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ABSTRACT. Henkin and Tarski proved that an atomic cylindric algebra in
which every atom is a rectangle must be representable (as a cylindric set al-
gebra). This theorem and its analogues for quasi-polyadic algebras with and
without equality are formulated in Henkin-Monk-Tarski [1985].

We introduce a natural and more general notion of rectangular density
that can be applied to arbitrary cylindric and quasi-polyadic algebras, not just
atomic ones. We then show that every rectangularly dense cylindric algebra
is representable, and we extend this result to other classes of algebras of logic,
for example quasi-polyadic algebras and substitution-cylindrification algebras
with and without equality, relation algebras, and special Boolean monoids.
The results of op. cit. mentioned above are special cases of our general theo-
rems.

We point out an error in the proof of the Henkin-Monk-Tarski representa-
tion theorem for atomic equality-free quasi-polyadic algebras with rectangular
atoms. The error consists in the implicit assumption of a property that does
not, in general, hold. We then give a correct proof of their theorem.

Henkin and Tarski also introduced the notion of a rich cylindric algebra
and proved in op. cit. that every rich cylindric algebra of finite dimension (or,
more generally, of locally finite dimension) satisfying certain special identities
is representable.

We introduce a modification of the notion of a rich algebra that, in our
opinion, renders it more natural. In particular, under this modificationrichness
becomes a density notion. Moreover, our notion of richness applies not only to
algebras with equality, such as cylindric algebras, but also to algebras without
equality. We show that a finite dimensional algebra is rich iff it is rectangularly
dense and quasi-atomic; moreover, each of these conditions is also equivalent
to a very natural condition of point density. As a consequence, every finite
dimensional (or locally finite dimensional) rich algebra of logic is representable.
We do not have to assume the validity of any special identities to establish this
representability. Not only does this give an improvement of the Henkin-Tarski
representation theorem for rich cylindric algebras, it solves positively an open
problem in op. cit. concerning the representability of finite dimensional rich
quasi-polyadic algebras without equality.

Boolean algebra is an abstract algebraic theory that allows us to study the
laws and theorems of propositional logic using modern algebraic methods. There
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are concrete set-theoretical Boolean algebras that consist of collections of sets and
set-theoretical operations (say, union and complementation). There are also ab-
stract Boolean algebras that are the models of a certain finite collection of axioms.
Stone’s representation theorem states that every abstract Boolean algebra can be
represented as (i.e., is isomorphic to) a concrete Boolean algebra of sets. Thus,
the axioms for Boolean algebra adequately capture the intuition of the concrete,
set-theoretical models.

There are also abstract algebraic theories associated with more expressive parts
of logic, for instance first-order logic. Examples include the relation algebras that
date back to Peirce and Schroder, the cylindric algebras of Tarski and his collab-
orators, the polyadic and quasi-polyadic algebras of Halmos, and many others. In
each of these domains, a situation analogous to that in Boolean algebra exists:
there is a class of concrete, set-theoretical algebras and a more comprehensive class
of abstract algebras that model a certain finite set (or, in infinite dimensions, a
finite scheme) of equations. In each case the problem arises whether every abstract
algebra can be represented as a concrete set-theoretical one. In contrast to the
situation in Boolean algebra, the answer for algebras connected with first-order
logic is in general negative. Not every abstract relation algebra is isomorphic to a
set algebra of binary relations, not every cylindric algebra of dimension o > 2 is
isomorphic to a set algebra of a-ary relations, and so on.

These negative results lead to the important problem of finding various inter-
esting criteria that do imply the representability of algebras of logic. For example,
Jénsson-Tarski [1952] showed that an atomic relation algebra in which each atom
is “functional” is representable. Using this result, Tarski [1955] was then able to
prove the fundamental theorem that the class of all representable relation algebras
can be axiomatized by an infinite set of equations.

In the domain of cylindric algebras, one of the main representation theorems
involves the notion of a rectangle. In set-theoretical cylindric algebras of finite
dimension ¢, a rectangle is the intersection of & many pairwise orthogonal cylinders.
In dimension @ = 2 this corresponds to the usual notion of a rectangle. Henkin and
Tarski gave an abstract definition of the notion of a rectangle and proved that every
atomic cylindric algebra (of dimension at least 2) in which all atoms are rectangles
is representable (see Henkin-Monk-Tarski [1985], Theorem 3.2.14).

In this paper we introduce a new notion: an algebra of logic is rectangularly dense
if every non-zero element is above a non-zero rectangle. A particular example of
such an algebra is an atomic cylindric algebra in which all atoms are rectangles.
We show that many classes of rectangularly dense algebras of logic — in particular,
rectangularly dense cylindric algebras — are representable. The proof for cylindric
algebras breaks into three main steps. We show (in Lemma 3.10) that a simple,
rectangularly dense cylindric algebra of finite dimension is in fact atomic, and hence
representable by the Henkin-Tarski Theorem. We also show (in Corollary 2.10 and
Theorem 2.11) that a rectangularly dense cylindric algebra of finite dimension is
the directed union of subdirect products of countable, simple, rectangularly dense
cylindric algebras, and hence representable. In this theorem we actually establish
a much more general result, applying to arbitrary Boolean algebras with operators
in a discriminator variety; one consequence of this theorem is that, e.g., the rep-
resentability of the class of simple p-dense algebras (for some notion ¢ of objects,
such as rectangles) implies the representabilty of all p-dense algebras. Finally, we
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show (in Theorem 3.11) how to make the passage from finite to infinite dimensions.
We then use our representation theorems to prove that for many other classes of
algebras of logic, rectangular density implies representability. In Section 4 we treat
the case of quasi-polyadic algebras and substitution-cylindrification algebras with
and without equality, and in Section 6 the case of relation algebras and special
Boolean monoids.

In Section 5 we investigate two other notions of density: richness and point
density. Both are related to notions that have already been studied in the literature
and that are known to imply representability in certain special cases. The notion
of richness that we shall introduce is a variant of a notion with the same name that
was studied by Henkin and Tarski (see op. cit., Section 3.2, or Henkin-Tarski [1961],
Theorem 2.11). They proved that every rich algebra of finite dimension @ > 2 in
which a certain collection of equations €;; (7,7 < a and 7 # j) is valid must be
representable. Jénsson-Tarski [1952] essentially proved in Theorem 4.30 that every
atomic relation algebra in which each atom is a “point” is representable. (However,
they do not introduce the term “point”.)

Our particular variant of the notion of richness, and our definition of point
density, are formulated without any reference to diagonal (or identity) elements.
Thus, in our formulation these notions can be applied not only to cylindric algebras
and relation algebras, but also to other algebras of logic in which diagonal elements
are not present, for example quasi-polyadic algebras and substitution cylindrifica-
tion algebras without equality. We prove in Theorems 5.18 and 6.6 that in each of
the finite dimensional algebras of logic 2 under discussion, the three density notions
essentially coincide. Specifically, % is rich iff it is point dense iff it is rectangularly
dense and quasi-atomic; moreover, in the presence of diagonal elements (e.g., in the
case of cylindric algebras and relation algebras) we may drop “quasi-atomic”: 2 is
rich iff it is point dense iff it is rectangularly dense.

This equivalence theorem helps to clarify the relationship between the two repre-
sentation theorems of Henkin-Monk-Tarski [1985] and the representation theorem of
Jénsson-Tarski [1952] mentioned above. It also shows that by modifying somewhat
the definition of richness, one can obtain (from Theorem 3.11) a representation the-
orem for rich cylindric algebras without assuming the validity of the equations e;; .
Finally, it shows that finite dimensional quasi-polyadic algebras (without equality)
that are rich are representable. This solves positively Problem 5.6 in Henkin-Monk-
Tarski [1985].

The original motivation behind the theorems in Sections 3, 4, and 6 lies not in
algebraic logic, but in logic. Some of the authors were interested in the question of
the completeness of several versions of first-order logic (corresponding to cylindric,
quasi-polyadic, and substitution-cylindrification algebras) and of arrow logic (cor-
responding to relativized relation algebras and Boolean monoids). The analogue in
algebraic logic of a completeness theorem is a representation theorem. To establish
the completeness theorems, representation theorems for rectangularly dense alge-
bras were needed. The known theorems were inadequate for the task because they

required the additional hypothesis of atomicity. The interested reader is referred
to Andréka-Németi-Sain [1994] and Mikulds [1995], [1996] for further details.
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1. PRELIMINARIES

We suppose the ordinal numbers to be defined so that each ordinal is equal to
the set of its predecessors. The smallest infinite ordinal is denoted by “w”. The
symbols “0” and “1” will be used in two different senses: as the names of the first two
ordinals, and as the names of the least and greatest elements in a Boolean algebra.
No confusion should arise from this dual use of notation. We shall sometimes use
lower case Greek letters to denote ordinals, but usually we shall use i, j, k, £, m,
n, especially as subscripts of ordinally indexed operations.

The collection of all subsets of a set A will be denoted by Sb(A4). If f is a
mapping from A to some set, and a € A, then we shall sometimes write fa, instead
of f(a), to denote the value of f at a. The set of all mappings from A into a set B
is denoted by 4B and is called the A** power of B.

Upper case German script letters 2, 98, €,... denote algebras, and the corre-
sponding upper case Roman letters A, B, C, ... denote the corresponding universes.
If 2L = (A, O;)icr, then the operations O; are called the fundamental operations of
2. Two algebras 2 = (A4, O;)icr and B = (B, Qj)jcs are of the same similarity
type provided that I = J and that O; and Q; have the same rank (i.e., take the
same number of arguments) for each ¢ € I. B is a reduct of U (to a subset J of I)
if @; = O; for each i € J. If B is a reduct of 2, then 2 is called an ezpansion of
B. A subalgebra of a reduct is called a subreduct. An algebra 2l is simple provided
that it has at least two elements and every homomorphism from 2 into another
algebra is either constant or one-one. 2 is a subdirect product of a family of alge-
bras (%B; : ¢ € I) if it is a subalgebra of the direct product and if, for each i € I,
the it" projection function maps 2 onto the factor algebra B;. U is subdirectly
wrreducible if it has at least two elements and if, for any isomorphism f between
2 and a subdirect product of algebras, the composition of f with at least one of
the projection functions is an isomorphism. By a well-known theorem of Birkhoff,
every algebra is a subdirect product of subdirectly irreducible algebras.

A class of algebras is called a wariety if it is axiomatizable by a set of equations.
By another famous theorem of Birkhoff, a class of algebras is a variety iff it is closed
under the formation of homomorphic images, subalgebras, and direct products.

We shall conceive of Boolean algebras as algebras of the form

A= (4, +%, =Y.

When no confusion can arise, we shall drop the superscript references to 2 on the
operations. A similar remark applies in other, analogous situations. The binary
operations - and @ of Boolean multiplication and symmetric difference, the con-
stants 0 and 1, and the partial ordering < are defined in 2 in the usual way. For
example, we define @ < b iff a + b = b. This definition makes clear that, in Boolean
algebra, every inequality can be expressed as an equation. The class of all Boolean
algebras is denoted by BA. We shall also use this notation as an abbreviation for
the phrase “Boolean algebra”. If X C A, then ZmX and HQLX, or simply . X
and [[X, denote the supremum and infimum of X in 2, whenever they exist. In
particular, > @ = 0 and [[@ = 1. A Boolean algebra is complete if the supremum
and infimum of every set of elements exist, and atomic if every non-zero element
is above an atom, i.e., a minimal non-zero element. A homomorphism f from a
Boolean algebra 2l into a Boolean algebra B is said to be complete provided that,
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for every X C A, if Y X exists (in ), then Y {f(z) : ¢ € X} exists (in B) and
F(SX) = X{f(z) : 2 € X}.

In writing algebraic expressions we follow the usual conventions concerning the
omission of parentheses: unary operations have the highest priority, then opera-
tions of multiplication, and then operations of addition. Thus, for example, the
expression a - —b + c is to be read as [a- (—b)] + c.

