 3.137 (i) (i1i) elow hold.
(i) Basaz(n) {Ax8,Ax (,Ax5"} E (Ax 1 Ax 2).
(ii) Basar(n) {Ax o} E (Ax 1= Ax 2).
(iii) Ifn >3 then
Basaz(n) {Ax8,Ax ¢, Ax( ),Ax57"} &= (Ax 1 Ax 2).

We will give the roof after Lemma 3.163 way below.

T EOREM 3.138 (i) and (ii) elow hold.
(i) Ifn >3 then

Basar(n) {Ax8,Ax ¢, Ax( )} E (Ax 1 Ax 2).
(ii) Basar(n) {Ax ¢} = (Ax 1= Ax 2).

We will give the roof after the proof of Thm.3.137 way below.

The following auxiliary axioms will help us in making our theory Basaz complete.
Their status is different from the status of the previous axioms like Ax 1, in that
we do not believe that they would be true in the “real world”.

Ax (Vm, k € Obs)(w,, = wy, = m=k).

Ax  (Vphy,ph, € Ph)( k € Obs)(tri(phy) = tri(phy) = phy = phy).
Ax  B=Obs Ph

Ax( )  (Ym,k € Obs)(trm(k) =T = m k).

The following theorem says that our symmetry principle makes Basaz almost
(not really) complete in some sense, and it also shows how to make it really complete.
The price of this completion
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T EOREM 3.13 ssumen > 3. ssume § s uclidean.
et Ax € {Ax 1,Ax 2,Ax 1,Ax 2}. hen (i) and (i1) elow hold.

(1) .
M  (Basar(n) {Ax57t Ax8 Ax( ),Ax ¢,Ax ,Ax ,Ax ,Ax})
has ezxactly two elements up to isomorphisms.

(ii) )

M (Basaz(n) {Ax5"" Ax8, Ax( ),Ax ¢,Ax ,Ax ,Ax ,Ax( ),Ax})
has exactly one element up to isomorphisms.

The roof is available from the authors

R m r 3.140 We note that in the above theorem Ax is responsible for existing

only finitely many models. Without Ax the odel s incompleteness theorem goes
through for the above axiom system.

Next, we turn to preparations for proving the above theorems.

LEMMA 3.141 et A€ P . hen (i) and (ii) elow hold.
(i) At =t = (A=h for someh €S and € ¢)-
(ii) At t = (A=h for someh €S and € ).

Proof: The proof follows by Lemma 3.117 in §3.6. &

LEMMA 3.142 etf€Eucl and 1, o€ P with £ = of =t. hen

1= o2 h , forsomeh €S and €

~~

Proof: ,' |f =t. Applying Lemma 3.141(i) completes the proof. B

ON ENTION 3.143 For every matrix m denotes the element in the th
row and th column of

If p € "F and A is an n by n matrix then pA denotes the vector obtained by matrix
multiplying p with A, in more detail here we consider p as 1 by n matrix. For
completeness we note that if A is an n by m matrix and B is an m by k£ matrix and

= AB, then is an n by k£ matrix,andc = ™,
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ni ion 3.144 For every € (n, )and € wut( ) we define
€ (n, ) as follows. Let € (n, ). Then there is an invertible n by n
matrix A and € "F such that

(Vpe"F) (p)=pA

Let B be an n by n matrix such that = ( ) and let € ™F be such that
= (). Now let  be defined as follows.

(Vpe"F) (p) =pB

LEMMA 3.145 For every € and € ut( ) we have

( = = ).

Proof: The proof is straightforward. We omit it. 1

LEMMA 3.146 et € wut( ). hen (i) (iii) elow hold.