We assume that a first-order language (sometimes referred to as an elementary
language) is correlated with each class of algebras of a given similarity type. The
basic sentential connectives of the language are conjunction, disjunction, and nega-
tion, and there is a universal and an existential quantifier. A formula is open if
it contains no quantifiers. An open formula that is the disjunction of one equa-
tion with a (possibly empty) finite collection of negations of equations is called a
conditional equation. An open formula preceded by universal quantifiers is called a
universal formula. A formulais positive if it contains no occurrences of the negation
symbol.

Suppose that 7(zo,...,2,_1) is a term in the language of an algebra 2 with
variables among g, ..., 2,_1. Then 7% denotes the n-ary operation defined by 7
in . Similarly, if ¢(zo, ..., Z,_1) is a formula in the language of 2 with variables
among o, .. ., Zn_1, then % denotes the n-ary relation defined by ¢ in 2. Of course
this notation should also contain some reference to the rank n of the operation or
relation being defined. However, it will always be clear from our discussion which
n we have in mind. An operation f on A, say of rank n, is term-definable in 2 if
there is a term 7(zo, ..., Zn_1) such that f coincides with 7%. An algebra B is a
term definitional extension of A if B is an expansion of 2 and if every fundamental
operation of B that does not occur among the fundamental operations of 2 is
term definable in 2. An algebra B is an elementary subalgebra (or an elementary
submodel) of A provided that B is a subalgebra of 9, and that, for each elementary
formula ¢(zo, ..., 2,_1) in the language of 2 and each sequence y of n elements
from B, y is in @2 iff it is in @®.

A formula ¢ with one free variable is preserved (respectively, strictly preserved)
under homomorphisms on 2 if, for every homomorphism f from % to an algebra
9B and every element y of B we have y in ¥ if (respectively, if and only if) there
is an element z in ? such that f(z) = y.

2. DENSE BOOLEAN ALGEBRAS WITH OPERATORS

We recall from Jénsson-Tarski [1951] the notion of a Boolean algebra with oper-
ators. A Boolean algebra with operators, or a BAO for short, is an algebra

Q[:<A:+; _;fi>i€I

such that (4, 4+, —) is a Boolean algebra and, for each ¢ € I, the eztra-Boolean
operation f; is additive in every coordinate, i.e., if f; has rank n > 0, then

fi(@o, .., &j + v, oy @no1) = fi(®o, .1 85,y Tno1) + fi(@oy .-y Yjy o ooy Bre1)

for each j < n and each sequence zq,...,2Z,_1,y; of elements from 2. The algebra
A is normal if every extra-Boolean operation f; is normal in each argument, i.e., if
fi has rank n > 0, then

fi(zo,...,zj,...,2n_1) =0
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whenever z; = 0 for some j < n. U is completely additive if each of its extra-Boolean
operations f; (of positive rank n) is completely additive in every coordinate, i.e.,
for each j < n, each sequence of elements zo,...,2;_1,%;41,...,Zn_1 in A, and
each set X C A such that Y X exists, the sum

E{fi(mo) e Ti—1,Y, Tj41, - ':z‘n—l) HEAS X}

exists and

ﬁ(:Eo, ceey &1, ZX, Lit1,-- -,zn—l)
=Y {fi(zo,. .-, Zj—1, ¥, Tj+1,-- -, Tn_1) : Yy € X}.

2 is atomic if its Boolean reduct is atomic, and complete if it is completely additive
and its Boolean reduct is complete. Because they are additive, the operators f; of
a BAO are always monotone in the sense that

fi(:lio, .. .,En_l) < fi(yO; .. -1yn—1)

whenever z; < y; for all j < n.

A term in the language of a BAO is said to be positive if the complementation
symbol does not occur in it; however, we do allow the defined symbols -, 0, and 1
to occur. An equation in this language is positive if the right-hand and left-hand
terms are both positive.

Boolean algebras with operators play a fundamental role in algebraic logic. In-
deed, most of the algebraic structures encountered in algebraic versions of logics
are BAOs. Another fundamental notion in algebraic logic is that of a discriminator
operation.

A ternary operation ¢t on a set A is a ternary discriminator if, for all z,y,z in
A,

if z £y.

A unary operation c on A is a unary discriminator (with respect to elements 0 and
1 of A) if, for all z in A4,

T
t(z,y,z): {:} 11z Y,

0 ifz=0,
c(z) = .
1 ifz #£0.
It is known that an algebra 2 with a Boolean reduct (4, 4+, —) has a term-

definable ternary discriminator iff it has a term-definable unary discriminator. In-
deed, if ¢ is a ternary discriminator, then

(1) c(z) = —t(0,z,1) forallze A

defines a unary discriminator (here, 0 and 1 are the Boolean zero and unit), and
we have

(2) tz,y,2)=z-c(ze@y)+z-—cledy) foralz,yze€A
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(where - and @ are the Boolean multiplication and symmetric difference opera-
tions). Conversely, if ¢ is a unary discriminator, then (2) defines a ternary discrim-
inator and (1) holds. (See Jipsen [1993], pp. 240-241.)

A variety V is a discriminator variety if there is a term that defines a ternary
discriminator on the universe of each subdirectly irreducible algebra in V. It follows
from the remarks of the previous paragraph that if V is, e.g., a variety of BAOs,
then we can equivalently replace the word “ternary” by “unary” in the preceding
definition.

It is a property of discriminator varieties that every subdirectly irreducible al-
gebra is simple, and hence every algebra is a subdirect product of simple algebras.
One consequence of this is that an equation or conditional equation holds in the
variety iff it holds in all simple algebras of the variety.

We shall refer to a term that defines a ternary or unary discriminator in all
subdirectly irreducible algebras of V as a ternary or unary discriminator term for
V. McKenzie [1975] showed that the property of being a ternary discriminator
term for V is expressible by a set of equations. Recently, Jipsen [1993], Theorem
3, showed that the property of being a unary discriminator term for a variety of
normal Boolean algebras with operators is expressible by a simple set of equations.
Corollary 2.2 below presents a variant of Jipsen’s theorem.

Lemma 2.1. Suppose that 2l is a subdirectly irreducible, normal BAO and c a
unary operation on A. Then the following conditions are equivalent.
(i) c defines a unary discriminator in 2.
(ii) The following equations are identically satisfied in (2, ¢):
(@) 2 < o(z),
(8) ¢(e(2)) < ¢(2),
(7) e(=¢(2)) < —e(),
(6) f(zo,...,2n—1) < c(z;) for every extra-Boolean operation f of
rank n > 0 and every i < n.

Proof: Let 2 be a subdirectly irreducible, normal BAO. Suppose, first, that con-
dition (i) holds. Because ¢(z) = 1 for every non-zero z in 2, we readily check that
equations (a)—(8) all hold in 2. (The assumption of normality is needed to verify
equation (§) in the case when z; = 0.)

Now suppose that condition (ii) holds. For a given extra-Boolean operation f of
2 of rank n > 0 and a given i < n, define a unary operation g; on A by stipulating
that

gi(z)=f(1,...,1,2,1,...,1) forall z € 4,
where z occurs as the it? argument of f. Then
(1) gi(c(z)) < c(z) forallz € A4,

gi(e(2)) < e(e(2)) < e(2)
by (8) and (). Also,

(2) gi(—c(z)) < —c(z) forallz € A.
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Indeed,
gi(~c(2)) < e(~c(=)) < —<(2)
by (6) (with “—c(z)” in place of “z;”), the definition of g;, and (v).

(3) c(0) =0.
To prove (3) notice, first of all, that ¢(1) = 1 by condition (a); using this and (7),
we get

c(0) =c¢(—1) = ¢(—c(1)) < —¢(1) =-1=0.

Jipsen, ibid., shows that for a subdirectly irreducible algebra 2, condition (i)
is equivalent to the validity of equations (3), (ii)(e), and each instance of (1) and
(2) (i.e., each instance arising from an extra Boolean operation f and an i < n).
Since (a)—(6) imply the validity of each instance of (1) and (2), this shows that (ii)
implies (i). 1

Using the fact that an equation holds in a variety iff it holds in all subdirectly
irreducible algebras in the variety, we immediately draw the following conclusion
from the preceding lemma.

Corollary 2.2. Let V be a variety of normal BAOs and ¢ a term with one free
variable (in the language of V). Then c is a unary discriminator term for V iff

equations (a)—~(6) of 2.1 hold in V.

When a BAO has a unary discriminator, it is obviously unique, by the very
form of its definition. Therefore, any term ¢ such that equations (a)—(6) hold in
V must be unique up to term equivalence. Indeed, let ¢’ be any other term for
which these equations hold in V. Since both ¢ and ¢’ define unary discriminators
in the subdirectly irreducibles, the equation ¢(z) = ¢/(z) is identically satisfied in
all subdirectly irreducibles of V, and hence in V itself. We may therefore refer to ¢
as the unary discriminator term for V. In what follows we shall always denote this
term (or the corresponding operation in an algebra of V) by c.

Corollary 2.3. Let V be a variety of normal BAOs and ¢ a term such that equations
(a)~(8) of Lemma 2.1 are valid in V. Then the following equations and conditional
equations are also valid in V.

(i) e(z) =0 iff z = 0.

(ii) If 2 < y, then c(z) < ¢(y).

(i) e(e(2)) = ().

(iv) ¢(—e(z)) = —¢(=).

(v) (2 - e(y)) = e(z) - e(y)-

(vi) e(z +y) = e(2) + e(y).
(vil) 2 -¢c(y) =0 iff y-c(z) =0.

Proof: The implication from right to left in (i) is demonstrated in (3) of the proof
of Lemma 2.1, and the reverse implication follows from equation (). For (ii)-(vi),
it suffices to check that they hold in all subdirectly irreducible algebras in V. As an
example, we verify (v). Let 2 be a subdirectly irreducible algebra in V and suppose
that 2,y € A. If y = 0, then by (i) we have

(1) (= c(y)) = cfz -0) = 0
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and

(2) c(z) cly) =c(z)-0=0.

If y £ 0, then using the fact that ¢ must be a unary discriminator, we get

(3) c(z-c(y)) = e(z - 1) = c(2)

(4) c(z) cly) =c(z) -1 =c(z).

We leave the verification of (ii)—(iv) and (vi) to the reader. Part (vii) follows
from (i) and (v):

z-c(y) =0 iff ¢
iff ¢
iff ¢
iff ¢

An operation ¢ on a set A satisfying conditions 2.1(ii)(«) and 2.3(ii),(iii) is called
a closure operation. If, in addition, 2.3(iv) holds, then ¢ is said to be complemented.
Thus, we can reformulate Corollary 2.2 as follows:

A variety V of normal BAOs is a discriminator variety iff there is a term-definable
complemented closure operation c satisfying 2.1(ii)(6).

Just as in the case of rings and of Boolean algebras, there is the notion of an ideal
of a Boolean algebra with operators 2. A subset I of the universe of 2 is an ideal
if there is a congruence relation © on 2 such that I is the kernel of ©, i.e., I is the
equivalence class of 0 under ©. Ideals in the theory of BAOs function just as they
do in the theory of rings. For example, we can form the quotient structure 20/I of
A modulo the ideal I and there is a canonical homomorphism of [ onto 2[/I given
by the mapping z —— z/I. If ¢ is a homomorphism of U onto B, then the kernel
of g (i.e., the set of elements mapped to 0) forms an ideal I, and the corresponding
quotient algebra /I is canonically isomorphic to B via the mapping z/I — g(z).

Notice that an ideal must be closed under every term-definable operation (of
non-zero rank) that is normal. In fact, suppose that I is an ideal of 2, say it is
the kernel of the congruence ©. Let f be any term-definable normal operation of
2, say of rank n > 0, and let zg,...,Z,_1 be any elements of A. If, for some fixed
i < n, the element z; is in I, then (0, 2;) and (z;,z;) for j < n with j # 7 are all
in ©. Therefore,

(f(zo, .-, @iz1,0,Zit1,-- s Bno1), f(@O, .-, Tim1, By Tit1,- -y Bne1))
is in O, since [ is term-definable. Because f is normal,
f(mo, ceayLi—1, 0, Liglyeeny mn_l) =0.

Therefore, (0, f(zo,.-.,Zn_1)) isin ©, so f(zo,...,Ln_1) isin I.



10 ANDREKA, GIVANT, MIKULAS, NEMETI, AND SIMON

The following intrinsic characterization of ideals of Boolean algebras with normal
operators is a special case of a result due to Ildiké Sain. (See Sain [1982], Proposition
7.4, for a formulation and proof of the key case when all the extra-Boolean operators
are unary.)

Lemma 2.4. A subset I of the universe of a Boolean algebra with normal operators
2 is an ideal iff the following conditions are satisfied :

(i) 0 € I;

(ii) Ifz,y€ I, thenz+y € I;

(iii) fe €I andy < z, theny € I;

(iv) For each extra-Boolean operation f of rank n > 0 and each sequence
Zo,...,Zn_1 of elements from A, if z; € I for some i, then f(zo,...,Zn_1)
isin I.

To prove the principal lemma of the present section we shall need to derive a
few easy facts about ideals of algebras in a discriminator variety of normal BAOs.
These facts are well known for finite-dimensional cylindric algebras (see Henkin-
Monk-Tarski [1971], Theorems 2.3.8-2.3.10 and 2.3.18), and the cylindric algebraic
proofs essentially carry over to the present case.

Given a subset X of the universe of 2, the ideal generated by X is defined to be
the intersection of all the ideals that include X.

Lemma 2.5. Let V be a discriminator variety of normal BAOs and 2l € V.
(i) For any X C A, the ideal generated by X is the set

{eeAd:z<Y {c(y):y €Y} for some finiteY C X}.
(ii) For any ideal J and any z € A, the ideal generated by J U {z} Is the set
{zeAd:z<y+c(z) forsomeye J}.
Proof: We begin with the following observation:

(1) If J is an ideal and Y a finite subset of J, then Y {c(w) : w €Y} isin J.

Indeed, since the operation ¢ is term-definable, and normal by 2.3(i), J is closed
under it (see the remarks preceding 2.4). Because J is also closed under finite sums,
by 2.4(ii), we get (1).

Let I be the set displayed in (i).

(2) I is an ideal.

To prove (2) we use Sain’s characterization. Since

0= {e() = € 2},

the element 0 is in I. It is equally easy to verify conditions 2.4(ii),(iii). Therefore,
we turn our attention to verifying 2.4(iv). Let f be an extra-Boolean operation of
2, say of rank n > 0, and let zq,...,Zn_1 be elements of A. Suppose, for a fixed
1 < n, that z; € I. By definition of I there is a finite set ¥ C X such that

z; <Y {e(y):yeY}
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Then
flzoy -y 1) < () by 2.2,
<c(X{e(v):yeY}) by 2.3(ii),
< Dec(y) iy €Y} by 2.3(vi),
<>H{cly):yeY} by 2.3(iii).

Thus, f(zo,...,Zn-1) is in I by definition of I, which proves (2).

To prove (i), let J be any ideal including X. Then I C J by (1) and 2.4(iii), so
I is the smallest ideal including X.

Part (ii) follows from (i) (with J U {2z} in place of X), since by (1) each sum of
the form ) {c(w) : w € Y}, with Y C J, may be replaced by a single element of J.
[ |

An ideal of 2 is said to be trivial if 0 is its only element, proper if it is different
from A, and mazimal if it is proper and there are no other proper ideals that include
it. As in the case of rings, the quotient algebra 2(/I of a BAO % is simple iff I is
maximal.

Lemma 2.6. Let V be a discriminator variety of normal BAOs and 2 € V. Then
an ideal I of U is:

(i) improper iff, for some (or every) z, both z and —c¢(z) are in I ;
(ii) maximal iff, for every z, exactly one of z and —¢(2) isin I ;
(iii) maximal or improper iff, for every z, at least one of z and —¢(z) is in I.

Proof: We begin the implication from left to right in (i). If I is improper, then
certainly z and —c(z) are in I for some (and in fact every) z. For the reverse
implication, suppose that z and —c¢(z) are in I. Then ¢(z) is in I (since ¢ is normal
and I is closed under term-definable, normal, unary operations). Therefore, the
element ¢(2) + —c¢(2), i.e., 1,isin I, so I = A.

To establish the implication from left to right in (ii), assume that I is maximal
and that z ¢ I. Set

J={z€A:2<y+ —c(z) for somey € I}.

Then J is an ideal by Lemma 2.5(ii) and Corollary 2.3(iv), and it certainly includes
I and contains —c(z). To see that J is proper, observe that z ¢ J. Indeed,
z-—c(2z) = 0 since z < ¢(z). Hence, if we had z € J, the inequality z < y + —c(2)
would force z < y for some y € I. But then we would have z € I, a contradiction.
Because J is a proper ideal including I, and I is maximal, we conclude that J = I
and therefore that —c(z) € I, as desired. We cannot have both z and —¢(z) in I
by part (i).

To prove the reverse implication, let I be an ideal that contains exactly one of
z,—c(z) for every z € A. Suppose that J is an ideal that properly includes I, say
z is in J but not in I. Then —c¢(z) is in I—and hence also in J—by assumption.
Therefore, J = A by (i).

Part (iii) is an immediate consequence of (i) and (ii). 1

We remark in passing that the preceding lemma remains true if we replace “z

and —e¢(z)” by “c(z) and —c(2)” in the statement.
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Recall from Sikorski [1964], p.37, that a subset X of a Boolean algebra B is
dense in B if for every non-zero y in B there is a non-zero z in X such that z < y.
This definition can be carried over without change to an arbitrary BAO 2. It is
well-known and easy to check that if X is dense in 98, then every element of B is
the sum of the elements of X that are below it.

We shall be concerned with the special case of the notion of density when X is
a definable subset of 2. In what follows ¢ will be a formula in some language (not
necessarily first-order) appropriate for the algebra 2. It is assumed to have a single
free variable that ranges over individuals. Therefore, ¢ defines a subset p? of the
universe of 2l.

Definition 2.7. (Demnsity) A BAO %l is said to be p-dense if, for every non-zero
y in A, there is a non-zero z in ¢ that is below y. 1

For a classic example, suppose that ¢ defines the notion of an atom. Then to
say that an algebra is p-dense just means that the algebra is atomic.

The reader may notice that the notion of p-density actually makes sense for any
algebraic structure with a partial ordering defined on its universe. Also, observe
that if 2 is p-dense, then each element is the sum of the elements in % that are
below it.

A problem with notions of density is that they are not necessarily preserved
under homomorphisms. (See, for instance, Example 5.23.) Therefore, we cannot
automatically conclude that every ¢-dense algebra is a subdirect product of sim-
ple p-dense algebras. The next lemma and its consequences, Corollary 2.10 and
Theorem 2.11, are the principal tools that we shall use to overcome this difficulty
(thereby avoiding the hypothesis of simplicity in some of our representation theo-
rems). For example, in 2.11 we prove that, under suitable conditions on ¢, if all the
simple p-dense algebras of a variety L are in a subvariety K, then all the p-dense
algebras of L are in K.

Lemma 2.8. Let V be a discriminator variety of normal BAOs and 2l a countable
algebra in V. Suppose ¢ is a formula that is preserved under homomorphisms on 2.
If U is p-dense, then for each non-zero z in A there is a maximal ideal I excluding
z such that /I is p-dense.

Proof: Fix a non-zero z in A4, and let (y, : n € w) be an enumeration of the
elements of 4 such that z = yo (here we use the assumption of countability). We
easily construct by induction on n a sequence (z, : n € w) of non-zero elements
below 2 that are in ¢* and have the following properties:

(1) 20 < Yo

and either

(2) Yn¢(2n) =0 and 2zpy1 = 2n

or else

(3) Yoo () 0 and 21 < o -cl2n).

Indeed, since z # 0, we can apply the assumption of p-density to obtain a non-
zero 2o in @2 that is below z = yo. This verifies (1). Now suppose that z, has
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been defined. If y, - c(z,) = 0, we set 2,41 = 2, as desired in (2). Suppose that
Yn - ¢(2n) # 0. Then by @-density there is a non-zero z,41 in ¥ that is below
Yn * ¢(2n), as called for in (3).

An easy argument by induction on integers, using the properties of a closure
operation, shows that

(4) 0 < ¢(2m) < c(z,) whenever n<m.
Also,
(5) Yo c(zn) 0 forevery ncw.

To prove (5) observe that
(6) 0 < c(zn) < c(z0) < c(v0).
by (4) and (1). Therefore
c(yo - ¢(zn)) = c(yo) - c(zn) by 2.3(v),
= ¢(2n) by (6),
#0 by (6)-

Applying Corollary 2.3(i), we conclude that yo - ¢(zn) # 0.
Let I be the ideal generated by the set {—c(2n) : » € w}. By Lemma 2.5(i) and
Corollary 2.3(iv)

(7) I={ueA:u<Y{—c(z,):n €Y} for some finite ¥ Cw}.
It is easy to check that, in fact,
(8) I={uec A:u< —c(2,) for some n € w}.

Indeed, the inclusion from right to left follows trivially from (7). For the reverse
inclusion, suppose that Y is a finite subset of w and that v < Y {—¢(z,) : n € Y}.
Set m = max(Y). Then c(zm) < ¢(2z,) for each n €Y, by (4), so

u<Y{c(zn)  n€Y}=—J[{c(zn) i nEY}= —c(zm).

This proves (8).
From (5), (8), and z = yo we immediately see that

(9) z¢1.

Before proceeding to the next step, we make some simple observations. Let v be
an element of A that is not in I. By (8) we have

(10) v-c(zn) #0 forevery ncw.

Now (yn : n € w) is an enumeration of A, so for some k € w we have v = y;. Thus,
Yk - ¢(zx) # 0, by (10). We conclude from (3) that

(11) 0 < zpy1 < yp - c(2k)-
We now show that

(12) I is maximal.
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I is proper, by (9). Therefore, by Lemma 2.6(iii) it suffices to fix an arbitrary
element v of A that is not in I and to show that —c(v) must be in I. Let k be as
above, i.e., v = yz. Using (11) and Corollary 2.3(ii) we have

c(zk+1) < ey - e(2x)) < e(yx) = c(v).

It follows that —e(v) < —¢(zg41), so —c(v) is in I by (8). This completes the proof
of (12).

It remains to show that the quotient algebra 21/I is p-dense. We fix an arbitrary
element v of A that is not in I (thus, v/I is an arbitrary non-zero element of 2(/I).
Again, let k be such that v = yz. Then (11) holds, and zx41 is in ¢ by choice
of zgy1. It follows from (11) that z,1/I is below v/I (= yx/I), and it is in /!
because ¢ is preserved under homomorphisms. (This is the unique place where we
use the assumption that ¢ is preserved under homomorphisms.) Clearly, —c(zx41)
isin I by (8), and I is proper by (9). Therefore, ;1 is not in I, by Lemma 2.6(1).
Thus, 2,41/ is a non-zero element of 2A/I. The proof of the lemma is completed. i

Remark 2.9. The idea behind the proof of the preceding lemma is the following.
We wish to construct a maximal ideal I so that 2(/I is p-dense. To achieve this
we deal with the elements of 2 one at a time. At stage n, if y, has already been
forced into the ideal (the condition y, - ¢(z,) = 0 just means that y, < —c(z,),
so that y, must be put into I), then we do not have to do anything: y, /I will be
zero in the quotient algebra. If y, has not yet been forced into the ideal, then we
force it to be non-zero, and at the same time maintain p-density, in the quotient
algebra by choosing a non-zero witness 2,1 in % below y,, and putting —c(2,41)
into I to ensure that z,41/I is non-zero. The condition z,.1 < ¢(2,) ensures the
consistency of I, so that it does not become improper. i

Corollary 2.10. Let V be a discriminator variety of normal BAOs and 2| a count-
able algebra in V. Suppose @ is a formula that is preserved under homomorphisms
on 2. If is p-dense, then it is isomorphic to a subdirect product of simple p-dense
algebras.