(i) e€P = epP .
(i) €S = €S .
(i) € ¢ = € ”

Proof: The proof is straightforward. We omit it. 1

Proof of Thm.3.132: Assume Basaz. Let m, k,m', k' € Obs with
trm(k) = try, (k') := £. Then by Prop.3.104(i) in §3.6, we have

(83) fuk = , forsome €P and € wt( )with ¢ =¢.
Similarly
(84) fur = ' !, forsome '€ P and '€ wt( )with '/ =%

Now by Lemma 3.142, we have

(85) ="' h , forsomeheS and € £
Now
fre = (by (83))
= ' h (by (85))
— 11y
= fme "1 A (by (84))
fnr h r1 (by Lemma 3.145)
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Now by Lemma 3.146, we have h € S , € +, and this completes the
proof. 1

Proof of Thm.3.133: Assume Basaz {Ax 2,Ax( )}. Let m,k € Obs. Then
by Prop.3.104(ii) in §3.6, we have

(86) fok = , forsome €P and € ut(g).

By Ax 2, we have

(87) frok = fim , for some €
Now
= (by (86))
2 (by Lemma 3.145).
Let A := € . By the above computation, we got Id = 2 A.
Hence 2=A !¢ . This implies 2 =1d. Hence = Id, because the members

of ut(F) have infinite order. Now by (86), fp,u, = € P . 1

R m r 3.147 We note that the above proof gives the following result.
Basar {Ax 2} = (f = , forsome €P |, € wt( )with ?=1Id).

LEMMA 3.148 (i) and (ii) elow hold.

(i) Basaz = (Vm,k € Obs) (trm(k) =t => (fau=nh for some h € S
€ cand € ut( ))).

(ii) Basar = (Ym,k € Obs) (trm(k) t = (fax=nh for some h € S
€ and € ut( ))) :

Proof: The proof follows by Lemma 3.141 and Prop.3.104(i) in §3.6. 1

LEMMA 3.14 ssumen > 3. hen

Basar(n) {Ax( )} (Vmy,mq € Obs)( m € Obs)  try,(my) = try,(ms).
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ON ENTION 3.150 Let ¢ € Eucl. Then
denotes the re ection about Z.

We need Lemmas 3.151, 3.152, 3.153 below for the proof of Lemma 3.149 above.

LEMMA 3.151 et ¢ € Eucl with ¢ t. et {1,0y € Eucl with ¢,
(i) (iii) elow hold.

(i) If e then L = 4.
(iii) If € wut( ) then b = 4.

Proof: The proof is straightforward. We omit it. 1
LEMMA 3.152 ssume § s uclidean. ssumen = 2. etf e |
0. hen thereis ¢ € | Eucl such that

V eP ) V=t = , t = 1)

Proof: We omit the proof. 1

ly.

hen

Eucl with

LEMMA 3.153 ssume § is uclidean. et € | Eucl. hen there is

¢ € | Eucl such that

vV eP )=t = , t = 1).

Proof: Let us recall from item 13 of Notation 3.1 that denotes the translation

by vector p, for every p € "F.

Let £ € | Eucl. Then there is ¢, € | Eucl such that ¢, ¢ and 0 € ¢;. Then

by Lemma 3.152, one can prove that there is £ € | (¢, /1) such that
(88) Vv eP ) "=t = , t = 4t).
(Here we missed some details.) Let A € P be fixed such that

(89) Al =1
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By (88) and (89), we have
(90) CAT = AL

By ¢,,¢ € | Eucl and ¢; ¢, we have A¢; ,A¢ € | Eucl and A/, Al
Hence there is ¢ € such that

Let
(92) r=A%' _t

We will prove that
(93) vV eP ) V=t = , t = 1)
To prove this we need Claim 3.154 below.

im 3.154 At =AZ.

Proof of Claim .1 : By (92), it is enough to prove that , At = A/. Itis

easy to see that , At = A/ is e uivalent with

(94) <p0ap1:"'apn 1> EAt_ <p0,_p1 Cly--+y~Pn 1 Cn 1> EAE

In the following we will prove (94).