Proof: For each non-zero element z in A, let I, be a maximal ideal of 2 that
excludes z and such that /I, is p-dense; such an ideal exists by the previous
lemma. Since I, is maximal, the quotient /I, is simple. Let g be the canonical
homomorphism of 2 into the product 9B of the algebras 2A/I, with 0 < z € A.
Thus, g is defined by the stipulation

9(y) = (y/L : 0 < z € 4)

for each y in A. For each non-zero y in A, the composition of the y*" projection
function (from the product 9B to the factor 2/I,) with ¢ maps 2 onto 2A/IL,. It
remains to check that g is one-one, and for this it suffices to check that the kernel
of g is {0}. Suppose y # 0. Then y ¢ I, by Lemma 2.8, and therefore y/I, is
non-zero. Since this is one of the coordinates of g(y), we conclude that the latter
is non-zero. 1



NOTIONS OF DENSITY THAT IMPLY REPRESENTABILITY 15

Theorem 2.11. Let L be a discriminator variety of normal Boolean algebras with
operators, K a subvariety of L, and ¢ an elementary, positive formula. If every
simple p-dense algebra of L is in K, then every p-dense algebra of L is in K.

Proof: Let 2 be any p-dense algebra of L. We first treat the case when 2l is count-
able. In this case, since @ is positive and hence preserved under homomorphisms,
we can apply the previous corollary to represent 2 as a subdirect product of simple
p-dense algebras. Each of the latter is in L—since L is a variety—and therefore in
K, by assumption. Since K is a variety, we conclude that 2 is also in K.

Now suppose that 2 is uncountable. Since ¢ is an elementary formula, we see
that p-density is an elementary property and hence is preserved under formation
of elementary subalgebras. In particular, every countable elementary subalgebra of
2 is p-dense. We can now apply the first case to conclude that every countable
elementary subalgebra of 2 is in K. But it is a well-known, easy consequence of
the Downward Léwenheim-Skolem-Tarski Theorem (see, e.g., Chang-Keisler [1973],
Theorem 3.1.6) that every algebra is the directed union of its countable, elementary
subalgebras. Thus, 2 is the directed union of algebras in K. It follows that 2 is in
K, since K is a variety. 1

We discuss briefly some extensions of Theorem 2.11. First of all, we do not
fully use the hypotheses that L and K are varieties. Our proof still goes through
if we assume only that L is closed under homomorphic images and elementary
substructures (and generates a discriminator variety), and that K is closed under
subalgebras, direct products, and directed unions.

The second extension concerns the assumption that the formula ¢ is elementary.
We only use this assumption in applying the Downward Léwenheim-Skolem-Tarski
Theorem. Now the latter theorem is known to hold in more general settings. For
example, it holds in countable fragments of the infinitary language L, (in which
countably infinite conjunctions and disjunctions are allowed). Thus, Theorem 2.11
actually holds when ¢ is, e.g., a positive formula of L, .

We can also replace the single formula ¢ by a countable collection ® of, e.g., first-
order formulas. However, this extension is essentially included in the case when ¢
is a formula of L,y .

Another extension concerns a weakening of the notion of p-density. Let ¢ and
1 be formulas in some language (not necessarily first-order) appropriate for a BAO
2A. As before, ¢ and 1 are assumed to have a single free variable ranging over
individuals.

Definition 2.12. 2 is p-dense in 4 if, for every non-zero y in ¥?, there is a non-
zero z in 2 that is below y.

We get the notion of p-density by taking 1 to be the formula z = z. However,
we shall encounter other interesting examples where 1) does not define the entire
universe. Clearly, ¢-density implies p-density in ¢ for any formula 1. The converse
fails in general, even when 1 satisfies conditions (i)—(iii) of the next lemma.’

1For example, in the language of relation algebras (see Section 6), let 3 be the formula z < 1’
expressing the property of being below the identity element 1’, and let ¢ be the formula z;1;2 < 1’
expressing the property of being either 0 or a singleton below the identity. It is easy to check that
1 satisfies conditons (i)—(iii) of Theorem 2.15. Full set relation algebras over sets of cardinality
at least 2 are p-dense in 9. However, they are certainly not y-dense, since not every non-zero
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Lemma 2.13. Let V be a discriminator variety of normal BAOs and 2l a countable
algebra in V. Suppose ¢ is a formula that is preserved under homomorphisms on 2
and suppose 9 is a formula with the following properties:

(i) 9 is strictly preserved under homomorphisms on 2 ;
(ii) Ify is in 9%, then for each non-zero z in A the element y - c(z) is in Y ;
(iii) For each non-zero z in A there is a y in 9% such that c(z) = c(y).
If A is p-dense in v, then for each non-zero  in A there is a maximal ideal 1
excluding z such that /I is p-dense in .

Proof: We proceed as in the proof of Lemma 2.8, and we continue its numeration
scheme. Fix a non-zero z in A, and let (y, : » € w) be an enumeration of the
elements of %™ such that ¢(z) = ¢(yo). Such an enumeration is possible because
2 is countable and because 9 satisfies condition (iii). We construct a sequence
(zn : n € w) of non-zero elements in p? that are below z and that satisfy properties
(1)—(3). Indeed, since z # 0 and ¢(z) = ¢(yo), we have ¢(yo) # 0 and hence yo # 0.
Using the assumption of p-density in 9 we obtain a non-zero zg in ¢ that is below
Yo . Now suppose that 2, has been defined. If y, - ¢(2,) = 0, we set 2,41 = 2, . If
Yn - ¢(2) # 0, then y, - ¢(z,) is a non-zero element of ? by condition (ii). Hence,
by ¢-density in 1 there is a non-zero z,1 in p? that is below yy - ¢(2,).

The proofs of (4)-(8) are exactly as before. To proceed, suppose that v is a
non-zero element of A. By condition (iii) there is a k € w such that ¢(v) = ¢(yx) .
Using 2.3(vii) we see that

voe(ze)#£0 T zp-c(v) £0 i z,-c(ye) 0 i yr-c(zn) #0.
Thus,

(13) v-c(zy) Z0 M yr-c(z,)#0.

Taking v = z and k£ = 0 in (13) we obtain (9) from (5) and (8). The proofs of
(11) and (12) are as before except that we choose k so that c(v) = c(yx) and we
use (13) and (10) to obtain yx - c(zx) #Z0.

It remains to show that 2/I is p-dense in 9. Let w/I be a non-zero element
of /1. Since 1 satisfies condition (i) (see the last paragraph of the preliminaries
for the relevant definition), there is a v in %® such that v/I = w/I. In particular,
v/I # 0 and therefore v ¢ I. Choose a k such that v = y; ; this is possible because
(Yn : n € w) enumerates ™. The remainder of the proof is as in 2.8. 1

Corollary 2.14. Under the hypotheses of 2.13, if 2 is p-dense in 1, then 2 is
isomorphic to a subdirect product of simple algebras that are p-dense in 1.

The proof is identical to the proof of Corollary 2.10.

Theorem 2.15. Let L be a discriminator variety of normal Boolean algebras with
operators, K a subvariety of L, ¢ an elementary, positive formula, ¢ an elementary
formula, and L,y the class of algebras of L that are p-dense in 1. Suppose that 9
satisfies the following conditions:

(i) v is strictly preserved under homomorphisms,

element is above a non-zero element below the identity.
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(ii) Y2Vy[+4(y) — ¥(y - c(z))] holds in all algebras of L,y ,
(iii) YzIAy[¢(y) A (c(z) = c(y))] holds in all algebras of L,y .

If every simple algebra of L,y is in K, then every algebra of L,y is in K.

The proof is nearly identical to the proof of Theorem 2.11. We leave the details
to the reader.

In general, in a product of Boolean algebras with operators, a sequence of atoms
and zeros is no longer an atom. Still, such a sequence possesses many of the
important properties of an atom. The definition of a quasi-atom is intended to
capture these properties.

Definition 2.16. Suppose that 2l is in a discriminator variety of normal BAOs.

(i) An element z is a quasi-atom if for every y < z we have y = z - ¢(y).
(ii) 2 is quasi-atomic if every non-zero element is above a non-zero quasi-atom.

Notice that quasi-atomicity is a notion of density. The following lemma is an
easy consequence of the definition, so we leave the proof to the reader.

Lemma 2.17. Suppose that 2l is in a discriminator variety of normal BAOs.

(i) An element z is a quasi-atom iff ¢ -y =z -c(z - y) for all y.
(ii) If 2 is simple, then  is a quasi-atom iff £ = 0 or © is an atom. Therefore
simple, quasi-atomic algebras are atomic.

The next corollary shows that, in the case of countable algebras, the intuition
behind the definition of a quasi-atom corresponds to the actual situation.

Corollary 2.18. Let V be a discriminator variety of normal BAOs and 2l a count-
able quasi-atomic algebra in V. Then 2 is isomorphic to a subdirect product of
simple, atomic algebras. Moreover, the isomorphism takes each quasi-atom of 2 to
a sequence in the product consisting of zeros and atoms.

Proof: Let ¢ be the formula

Vylz-y==2-c(z-y)].

By part (i) of the preceding lemma, quasi-atomicity is the same thing as ¢-density.
Therefore, the first assertion of the corollary follows at once from Corollary 2.10
and part (ii) of the preceding lemma. Let f be an embedding of 2 into a direct
product B = H£<E‘B£ of simple, atomic algebras B¢ such that p¢ ° f maps 2 onto
B¢ (where p¢ is the projection function from B to B¢). Suppose that z is a quasi-
atom in %A. Since ¢ is preserved under “onto” homomorphisms, the coordinate
pe ° f(z) of the sequence f(z) must be a quasi-atom and therefore either 0 or an
atom by 2.17(ii). 1

Problem 2.19. Can the hypothesis of countability be removed from Lemma 2.8
or at least from Corollaries 2.10 and 2.18?
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Just as with p-density, one can specialize the notion of a quasi-atom. Let ¢ be a
formula with one free variable. An element z of 2 is a gquasi-atom in 9% provided
that z € 9 and for every y € 9%, if y < z, then y = z - ¢(y). We shall sometimes
use this notion to simplify the statement of certain lemmas.

The next two examples are intended to illustrate the notion of quasi-atomicity.
They show, in particular, that a quasi-atomic algebra need not have any atoms.

Example 2.20. Consider a variety V of normal BAOs in which each extra-Boolean
operation f is (uniformly) definable by a term 7; that involves only the Boolean
operations; in other words, V is a term definitional extension of BA. The two
element Boolean algebra 2l, expanded by the extra-Boolean operations 'r}u, is the
unique subdirectly irreducible algebra in V. Since the extra Boolean operations
are assumed to be normal, it is easy to check that the identity function is a unary
discriminator in 2. Thus, the term c(z) given by ¢(z) = z is a unary discriminator
for V.

Let B be any algebra of V. From the definition of ¢ we see that an element z in
B is a quasi-atom iff

z-y=z-(z-y)

for all y € B. But every element z satisfies this formula. Thus, every element of B
is a quasi-atom. It follows that all algebras in V, including atomless algebras, are
quasi-atomic.

Examples of such varieties include the variety of discrete cylindric algebras of a
specified dimension and the variety of Boolean relation algebras. 1

Example 2.21. For each n,k € w with k < 2" let N, ; be the set of natural
numbers that are congruent to ¥ modulo 2". For example,

Nio={2m: mcw} , Niyi={2m+1:m € w},
and

Nyo={4m:m cw} , Nyi1={4m+1:mcuw},

Nyo={4m+2:mcw} , Nysz={4m+3:mcw}.

For each n the sets N, ; with k < 2" form a partition of w into 2" many infinite
sets. Moreover, Ny 11 1 and Ny onip partition N, ; into two infinite sets.

Fix a normal BAO ¢ with a unary discriminator. Notice that the quasi-atoms
of “C (the w'h direct power of €) are just the functions f from w to C such that
each value of f is either an atom of € or 0. We construct a subalgebra 2 of “¢ as
follows. For each n € w, define B, to be the set of functions f in “¢ such that f is
constant on N, ; for each k < 2". For example, By consists of the functions from
w to C that are constant, i.e., that assume just one value, and B; consists of the
functions from w to C that assume at most two values, one on the even numbers
and one on the odd numbers. It is easy to check that B, is a subuniverse of “¢ and
that the mapping f — f [ 2™ (the restriction of f to 2™) is an isomorphism from
the corresponding subalgebra B, to 2"¢. Thus, the atoms of B, are the functions
f such that, for some k < 27, the value of f on N, ; is an atom and its value off of
Ny, is 0. In particular, each such atom is a non-zero quasi-atom of “¢. Also, B,
is a subalgebra of ®B,,;1, and each non-zero element of B,, gets split into non-zero
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pieces in By 11. In fact, for each non-zero f in B, define fo and fi in Bp41 by
specifying their values on each set Ny, as follows:

fo(m) = {f(m) form € Npy1k,

0 form € Npy1,2n4k

and

0 f N,
ulm) = o e T
f(m) form € Npjqonyp -

Then fo and f; are non-zero, pairwise disjoint, and sum to f. Moreover, if f is a
quasi-atom of “¢, then the same is true of fo and f; .