<p07p17--':pn 1) EAE <p07_p17--':_pn 1> EAEI (by (90))
(Po,—p1  Ci,-.-,—Pn 1 Cn 1) EAL (by (91)).
(Claim 3.154)

Proof of ( ): Let € P with ¢ =1{. We have to prove ; ¢ = [(. By
¢ ¢ by (89), and by ¢ =1, it is easy to see that A ' ¢ ¢. Hence by
Lemma 3.141, we have A ! =h ,forsome he€ S and € . By this,
we have = A h . By Claim 3.154 and Lemma 3.151(i),(ii), we have

h At =h Al | ie.

A h t =A h I
Butby =A h and ¢ =1, thisis e uivalent with



Proof of L mm 3.14 : Assume n > 3. Assume Basaz(n) {Ax( )}. Let
my, my € Obs. By Thm.3.28, we have that ¢r,, (my) € | Eucl. Now by applying
Lemma 3.153, we have that there is #/ € | Eucl such that

(95) VWV eP ) £ =f = , & = trm(m)).

By Ax5, there is m € Obs such that tr,, (m) =¢'. We will prove that ; tr,,(m;) =
trm(ms). By Prop.3.104(i), we have that f,, ,, = A , for some A € P with
Atry, (m) =tand € wut( ). By this, by (95), and by tr, (m) = ¢, we have

¢ Atry, (m) = Atry, (mg) .
By this and by Lemma 3.151(iii), we have

i A trm (m) = A trm (me) , ie.

t fonom trm (my) =T m trm, (m2) .

Hence
¢ tr(my) = trp(ms) . |

ON ENTION 3.155 For every € (n, )by () we denote the follow-
ing. Let € (n, ). Then (Vp € "F) (p) = pA for some invertible n by n
matrix A and vector . Now by () we denote the determinant of matrix A.

LEMMA 3.156 ssume € . hen| ( )|=1.

Proof: The proof is straightforward. We omit it. N
LEMMA 3.157

V1, 2 € ) (1 2= (1) (2)

Proof: The proof is known from the literature. We omit it. B

LEMMA 3.158

Basar {Ax( ),Ax 2} = (Vm,ke€ Obs)(f, k€ P A | (fux)=1).
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Proof: Assume Basaz {Ax( ),Ax 2}. Let m,k € Obs. Then by Thm.3.133,
we have f,,, € P . By Ax 2, we have

fom = fonk , for some €

By this, we have
frnk fok =1d.

By this and by Lemmas 3.156,3.157, we have | (fx)] =1. &

Proof of Thm.3.136:
Proof of (ii): Assume n > 3. Assume Basaz(n) {Ax( ),Ax 2}. We will prove
Ax 2. To prove this, let m, k,m' k" € Obs with tr,, (k) = tr,, (k') := L.

By Thm.3.133, we have f,x,f,x € P . Let p,q € ¢ with |p — ¢| = 1. Such
p,q exist by Ax( ). By Thm.3.28 we have that £ € | Eucl. Now let be as
defined in ef.3.107 in §3.6. Now by the definition of , we have t =0 We

claim that | ()| = 1 because |p — ¢q| = 1. Checking this claim is left to the

reader. Nowlet A= ' Nowby ¢t =/fand| ( )|=1, we have
(96) Al = t,
(97) @A = 1
im 3.15 et my,my € Obs with f,, , £ =t. henf,,, = A for some
S

Proof of Clatm .1 : By Lemma 3.142, we have
(98) fom =A h |, forsomeheS and ;€ ‘.

By Lemma 3.158, by Lemma 3.156, by (97), respectively, we have | (f,, n )| =1,
| (1) =1,] (A4)| =1. By this, by (98), and by Lemma 3.157, we get that
| (h)|=1.By| (h)|=1and(98), wehavef, ,, =A ,forsome € :

(Claim 3.159)

Now by (97), by frux £ =fx £ =1, and by Claim 3.159, we have

foe = A 1, forsome ;€ ,
fne = A o, forsome , €
Hence
fmk:A 2 21 lzfmk (21 1)-
But ,' € and this completes the proof of Thm.3.136(ii).
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Proof of hm. .1 (i): Assume n > 3. By Thm.3.136(ii) it is enough to prove

Basaz(n) {Ax( ;),Ax( )} E(Ax 2= Ax 2).