Let 24 be the union of the chain {8, : n € w}. Then 2 is a subalgebra of “¢
that is atomless. In fact, as we have just seen, every non-zero element of 2 gets
split into two disjoint, non-zero elements.

Suppose that € is atomic. Then each B, is certainly atomic (because it is
isomorphic to 2°¢). If g is any non-zero element of 2, then g is in B, for some
n. Therefore, there is an atom of 9B,, that is below g. We have seen that such an
atom is a non-zero quasi-atom of “¢ and hence also of 2. Thus, in addition to
being atomless, 2 is a quasi-atomic algebra. (See Givant [1994], Example 7.11, for
a related construction. Notice that if € is a finite Boolean algebra, then 2 is just a
countable, atomless Boolean algebra.) 1

3. RECTANGULARLY DENSE CYLINDRIC ALGEBRAS

We now turn our attention to the representation theorem for rectangularly dense
cylindric algebras. Throughout this and the following section we fix an ordinal a.
We begin by recalling from Henkin-Monk-Tarski [1971] the definition of a cylindric
algebra of dimension a.

Definition 3.1. A cylindric algebra of dimension « is an algebra
A= (A: +, =6, di]'>i,]'€d

such that (4, +, —) is a Boolean algebra, d;; is a constant and ¢; is a unary
operation for each ¢, j € o, and the following postulates are satisfied for all z,y € 4
and all 4,4,k € a:

(C1) e:(0) =0,

djr = ci(dji - dix) whenever i # j, k,
(C7) ci(dsj - ®) - ci(dij - —z) = 0 whenever ¢ # j.
The class of all cylindric algebras of dimension « is denoted by CA,. We also use the
notation “CA,” as an abbreviation for the phrase “cylindric algebra of dimension
”

a”. The element d;; is called the ij th diagonal element, and the operation ¢; is
called the it" cylindrification. 1
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To give an example of a CA,, let U be any set and define €,(U) to be the algebra
(S6(°U), U, ~, Gy Dijlij<as

where Sb(*U) is the collection of all subsets of *U, U and ~ are the set-theoretic
operations of union and complementation with respect to *U, and for each X C *U
and each %, j € a we have

Ci(X) ={u € °U : there is an # € X with u = 2 for all k € a ~ {i}},
Dij :{’U,EQU:’U,i:’U,]'}.

It is easy to check that €, (U) is a cylindric algebra. It is called the full cylindric
set algebra over U of dimension o.

A CA, is said to be representable if it can be embedded into a direct product of
full cylindric set algebras of dimension a. The class of all such representable algebras
is denoted by RCA,. It is well known that RCA,, is a subvariety of CA,, (see Henkin-
Monk-Tarski [1971], p. 171, and [1985], Corollary 3.1.108). For o = 0,1 the two
varieties coincide, i.e., every cylindric algebra of dimension 0 or 1 is representable
(see Henkin-Monk-Tarski [1971], p. 171). However, for o > 2 the two varieties
are distinct, i.e., there are cylindric algebras in every dimension > 2 that are not
representable. In fact, for @ > 2, RCA, is not even finitely axiomatizable (and not
even finitely schematizable when o > w) over CA, (see Henkin-Monk-Tarski [1985],
Theorems 4.1.3 and 4.1.7).2 Thus, the problem of finding simple criteria that imply
the representability of a cylindric algebra becomes interesting and important.

Suppose that 2 is a CA, and that 8 < «. By the B-reduct of 2 we mean the
algebra

<A: +,—, ¢, dij)i,jEﬁ .
It is easily seen to be a CAg.
Let Nﬁ(U) be the set of elements X in €4(U) such that for all z € X and all
y € °U, if y agrees with z on 3, then y € X. Thus, X is in Ng(U) iff there is a set
Z C PU such that X has the form

X=ZxUxUxUx...
—_——

a—f times

The set Ng(U) is easily seen to be a subuniverse of the g-reduct of €o(U). Let
Np(U) be the corresponding subalgebra. It is not difficult to verify the well-known
fact that €4(U) is canonically isomorphic to 9g(U). From this it is a simple matter
to check that every equation in the language of CAg that holds in RCA, must also
hold in RCAg . Indeed if € is such an equation holding in RCA,, then ¢ must hold
in €4 (U) for every set U. Since €4(U) is isomorphic to a subalgebra of the G-reduct
of € (U), we see that ¢ must hold in €g(U) for every set U. But every algebra in
RCAg is isomorphic to a subalgebra of a direct product of such full cylindric set
algebras. Therefore € must hold RCAg. The converse is also true, but its proof is
more involved; see Henkin-Monk-Tarski [1985], Theorem 3.1.126 or 3.1.127.

2These negative results were considerably strengthened in Andréka [a]. For example, no set of
equations, whether finite or infinite, that involves only a finite number of variables can axiomatize
RCA, . For e < w this remains true even if we add an arbitrary number of unary operators or
generalized quantifiers of arbitrary rank.
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In the sequel, we will use the following abbreviations. For a finite subset
r= {7;0: .- ';in—l}

of a with 49 < -+ < 4,_1, we write C(p)(a:) for ¢iy...ci,_,(z). We make the
convention that C(g)(m) = z. For a finite dimension « we set

d:H{dij:i<j<a}.

The element d is called the main diagonal and an element below d is called a
subdiagonal element. An element z is said to be closed under ¢y, or ¢(r)-closed,
ifery(z) ==

In the next lemma we list some simple, easy, and well-known laws regarding
cylindric algebras that we shall need. The derivations of these laws can be found
in Henkin-Monk-Tarski [1971], Chapter 1, Sections 2-3.

Lemma 3.2. Let 2 be a CA, and z,y elements of 2.
(1) cici(z) = ci(z).
(ii) If £ <y, then ¢;(z) < ¢;i(y).
(111) ci(z +y) = ci(z) + ci(y).
i((—ci(z)) = —ci(a).
ci(
(
(4

]

( ) z- y) =z -y whenever ¢;(z) =  and ¢;(y) = y.
vi) ei(dij) =
(vii) ci(djr) = djr when i # j, k
(viii) dyj - dJk =d;j - dig.
(ix) dij - ci(z) =0iff 2 =0
(x) dij - ci(dij - &) = dij - @ when i # j.
(xi) z-¢ci(y) =0 iffy - ci(z) = 0.

From postulates (C1), (C2), (C4), Lemma 3.2(iii),(iv), and Corollary 2.2 it is
seen that CA, is a variety of normal Boolean algebras with complemented closure
operations ¢;, and for finite o, the term c(,) is a unary discriminator for CA, .
Thus, for finite o, CA, is a discriminator variety of normal BAOs, the subdirectly
irreducible algebras of CA, are simple, and a conditional equation holds in CA, iff
it holds in all simple algebras of CA,.

Certain generalizations of the postulates and of the laws in Lemma 3.2 are com-
pletely obvious. For example, for any finite A C a and any finite set J we have the
following generalizations of (C3) and Lemma 3.2(v):

ca)(z-y) =¢a)(z) -y whenever ¢;(y) =y for each i € A,
C(A)(HjeJyj) =[Licsi whenever ¢;(y;) = y; for each i € A and j € J.

We shall use such generalizations without further explanation, referring only to
the corresponding postulate or law. The three generalizations that we formulate
in Lemma 3.3 below concern products of diagonal elements and are slightly more
involved. The first generalizes 3.2(viii) and the second 3.2(x). The third com-
bines and generalizes (C6) and 3.2(vi),(vii). The three generalizations are stated
and proved in Henkin-Monk-Tarski [1971], Theorems 1.8.5, 1.8.12(iv), and 1.8.6
respectively.

Lemma 3.3. Let 2 be a CA, and A,T finite subsets of c.
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(i) Hier‘dik = Hi,jer‘u{k}dij :
(11) C(A)(m) . HieAdik —2z wheneverk € o~ A and z < HieAdik .
(iii) e(a)(ILi jerdis) = [1ijernadii -

Recall that d denotes the main diagonal of a finite-dimensional CA,.

Lemma 3.4. Let o be finite and suppose that z is a non-zero element of a CA,.

Then d - C(a~{i})($) #0.

Proof: By Lemma 3.3(iii) (with T' = @ and A = a ~ {¢}) and (C5) we have
C(QN{i})(d) =d;=1.

Therefore, 2 - ¢(q~{i})(d) # 0. The desired conclusion follows from Lemma 3.2(xi).

1

Lemma 3.5. Suppose a is finite and 2 a CA, . Then for each sequence (z; : i € )
of elements of 2 and each A C o we have

(1) e(a)(Tlieattantiny(2:)) = [licanaClaniin(®i)  [liea e (®:) -
If U is simple and the elements z; non-zero, then
(i) e(a) (ILicattaniin(@:)) = [licamaclantin (@)

Proof: The proof is by induction on the size of A. When A is empty, the equation
holds trivially. Suppose now that the equation holds whenever the set has size n,
and assume that A has n + 1 elements, say j is the smallest of these. For each 7 in
a set

(1) Yi = C(an{i})(@i) -

Observe that

(2) cj(y)) =y forj#i

by (1), (C4), and Lemma 3.2(i), and

(3) Ci(yi) = c(a)(mi)

by (1). Therefore

ca)(Tieats) = cicantin ([icats) by convention,
=¢ [(HieaN(A~{j})yi) ) (HieArv{j}ci(yi))] by the induction
hypothesis,

=¢j(¥j)  [Licana¥i * [icangjypci(vi) by (2) and (C3),
= [Licana¥i - [licaci(#) by BA.

In view of (1) and (3), this completes the proof of (i). Part (ii) follows at once from
(i). 1
Notice, in the statement of the previous lemma, that when A = ¢, the right-hand

side of the displayed equation in (ii) is just 1.
Definition 3.6. Let 2 be a CA,.
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(i) An element a of 2 is said to be rectangular or a rectangle if

c(r)(a) - ¢(a)(@) = erna)(a)

for all finite subsets I' and A of a.
(ii) 2 is rectangularly dense if below every non-zero element there is a non-zero
rectangle.

The notion of a rectangular element is from Henkin-Monk-Tarski [1971], Defini-
tion 1.10.6. In two-dimensional cylindric set algebras over a set U, rectangles are
elements that have the form X x Y for some subsets X,Y of U (see the next lemma
and Figure 1). In the Cartesian plane U x U such elements have the appearance of
rectangles in the ordinary sense of the word (provided that the elements of U are ge-
ometrically represented in a suitable way). More generally, for finite o, rectangles in
an a-dimensional cylindric set algebra are elements of the form Xg x - - - x X,_; for
some subsets Xo,...,X,_1 of U. If X; is a singleton for each ¢ < «, say X; = {z;},
then the rectangle Xg x --- X X,_1 is the singleton {(zo,-...,Z24-1)}- Thus, every
singleton is a rectangle. In particular, €,(U) is rectangularly dense, since every
non-zero set is above a singleton. When & = 0, 1 each element in a CA, is trivially
a rectangle; therefore, all cylindric algebras of dimension 0 or 1 are rectangularly
dense.

FIGURE 1. A rectangle X x Y.

Observe that, for finite «, the notion of rectangularity is definable by a finite
conjunction of equations. Therefore, it is an elementary notion that is preserved
under homomorphisms. Notice also that in a rectangularly dense algebra, every
element is the sum of the rectangles below it.