To see this assume Basazr(n) {Ax( ;),Ax( ),Ax 2}. To prove Ax 2, let

my, mg € Obs. We have to prove that there is € such that
from = frn m . By Lemma 3.149, we have
(99) ¢ trm(my) = trp(msg), for some m € Obs.

By Ax( ;), we have that there is m' € Obs with
(100) fom =fmm = 1t-
Now by (100), we have
tr (my) =fm trim(my) = 4 tr(my) = tr,(ms).

By this and Ax 2, we have

(101) from = fmm , for some €
Now
fm m = fm m fmm
= 4 foum (by (100))
= foum fmm (by (100))
= fmm

If we summari e the above computation we get

fm m — fmm

This is e uivalent to

By (101) and (102), we have

Thus
fm m — fm m

This completes the proof of Thm.3.136(i).

Proof of hm. .1 (iii) (iv): The proof follows by Thm.3.136(i) and Proposi-
tion 3.125. 1

We need Lemma 3.160 below for the proof of Proposition 3.131.
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LEMMA 3.160 ssume§ is wuclidean. etli,ly € | Eucl suchthat ;01 = /5.
hen there is £ € Eucl such that ¢ t and LNt # D and £, = bs.

O in of roof: Let ¢ € Eucl such that ¢ £y, 0" fy, 0! t, 0N # 0, 0'Nly # 0,
and £'Nt # (. Now let £ ¢ and £ t such that ¢ N¢ = £N¢t. For this £ we have
El = 62. |

Proof of Pro o i ion 3.131: Assume n > 3.

Basazr(n) {Ax( )}E(Ax 2 = Ax 2)is obvious hence we will prove

Basar(n) {Ax( )}EFE(Ax 2= Ax 2).

To prove this assume Basaz(n) {Ax( ),Ax 2}. Let my,mg € Obs. Then by
Lemma 3.149 there is m € Obs such that

(103) t trm(my) = tri(me).
Now (104) or (105) below hold.

(104) (mi m my m) or (mg m mg m).
(105) (mi m my m) or (mg m mg m).
By Thm.3.133, we have

frum > fmm € P .
Proof in case (10 ):

t fmm trm(ml) = fmm t trm(ml)
= fpm trm(ms) (by (103))
= irm (mp) (by Basaz(n))
=t (by Ax4)
= try, (my) (by Ax4)
= fum trm(my) (by Basaz(n)).

If we summari e the above computation we get
(106) t Fom trm(m) =fom tro(m) =t.

By (106) and Lemma 3.142, we have

(107) ¢ foom =fmm D , forsomeheS , € ‘.
Then
(108) (Vp € "F) h(p) =7 p, forsomer € F\ {0}, and
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(109) (Vpe™F) (p)= o(p) c, forsome

0 € NG and ce "F.
By o€ NG , we have
(110) (Vpe"F) (p)e = ( o(p))+-
Now (fpum B (1) = fum B B 0)); =

= ( (A(fmm (1)) = (A(frm (0))))¢

= ( (7 fom (L)) = (v fmm (0)))e  (by (108))

= (ot fmm (1)) = ofr fmm (0)))e (by (109))

= (r ofmm (1¢) = frum ((_])))t (by 0€G)

= 7 ( olfmm (1) 1:mjn (0))):

= 7 (frum (1) = frum (0)): (by (110)

If we summari e the above computation we get

111 (om k(1) —fm B 0 =7 (Frm (1) = frm (0)):s-

bviously
(112) +(1) =1, and 4(0)=0.
Now
(fmm (1t) — frm (0))15 = ( ¢t fmm (lt) — ¢ fom (6))15 _ (by (112))
= (fmm h (1t) - fznm h (0))t (by (107))
= 7 (fmm (1¢) = frm (0)): (by (111)).
We got ) B
(113) (fmm (1t) — frum (0))15 =r (fmm (1t) — fom (0))t-
By the definition of , and (105), we have
(114) (fmm (1t) — frum (m)t 0 (fmm (1t) — fum (()))t 0.
By (113) and (114), we have
(115) ro 0.