Lemma 3.7. Let o be finite and 2 a CA,. An element z is a rectangle iff there
are zo,...,Tq_1 such that z = Hieac(a~{i})(mi) .
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Proof: For the implication from left to right, just set z; = z for each ¢ € @ and use
the definition of a rectangle:

[Licat(a~iin)(2) = c(o)(2) = 2.

For the reverse implication, observe that it can be expressed as a series of con-
ditional equations. Since a conditional equation holds in all CA, iff it holds in all
simple CA,, it suffices to verify the implication under the additional hypothesis
that 2 is simple. Set

(1) Yi = clan{i})(®i)

and suppose that

(2) 2z = H’I:Ecxyi .

Let T' and A be arbitrary subsets of . Then

cry(2) - ¢a)(2) = ey ([Lica¥) - ¢(a) TTica®) by (2),

= Hi€a~I‘y’i : Hi6a~Ay’i by (1), 3.5(ii),
= Hiea~(I‘nA)yi by BA,
= crna) ([Ticat:) by (1), 3.5(ii),
= C(]_-\nA)(Z) by (2)

Thus, z is a rectangle by Definition 3.6(i). 1

The preceding lemma is closely related to Theorem 1.10.11 in Henkin-Monk-
Tarski [1971]. Indeed, the equivalence of (i) and (iv) in that theorem is just the
special case of our lemma when

Lo=2L]1 =-""=Tp_1=2.

On the other hand, let y; be as defined in (1) of the preceding proof, and suppose
that (2) holds. Then by (1) and Lemma 3.5(ii), using also the simplicity of 2, we
have

caniin)(2) = elanti) ([l cath) = clamtin ([Ljeatlantin)(25)) = Claniin)(@:) = % -
Therefore, our lemma also follows immediately from the theorem in Henkin-Monk-
Tarski [1971].

Part (ii) of the next lemma occurs as Lemma 1.10.13(ii) in Henkin-Monk-Tarski
[1971].

Lemma 3.8. Suppose that 2 < a < w.

(i) In a CA, every rectangle below the main diagonal is a quasi-atom.
(ii) In a simple CA, every non-zero rectangle below the main diagonal is an
atom.
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Proof: To prove (i) suppose that z is a non-zero rectangle below d, and let y be
below z. Since z - —y is below z, it must be below d. Therefore,

(1) d-clanfop)(z-—y)=2z-—y and d-canfi})(y) =y for0<i<a,
by Lemma 3.2(i),(ii). Set
(2) a = c(an{o})(2 =) * [locicallantin (¥) -

Then

a < c(anio})(®)  [locicalan{i})(Z) by (2) and monotony,

=z since z is a rectangle,
<d by assumption.
Therefore,
a=d-a
=d-clanio})(@ - —Y) - [locica®la~in(y) by (2),
=(z-—y)-y by (1),
=0 by BA.

We have shown that

c(anion)(Z =) * [locicalla~iiz)(y) = 0.

Consequently,
0=co.. ca1[e(aniop)(z - —¥) [locicallaniin(®)] by (C1),
= COC(GN{O})(m y) - H0<z<aclc(a~{l})(y) by (C3), 3.2(i),(v),
=c(a)(® - —Y) * [locical(a)(¥) by definition of ¢(,),
= ¢(a)(Z - —Y) " ¢(a)() by Boolean algebra.

Applying 3.2(xi),(i) o times we conclude that

m-—y-C(a)(y) =0.

Thus, 2 -¢(4)(y) < y- The reverse inclusion follows from the assumption that y < z
and from postulate (C2). This proves part (i).
Part (ii) follows from part (i) and Lemma 2.17(ii). 1

Remark 3.9. The converse to 3.8 is false: there can be quasi-atoms (and even
atoms) below the main diagonal that are not rectangles. In fact, let U be a set of
cardinality at least 2 and let 2 be the subalgebra of €,(U) consisting of constants.
Then d is itself an atom of 2, but it is not a rectangle. 1

Lemma 3.10. Suppose that 2 < a < w. Then every rectangularly dense, simple
CA, is atomic.
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Proof: Suppose that 2 is a rectangularly dense, simple CA,. Let z be a non-
zero element of 2. We shall construct an atom below z. Since 2 is rectangularly
dense, there is a non-zero rectangle y below z. Then for each i € a we have
d - ¢(anii})(y) # 0, by Lemma 3.4. Thus, we can choose a non-zero rectangle z;
below d - ¢(a~{i})(y). By the previous lemma and the simplicity of 2 we have

(1) z; is an atom.

(2) w = [LicaClaniin(2i) -
(See Figure 2.) Because z; < ¢(a~{i})(¥), we have
Clanti}) (%) < Caniinaniin(¥) = E(anti)(¥)
by Lemma 3.2(i),(ii). Hence,
w S HiEaC(arv{i})(y) by (2):
=y since y is a rectangle,

<z by assumption.

Further, ¢(q)(w) = 1, by (2), Lemma 3.5(ii) (with A = &), and the simplicity of 2.
Consequently, w # 0 by (C1). Finally, w is a rectangle by Lemma 3.7. We have
shown that

(3) w is a non-zero rectangle below z.

Fi1GURE 2. The construction of the atom w below z.

Our goal is to prove that
(4) w is an atom.

We first show:
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(5) If u is a non-zero rectangle below w, then w = w.

Let u be a non-zero rectangle below w. Then

0<d- C(a~{i})('u') by 3.4,
< d-clan{ip)(w) by 3.2(ii) and v < w,
< d- c(angip) (Caniin)(2i)) by 3.2(if) and (2),
=d- C(QN{.,;})(Z ) by 3.2(1),
=z by 3.3(i),(ii) and 2z; < d.

But z; is an atom, by (1). Therefore, z; = d - ¢(g~qi}) (). It follows that

S(amii}) (2:) = C(aniit) (4 C(antiny (v)
c(an{ih)(d) - e(anqipy(u) by (C3),
= 1 clani})(v) by (C5), 3.3(iii),
= C(an{ip) (1) by BA,
(In the above application of Lemma 3.3(iii) we take A = a ~ {i} and ' = «.) Using

the above equality together with (2) and the assumption that u is a rectangle, we
see that

w = [Lica®(amtin(#) = [lieaoanin(w) = v
which proves (5).

Now assume that v is any non-zero element below w. Then there is a non-zero
rectangle u below v, by rectangular density. By (5) we see that w = u. This forces
w = v. We have proven (4). Together, (3) and (4) show that every non-zero element
in 2l is above an atom. The proof of the lemma is complete. 1

We shall see in Theorem 5.18 below that the hypothesis of simplicity in the
previous lemma can be dropped provided we replace “atomic” with “quasi-atomic”,
i.e., a rectangularly dense CA, is always quasi-atomic. Moreover, we shall see there
that the above proof really has two main parts: the proof that below every non-zero
element z there is a non-zero “point” w, and the proof that every non-zero point
w is an atom (or a quasi-atom in a non-simple algebra).

As mentioned in the introduction, Henkin and Tarski proved that an atomic
CA,with rectangular atoms is representable. The next theorem is a generalization
of their result.

Theorem 3.11. For a > 2, every rectangularly dense CA, is representable.

Proof: First, assume that o is finite. Each simple, rectangularly dense CA, is
atomic, by the previous lemma. Therefore it is in RCA, by the Henkin-Tarski
representation theorem for atomic cylindric algebras with rectangular atoms (see
Henkin-Monk-Tarski [1985], Theorem 3.2.14). It now follows from Theorem 2.11
(with L = CA, and K = RCA,) that every rectangularly dense CA, is in RCA,.
Suppose that « is infinite, and let 2 be a rectangularly dense CA,. RCA, is a
variety. Therefore, to show that 2 is in RCA, it suffices to show that every equation
true of RCA, is true of 2. Let € be any such equation. Then € contains only
finitely many of the symbols that denote cylindrifications and diagonal elements in
the language of CA,. By reindexing these symbols, we may assume without loss
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of generality that ¢ is an equation in the language of CAg for some finite 8 > 2.
Let B be the g-reduct of 2, i.e., the reduct of B to the language of CAg. Then
B is also rectangularly dense, since the property of being a rectangle is preserved
under formation of reducts. Therefore B is in RCAg by the finite dimensional case
of the present theorem. Now every equation true of RCA, is true of RCAg (see the
remarks concerning G-reducts that follow the definition of RCA,). It follows that €
holds in B and therefore also in its expansion 2. This completes the proof of the
theorem. 1

Strictly speaking, the restriction @ > 2 in the statement of Theorem 3.11 is not
necessary. In the case when a = 0, 1 the theorem would assert that every CAo and
CA; is representable (see the remark following Definition 3.6). As was pointed out
after Definition 3.1, this assertion is known to be true. However, our proof does not
cover these cases: it is based on Lemma 3.8, which requires the assumption o > 2.
A similar remark also applies to some of our later results, for example Theorems
4.6, 4.7, and 4.18. To emphasize that when a = 0,1 our theorems assert nothing
new and our proofs do not apply, we shall always add the restriction o > 2.

The reader will have noticed that the proof of our representation theorem uses
the special case of the Henkin-Tarski representation theorem when the dimension
is finite and the algebra is simple. As is pointed out in Discussion 3.2.15 of Henkin-
Monk-Tarski [1985], this special case of their theorem has a substantially simpler
and more intuitive proof than the general case. It will be helpful to present a brief
sketch of this proof.

We assume that a is finite and 2 is simple. Let U be the set of subdiagonal
atoms of 2. For each atom z of 2 and each 7 < «, the meet of the hyperplane
¢(a—{i})(z) with the main diagonal, i.e., the element d- ¢(,_{s})(2), is a subdiagonal
atom. Let’s call it the it® coordinate atom of z. We define a mapping h of the atoms
of 2 to elements of *U by sending each atom z to the sequence of its coordinate
atoms, i.e.,

h(z) = (zo,..., Za—1)-
Then h is one-one and onto, because any a-tuple (yo,...,¥a—1) in U is the se-
quence of coordinate atoms of a unique atom of 2, namely the element

2 = [Lical(a—{in(%)-
We extend h in the obvious way to an additive mapping of the elements of 2l to
elements of €,(U). Certainly, h is a Boolean embedding, and it is not difficult
to check that it preserves cylindrifications and diagonal elements as well. This
completes our sketch.

Corollary 3.12. For o > 2, a CA, is representable iff it is embeddable into a
rectangularly dense CA,.

Proof: The difficult direction of the corollary, from right to left, follows from the
previous theorem. For the converse direction, suppose that 2l is a representable
CA,. Then 2 is embeddable into the direct product B of a family of full cylindric
set algebras of dimension a. Now each such set algebra is rectangularly dense,
since the singletons are always rectangles (see the remark after Definition 3.6).
Moreover, the direct product of a family of rectangularly dense cylindric algebras
is again rectangularly dense. This follows from two simple observations: (1) 0 is a
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rectangle in every cylindric algebra; (2) the property of being a rectangle is defined
by a collection of equations, and hence an element of a direct product is a rectangle
iff each coordinate element is a rectangle (in the coordinate algebra). Therefore, B
is rectangularly dense. 1

Each of the representation theorems for rectangularly dense algebras that we
shall formulate in the subsequent sections (Theorems 4.6, 4.7, 4.18, 6.7, and 6.13)
has an “if and only if” corollary that is analogous in statement and proof to the
preceding one. With few exceptions, we shall not bother to formulate them.

4. RECTANGULARLY DENSE QUASI-POLYADIC AND
SUBSTITUTION-CYLINDRIFICATION ALGEBRAS

Polyadic and quasi-polyadic algebras (with and without equality) of dimension «
were defined by Halmos in a series of papers in the 1950s (see Halmos [1962]). For
finite dimensions the two notions coincide. An elegant definition of the notion of a
quasi-polyadic algebra (with or without equality) that is equivalent to Halmos’ orig-
inal definition was given by Sain-Thompson [1991], Definition 1 and the remark on
p- 548, and it is this latter definition that we shall use. Substitution-cylindrification
algebras were introduced by Pinter [1973] under the name of guantifier algebras.