By Lemmas 3.158, 3.156, 3.157, and by (107), it follows that | (k)| = 1.
| (k)| =1, (108) and (115) implies h = Id. By this and by (107), we get

By (116), we get (117), (118) below.

(117) fin m
(118) frum



Now

fm m = fm m fmm
= fm m fmm (by t t= Id)
= fm m

By the above computation, we got

(119) fnm =
By (107), we have € +, and this completes the proof of Proposition 3.131 in
case (104).

Proof in case (10 ): By (103) and Lemma 3.160, there is ¢ € Eucl such that ¢ ¢,
¢Nt#0Pand  tr,(my) = tr,(my). By this, analogously to (106) we get

(120) frum trm(my) = fum trp(my) =t.

By Lemma 3.142, we have

(121) from =fmm R , forsomeheS , € ‘-
Then
(122) (Vp € "F) h(p) =r p, forsomere \{0}.

Analogously to (111) we get (123) below.

123)  (Fam R 1) —Fmm k. (0))e=7 (Frm (1¢) = Frum (0)):-
It is easy to see that

(124) vAe ) (A1) - A(D)

(125)  (VAe )(Vee"F) (A1) —A@D)=AL o) —A(0).

It is easy to see that

(126) 1) =-1 (0.
Now

7 (fm (1) = foum (0))e = (Fom R (L) — fom 7h (0)): (by (123))
= ( fmm (1t) - fmm (0))t7 (by (121))
= (fmm (_1t) (O) - fmm ( (0)))t (by (126))
= (fmm (_1t) — fmm ((_)))t (by (125))

By the above computation, we got

(127) r (fmm (1t) — frum (ﬁ))t = (fmm (175) frm (m)t



Now by (105) and the definition of , , we have

(128) (Fram (1¢) — Frum (0)); O (Fram (1¢) — frum (0)); < 0.

By (127) and (128), we have » 0. Now as in case (104) we can conclude that
h = 1d. Hence by (121), we have

(129) frm = fum

Now by (129), we get (130) below, and the proof of (129)=-(130) is analogous with
the proof of (116)=>(119) in case (104), the only change is that we use  instead of

t.
(130) fnm = fn m
By (121), we have € ¢, and this completes the proof. 1

LEMMA 3.161 ssumen >3. hen (i) (ii) elow hold.
(i) Basaz(n) {Ax( )} FE is an e uivalence relation .
(ii) Basar(n) {Ax( )} E (m1 me my m3) = my m3).

We omit the roof.

LEMMA 3.162 ssumen > 3. hen

Basaz(n) {Ax( ),Ax5TF} k& ( my,my € Obs)(m1 mey =

(Vk1 € Obs)( kz € Obs)(try (ke) = A ki ko).

Proof: Assume n > 3. Assume Basaz(n) {Ax( ),Ax5""} and assume that
( my,my € Obs) with m; my. From now on let such m; and my be fixed. We
have to show that

(Vk‘l € ObS)( ko € ObS)(tTk (kg) =t A ky kg)
To see this let £y € Obs. Then (131) or (132) below hold.

(131) mi k‘l .
(132) my kl .