We shall extend Theorem 3.11 to quasi-polyadic and substitution-cylindrific-
ation algebras with and without equality. In each case the extension to algebras
with equality is relatively routine. From this extension we are then able to derive
the result for algebras without equality under the proviso that the substitution
operations are completely additive. We shall show that this condition is met if the
algebra is quasi-atomic. The representation theorems for algebras without equality
should be viewed as the principal results of this section.

Representation theorems for atomic quasi-polyadic algebras of finite dimension
with rectangular atoms are formulated in Henkin-Monk-Tarski [1985], Theorems
5.4.36 and 5.4.38. However, the proof of 5.4.38 is defective. It depends on Theorem
5.4.37, which asserts the existence of the completion of an arbitrary equality-free
quasi-polyadic algebra 2 of finite dimension. Unfortunately, such completions have
only been shown to exist under the proviso that the substitution operations of the
original algebra 2 are completely additive. We correct this error by showing that in
an atomic, rectangularly dense quasi-polyadic algebra the substitution operations
are always completely additive.

Definition 4.1. A gquasi-polyadic algebra of dimension « is an algebra
A=(4,+, —,ci, 8ij, Pij Jijea

such that (4, +, —) is a Boolean algebra, the operations ¢;, si; , and p;; are all
unary , and the following postulates are satisfied for all z,y € A and all 4,5,k € a:

(Q1) sii(z) ==,

(Q2) pii(z) ==,

(Q3) pij(z) = pji(2),

(Q4) z < ci(z),

(Q5) ci(z +y) = ci(z) +cily)

(Q6) sijei(z) = ci(z),

(Q7) cisij(2) = sij(2) whenever i # j,
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(Q8) sijce(z) = csij(z) whenever k # 4,7,
(Q9) sij(z +y) = si;(2) + 54 (y) ,
(Q10) sij(—2) = —sij(2),
(Q11) pij(z +y) = pij(z) + pij (y) s
(Q12) pij(—z) = —Pu(m):
(Q13) pijpij(z) =
(Q14) pijpir(z) = pjkpij( z) whenever i, j, k are distinct,
(Q15) pijsji(z) = sij(=),
when a > 3, and (Q1)-(Q15) and the following two additional postulates
(Q16) ci(z - ci(y)) =ci(2) - ei(y)
(QL7) cicj(z) = cjei(e),

when a < 2. A quasi-polyadic equality algebra of dimension « is an algebra

A=(A,+, =, ci, 8ij, Pij , dij Jijea
such that the reduct
A= (4, +, =, ¢, 8ij, Pij )i,jca
is a quasi-polyadic algebra and the d;; are constants satisfying the additional pos-
tulates
(Q1L8) sij(dij) =1,
(Q].Q) T - dij < 855 (:E) .

The classes of all quasi-polyadic algebras and all quasi-polyadic equality algebras
of dimension a are denoted by QPA, and QPEA, respectively . We also use the
notations “QPA,” and “QPEA,” as abbreviations for the phrases “quasi-polyadic
algebra of dimension &” and “quasi-polyadic equality algebra of dimension ” re-
spectively. The element d;; is called the ij*® diagonal element, and the operations
ci, sij , and p;; are called the it cylindrification, the ij*® substitution, and the
ij t* permutation or transposition. I

From postulates (Q9) and (Q11) we easily see that whenever z < y we have
sij(2) < si5(y) and pij(z) < pij(y). We shall refer to these as monotony laws for
quasi-polyadic algebras.

To give an example of a quasi-polyadic algebra and of a quasi-polyadic equality
algebra, let U be any set and define ,(U) and PB,(U) to be the algebras

<Sb(a ) U, ~, G SlJ’P1]>,J'<a

and
(Sb(*U), U, ~, Ci, Sij, Fij s Dij )ijj<a
respectively, where
(Sb(*U), U, ~, Ci, Dijijj<a
is the full cylindric set algebra over U of dimension «, and the operations S;; and
P;; are defined by

Si(X)=Xifi=j,
Sij(X) ={u €U : for some ¢ € X with z; =2;, up =z for k £} ifi#j,
Pij(X)={u €U : for some 2z € X, up = z for k # 4,5 and u; = z;, u; = 2;}
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for each X C *U and each i,j in a. It is easy to check that Q,(U) (respectively
P«(U)) is a quasi-polyadic algebra (respectively, a quasi-polyadic equality algebra)
for every set U. It is called the full quasi-polyadic (respectively, the full quasi-
polyadic equality) set algebra over U of dimension o. A quasi-polyadic algebra
(respectively, a quasi-polyadic equality algebra) is said to be representable if it
can be embedded into a direct product of full quasi-polyadic (respectively, quasi-
polyadic equality) set algebras of dimension c.

The class RQPA, (respectively, RQPEA,) of all representable quasi-polyadic al-
gebras (respectively, all representable quasi-polyadic equality algebras) of dimension
a is a subvariety of QPA, (respectively, of QPEA,) for each @ > 2.2 However, as
in the cylindric algebraic case, the two varieties are distinct, and in fact, for a > 2,
RQPA, (respectively, RQPEA,) is not finitely axiomatizable and not even axiom-
atizable by a finite set of equational schemata (see Johnson [1969], Theorem 3.5,
and Sain-Thompson [1991], Theorem 2).

Suppose that 8 < «. Just as for cylindric algebras, every equation in the lan-
guage of QPAg (or QPEAg) that holds in RQPA, (or RQPEA,) must hold in RQPAg
(or RQPEAg). (See the remarks concerning S-reducts following the definition of
RCA,.)

It is well known and easy to check that both QPA, and QPEA, are varieties of
normal Boolean algebras with operators. For finite a they are also discriminator
varieties with the same discriminator term as CA,.

We gather together some consequences of the axioms for quasi-polyadic algebras.

Lemma 4.2. Let a > 2 and U a QPA, or a QPEA, . Then the following are true
forallz,y € A and all 1,5 < a.
(i) The mapping  — s;j(z) is an endomorphism, and x — p;j(z) an auto-
morphism, of the Boolean reduct (A4, +, —) of .
(ii) If z < y, then ¢;(z) < ¢;(y) .
(%ii) cici(z) = ¢i(z) .
(iv) ci(—ci(2)) = —ei(a).
(v) ei(z - ci(y)) = ci(z) - eily) -
(vi) z-¢ci(y) =0 iffy - ci(z) = 0.
(vii) eicj(z) = cjei(=).
(v%ii) sij855(2) = si5(x) .
(ix) sijs5i(2) = si5(2).- o
(x) Ify < sij (), then ¢;(y) < s;j(z) when i # j.
(Xl) cjsij(z) = cisji(z).
(xii) ¢;pij(z) = pijei(z).
(xiil) pijeici(z) = cicj(z).
(xiv) sijcj(z) = pijei(z).
(xv) sijpijei(e) = ei(z) -
(xvi) pijsei(z) = sk;pij(z) when 4, j, k are distinct.

31t seems that an explicit statement and proof of these facts have not appeared in the literature.
However, the proof given in Henkin-Monk-Tarski [1985] that RCA, is a variety goes through
with minor modifications to show that RQPA, and RQPEA, , as well as the classes RSCA, and
RSCEA, defined below, are varieties. See, in particular, Lemmas 3.1.92, 3.1.93, and Theorems
3.1.103, 3.1.108in op. cit. A simpler proof, in the context of discriminator varieties, is given Németi
[1991].
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) = p1iso1p1i(z) when i £ 0.

z) = piop1iso1p1i(z) when i £ 0.
) = pojPioP1iso1p1iPo; (2) for distinct 4,5 # 0.
T

Proof: Part (i) follows at once from Axioms (Q9)-(Q13) (see Sain-Thompson
[1991], p. 546). In particular, s;;(0) = 0. From this and Axiom (QT7) we see that
(1) c;(0) =0

(see equation (5) in op. cit., p. 546). The equivalence in (vi) is an immediate conse-
quence of (v), Axiom (Q4), and (1). (For a proof see Henkin-Monk-Tarski [1971],
Theorem 1.2.5.)

The validity of the remaining laws is a consequence of Theorem 1 in Sain-
Thompson [1991], according to which two different formulations of the notion of
a quasi-polyadic algebra are equivalent. It is possible to cite explicit passages in
op. cit. where (ii)—(iv), (vii)—(ix), (xii) and (xvi) are established: laws (ii)—(iv) are
established on pp. 545-546, equation (vii) in Claim 1.1, p. 548%, equation (viii) in the
proof of (J7) on p. 550, equations (ix) and (xvi) in Lemma 1.5(i),(v)® and equation
(xii) in Lemma 1.6(i).

Since (v), (x), (xi), (xiii)—(xv), and (xvii)—(xx) are not explicitly proved in
op. cit., we provide simple demonstrations. From (ii) and (iii) we easily get

(2) ci(z - ci(y)) < cici(y) = ci(y) -

Similarly, from (ii) and (iv) we get

(3) ci(z - —ei(y)) < ei(—ei(y)) = —ei(y) -
By BA and (Q5) we see that

ci(e) = ci(z - ci(y) + 2 - —ei(y)) = ci(z - ci(y)) +ei(z - —eiy)) -
Multiplying both sides by ¢;(y) and using Boolean distributivity gives us

ci(e) - ei(y) = ei(z - ei(y)) - ci(y) + ei(z - —ei(y)) - eily) -

Now the second summand is 0 by (3) and BA. The first summand is ¢;(z - ¢;(y))
by (2) and BA. Thus, we arrive at (v).
Part (x) follows frorn (ii) and (Q7)

For (xiii) we have

, and (xx) is a simple consequence of (Q6).

pijcicj(m) = PijSijCiCj (.’B) by (Qﬁ),

“The proof of this claim makes essential use of the hypothesis that a > 2. However, in case
a = 2, (vii) is actually one of our axioms (see Definition 4.1). The first term in the penultimate
line of p.548 should read “c;c;” instead of “cic;”.

5 Although Lemma 1.5 has the hypothesis that « > 2, the hypothesis is not needed for the
proof of part (i). In particular, the proof is valid when a = 2.

6 Again, the given hypothesis & > 2 may be relaxed to o > 2 and the proof remains valid. The
formulation of Lemma 1.6(i) and its proof contain several typographic errors: the first term in the
formulation should read ‘c;pi;”, not clp”'"; the seventh and eighth terms in (25) should read

“pj.;.s;-c.;" and ¢ p”a c;” instead of ¢ p”a Je;” and “p.;j.s‘z c;”
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For (xi) we have

For (xiv) we have

For (xv) we have

= sjicicj ()
= sjicjci(z)
= cjci(z)

= cicj(z)

cjsij(z) = cjpijsji(z)

= pijcisji(z)

= pijcicjsji(z)

= CiC]' Sj.,;(.’ll)

= ¢isji(z)

sijcj(z) = pijsjici(z)

= pijc;()

sijpijci(z) = sije;pij(z

)
= pijcjpij(z)
= pijpijci(z)

= ci(z)

33

We now take up the proof of (xvii). The case 2 = 1 follows from (Q2). Suppose

that ¢ # 0,1. Then by (xvi) (with 4, j, k replaced by 1, %, 0 respectively) we get

for all z. Replacing z by pi;z in this equation and using (Q13) we see that

p1iso1(z) = seip1i(z)

For (xviiil) we use (Q15) and (xvii):

To prove (xix) we again use (xvi) (with 1, j, k replaced by 0, j, ¢ respectively):

(4)

Hence,

P1i501P1i(m) = 30iP1iP1i(93) = 501'(73)-

Sio(m) = Pi050i(m) = PioP1i501P1i(m) .

Ppoj sio(z) = sijpoj(z) -

sij(z) = sijpojpoj(z)

= Poj SioPoj (m)

= PojPioP1iS01P1iPoj (-’B)

by (Q13),
by (4),
by (xviii).
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Corollary 4.3. Let o > 2 and 2 a QPA, or a QPEA, . Then each permutation
pi; of U is completely additive. If so1 is completely additive, then every other
substitution s;; of 2 is completely additive.

Proof: Since the permutation p;; is a Boolean automorphism, it is easily seen to
be self-conjugate in the sense that

(1) y-pij(z) =0 iff = py(y)=0.
Indeed, for any z,y, z we have p;;(z) = 0 iff 2 =0, and
pij(y - pij (2)) = pis () - Pispi; (2) = pis(y) - 2,
by Lemma 4.2(i) and (Q13). Together, these two observations yield (1).