Proof in case (1 1): By m;y mgy, by m; ki, and by Lemma 3.161, we have my k.
By Thm.3.28, we have £ := tr,, (k1) € | Eucl. Now by Ax5"", we have that there
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is ko € Obs with try, (ko) =€ =tr,, (k1) and ms ko. By try, (ko) = try, (k1), we
have try (k2) =t, and by ms ki and my ks and Lemma 3.161, we have k; k.
Proof in case (1 ): By Thm.3.28, we have ¢ := tr,, (k1) € | Eucl. By Ax5%,
we have that there is ko € Obs with tr,, (ko) = ¢ = tr,, (k1) and m;  k;. Now
trm (k) = try, (k1) implies try (ko) = ¢, and my  k; and my ko by Lemma 3.161
implies k1 ko. 1

Proof of Pro o 1 ion 3.128: Assume n > 3. Assume

Basazr(n) {Ax( ),Ax5""T}. To prove Ax5", let m,k,m' € Obs. Then by
Thm.3.28, we have

¢ =try,(k) € | Eud.

By Ax5"", we have that there is &' € Obs with tr,, (k') = £ = tr,,(k) and m’ k'
If m k then we are done. If m k then by Lemma 3.162, we have that there is
k" € Obs with try, (k") = try, (k') and k' k". By m'’ k' and k' k", we have
m' k" and tr,, (k") = try, (') = trp(k). B

LEMMA 3.163
Basar {Ax8,Ax o} E (Vk € Obs)(V € t)
( K€ Obs)(fer = A tre(K) =1).
We omit the roof.

Proof of Thm.3.137:

Proof of hm. .1 (ii): Assume Basaz(n) {Ax ,}. By Prop.3.129 it is enough
toprove Ax 1 = Ax 2. Assume Ax 1 . To prove Ax 2,let m,k,m', k' € Obs
with

(133) trm (k) = try, (k).

By Ax 1, there is k" € Obs with

(134) trm(k) = trm ("),

(135) foe = fmp -

But tr,, (k') = tr,, (k") by (133) and (134). Hence try (k") = t. By this and by

Ax (, we have
(136) fmk €

By (135) we have
fok =fme  for -
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This and (136) completes the proof of (ii) of Thm.3.137.
Proof of hm. .1 (i): By Thm.3.137(ii) it is enough to prove

Basar(n) {Ax8,Ax (,Ax5%} = (Ax 2= Ax 1).

To see this, assume Basaz(n) {Ax8,Ax o, Ax5", Ax 2}. To prove Ax 1, let
m,k,m' € Obs. By Ax5™, there is k" € Obs with

(137) trm(k) =tr, (K) and (m &k m K').

By Ax 2, we have

(138) frok = fm & , for some €
By (137), one can see that € ¢+ By this and by Lemma 3.163, we have
(139) fo x = , for some k' € Obs with try, (k') =t.

Now by (138) and (139), we have
fmk: = fm k =Tmk fk: k= fm k and t?"m(k) = trm (kl) = t?"m (k”) .

This completes the proof of (i) of Thm.3.137.
Proof of hm. .1 (iii): The proof follows by Prop.3.128 and (i) of Thm.3.137. 1

Proof of Thm.3.138:
Proof of hm. .1 (ii): Assume Basaz(n) {Ax o, Ax 1}. To prove Ax 2, let

m, k € Obs. We have to prove that there is € such that
frok = fem . By Ax 1, there is ¥’ € Obs such that
(140) tro(k) = tri, (k") and  fo = fxopm.

But by (140) and Ax , we have
(141) frir €
Now by (140), we have

fmk:fmk fkk:fkm fkk:flck fkm fkk-

This and (141) completes the proof of (ii) of Thm.3.138.
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Proof of hm. .1 (i): By (ii) it is enough to prove that if n > 3 then

Basar(n) {Ax8,Ax o, Ax( )}EF(Ax 2= Ax 1).

To see this, assume n > 3 and Basaz(n) {Ax8,Ax o, Ax( ),Ax 2}. To prove
Ax 1, let m,k € Obs. Then by Prop.3.131, we have that

(142) fk = frm , for some € ‘.

Now by € ¢+ and by Lemma 3.163, there is k' € Obs with

(143) fkk = and
Now
fme = ok i

= far 1 (by (143))
fem (by (142))
= fok -
The above computation and (144) completes the proof. &
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