Since a self-conjugate operation is known to be completely additive, by Jénsson-
Tarski [1951], Theorem 1.14, this proves the first assertion of the corollary. For the
second, suppose that sg; is completely additive. In view of the first part of the
corollary, it follows from Lemma 4.2(xvii)—(xix) and (Q1) that every substitution
can be written as a composition of unary, completely additive operations, namely
the permutations and sg;. By Theorem 1.9 of op. cit., the composition of two

(unary) completely additive functions is again completely additive. Hence, every
substitution is completely additive. 1

The reduct of a QPEA, 2 to the cylindric algebraic operations is a cylindric
algebra (see Henkin-Monk-Tarski [1985], Theorem 5.4.3) and is called the cylindric
reduct of . Similiarly, the reduct of 2l to the quasi-polyadic operations is called
the quasi-polyadic reduct of .

Lemma 4.4. Let o be finite and 2l a QPEA, . A subset of A is an ideal of  iff it
is an ideal of the cylindric reduct of 2. Hence, 2 is simple iff its cylindric reduct Is
simple.

Proof: Let 2 be a QPEA, and ‘B its cylindric reduct. A subset I of A that is an
ideal of 2l is obviously an ideal of 9. Suppose now that I is an ideal of ‘B.
(1) s;j(z) and p;;(z) are in I whenever = € I.

Indeed, let z € I. Then

8i5(2) < sijeic(anii})(z) by (Q4) and monotony,
= ¢(a)(2) by (Q6) and 4.2(vii).

Therefore, s;;(2) is in I by Lemma 2.4(iii),(iv) applied to B. Also,

pij(z) < pijcic(anii})(2) by (Q4) and monotony,
= 8ij¢iC(an{j})(2) by 4.2(xiv),
= 8;j€iC(an{i})(2) by 4.2(vii),
— cfo)(2) by (Q6).
Hence, p;j(z) is in I by Lemma 2.4(iii),(iv) applied to 8. This proves (1). Using
(1), we see that I satisfies Sain’s conditions for being an ideal of 2 (see Lemma 2.4).
[ |
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The notions of a rectangle and of a rectangularly dense algebra (see Defini-
tion 3.6) carry over without change from CA, to QPA, and QPEA,.

Recall that for finite @ a polyadic algebra (respectively, a polyadic equality al-
gebra) is the same thing as a quasi-polyadic algebra (respectively, a quasi-polyadic
equality algebra). Thus, any result concerning finite dimensional polyadic algebras
and polyadic equality algebras applies automatically to quasi-polyadic algebras and
quasi-polyadic equality algebras. We shall use this observation several times below
without further mention.

Corollary 4.5. Let 2 < a < w. Then every rectangularly dense, simple QPEA, is
atomic.

Proof: Let 2 be a simple, rectangularly dense QPEA, and B its cylindric reduct.
Then B is a simple cylindric algebra, by the preceding lemma. Furthermore, B is
rectangularly dense, since the definition of this notion involves only the operations
of the cylindric reduct. Therefore B is atomic, by Lemma 3.10. Because the
definition of the notion of being atomic involves only the Boolean operations, 2
must also be atomic. 1

Theorem 4.6. For o > 2, every rectangularly dense QPEA,, is representable.

The proof of the theorem is nearly identical to the proof of the cylindric algebraic
version, Theorem 3.11. Instead of Lemma 3.10 and Theorem 3.2.14 in Henkin-
Monk-Tarski [1985], we use Corollary 4.5 and Theorem 5.4.36 in op. cit.The latter
states that, for finite @ > 3, every atomic QPEA, with rectangular atoms is repre-
sentable. One can check that the theorem and its proof are valid also in the case
when a = 2. We leave the details of the proof to the reader.

We now turn to the task of extending Theorem 4.6 to quasi-polyadic algebras.
First, recall the notion of a completion of a BAO. Let 2 and B be Boolean algebras
with operators of the same similarity type. Then B is a completion” of 2 provided
that: (i) the Boolean reduct of B (but not necessarily B itself) is complete and 2
is a subalgebra of B; (ii) for every y in B, we have (in B)

y=){z€cd:z<y};

(iii) for every extra-Boolean operator f of B, say of rank n, and for all yo, ..., Yn—1
in B we have (in B)

fo, oy Yn—1) = > {f(2zo,...,Zn_1) : @i € Aand z; < y; for all i < n}.

(The point of the caution in (i) is that the extra-Boolean operations of B are not
required to be completely additive.) A general study of completions of Boolean

"An equivalent formulation of condition (ii) is that A is dense in 8. Condition (iii) actually
follows from conditions (i) and (ii) (and is therefore superfluous) when the extra-Boolean operators
of B are completely additive. This is the case for cylindric algebras, quasi-polyadic algebras with
equality, and relation algebras. In Henkin-Monk-Tarski [1971], Remark 2.7.22, another condition
is added to the definition of a completion, namely it is required that E%X = EQLX for every

X C A such that ZQLX exists. However, the proof of 23.1 in Sikorski [1964], p. 93, shows that
this condition is implied by conditions (i) and (ii).
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algebras with operators can be found in Monk [1970]. He shows that every com-
pletely additive BAO 2( has a completion 9B, and this completion is unique up to
isomorphisms over 2. Moreover, any positive equation holding in 2 holds in ‘B.

Suppose that 2 is a QPA, in which so; is completely additive. Then by Corol-
lary 4.3, 2 is completely additive, so it has a completion B. Now B must be a
QPA, as well. Indeed, all the equations defining quasi-polyadic algebras, with the
exception of (Q10) and (Q12), are positive and hence hold in 8. The fact that
substitutions and permutations preserve +, -, 0, and 1 is expressible by positive
equations, so this is true in B as well. To verify that (Q10) holds in B, suppose
that y = —z. Then z + y = 1 and z - y = 0. Therefore,

sij(z) + 84 (y) = sij(z +y) = si5(1) = 1,
and similarly
sij(z) - sij(y) = 0,

i.e., s;;(y) = —sij(2). An analogous argument applies in the case of (Q12). (A
similar argument is used by Sain-Thompson [1991], Proposition 9, to show that
the perfect extension of a quasi-polyadic algebra is again a quasi-polyadic algebra.
Halmos [1962], pp. 230-232, shows directly that the perfect extension of a polyadic
algebra is itself a polyadic algebra.)

Sain-Thompson [1991], pp. 561-562, shows that the perfect extension of a QPA,
has a first-order definitional extension that is a QPEA, . (Hence, every QPA, is a
subreduct of a QPEA,.) The same argument shows that the completion ‘B has a
first-order definitional extension that is a QPEA, . We give the argument here for
the sake of completeness.

(1) sij ([1X) = [[{ssj(z) : 2 € X} for every X C B.

Indeed,

i ([1X) = sij (=3 {~z:2 € X}) by Boolean algebra,
=—5;(3{-z:2€X}) by 4.2(1),
=Y {sij(—z):z € X} by complete additivity,
==Y {-sj(z): 2 € X} by 4.2(1),

[T{sij(z) : 2 € X} by Boolean algebra.

Now define elements d;; in B by stipulating

(2) dij = [[{y : 855 (y) = 1},

and notice that this definition (due to Halmos [1962], p. 228) is first-order: it is the
conjunction of the two conditions

Vy(sij(y) =1—-2<y) , Vz[Vy(si(y) =1—>2<y) - z<2].
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Then

sij(dis) = s ([[{y : 45 (y) = 13) by (2),
H{Sij(y) Isij(y) =1} by (1),
-1 by BA.

Thus (Q18) holds. Also, for any z we have

sij(—2z - dij + 8i5(2)) = —si5(2) - 845 (dij) + 835 (si5(z)) by 4.2(i),
= —s55(z) + sij(z) by (Q18) and 4.2(viii),
_1 by BA.

Thus, —z - d;; + s;;(z) is one of the factors y in the definition (2) of d;; . It follows
that

dij < —@ - dij + 5i(2),
and therefore
T - dij <—z- dij + S.L'j(:l:) .

But z - d;; and —z - d;; are disjoint, so z - d;; < s;;(z). This shows that (Q19)
holds. It follows that the expansion € of B obtained by adding the constants d;; is
a QPEA, .

Now assume that 2 is also rectangularly dense. By the remarks of the previous
paragraphs, its completion ‘B is the reduct of a QPEA, €. Using condition (ii) in
the definition of a completion, we easily check that 9B, and hence also €, inherit the
rectangular density of 2. Therefore € is representable, by Theorem 4.6. This gives
us a representation of 8 and hence also of 2. We have shown that

Theorem 4.7. For a > 2, every rectangularly dense QPA, in which so1 is com-
pletely additive is representable.

It is worth emphasizing why we have used completions instead of perfect exten-
sions in the previous argument. In general, the completion of a rectangularly dense
algebra is rectangularly dense. However, the perfect extension of a rectangularly
dense algebra may not be rectangularly dense.

In the case of a quasi-atomic QPA, the substitutions are always completely
additive, as the next lemma shows.

Lemma 4.8. Let 2 be a quasi-atomic, rectangularly dense QPA,. Then each
substitution is completely additive.

Proof: Let 2 be a quasi-atomic, rectangularly dense QPA,, and suppose X is a
subset of A such that the sum w = Y X exists. We must show that s;j(w) is the
least upper bound of {s;;j(z) : z € X}. When 4 = j this is trivial by (Q1). Thus, we
may assume that i # j. Since s;; is a Boolean endomorphism, s;;(w) is certainly
an upper bound for {s;;(z) : # € X}. Suppose that z is any other upper bound,
with the goal of showing that s;;(w) < z. Since 2 is quasi-atomic, it suffices to
show that every quasi-atom below s;;(w) is below z.
Assume that
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(1) y is a non-zero quasi-atom

(2) y<si(w),

with the goal of proving

(3) y-z#0.

We begin by showing that

(4) ci(y) is a quasi-atom in the set {z : ¢;(z) = z}.

Indeed, suppose that
z=ci(z) <ci(y).

Then

T y=y-ca)(z-y) by 2.17(i), since y
is a quasi-atom,

—y- C(a~{i})ci(m -y) by 4.2(vii),
=y - Cla~fi})(2 - ci(y)) by 4.2(v)and

ci(z) = z,
=Y - c(an{i})(2) since z < ¢;(y),
=Y - C(an{i})Ci(T) since ¢;(z) = z,
=Yy- C(a)(m) by 4.2(Vii).

Applying ¢; to both sides, and using ¢;(z) = z and 4.2(v), we get

z - ei(y) = ei(y) - ¢ (2) -
But z < ¢;(y). Thus we arrive at (4).
Next, we establish that

(5) sjici(y) is a quasi-atom in the set {z : ¢j(z) = =} .

To prove (5), set v = ¢;(y). Certainly s;j;(v) is ¢j-closed, by (Q7). To show that it
is a quasi-atom in the set of ¢j-closed elements, let z be such that ¢;j(z) = = and
z < s;;(v). Applying s;; to both sides, we get

si5(2) < 8i585:(v) by 4.2(i),
= ;5 (v) by 4.2(ix),
=v by 4.2(xx).

Because s;;(z) is a ¢;-closed element, by (Q7), and v is a quasi-atom in the set of
ci-closed elements, by (4), we obtain

sij(z) =v- C(a)Sij (z).
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Applying s;; to both sides and proceeding stepwise, we get

sjisij (¢) = s55(v) - 87iC(a)Sij (z) by 4.2(i),
sji(z) = s;5i(v) * C(a)Sij (z) by 4.2(ix),(xx),
sji(z) = s;:(v) “ C(a)Cj Sij (z) by 4.2(vii),(iii),
sji(z) = s;5i(v) -C(a)cisﬁ(m) by 4.2(xi),
sji(z) = s;:(v) -C(a)sﬁ(m) by 4.2(vii),(iii),

z = s;;(v) -C(a)(.’l‘:) by 4.2(xx).
This proves (5).
Set
(6) u=c;i(y) - sjici(y) -
(7) ¥ = - ¢(q)(v) for every rectangle v < u.

To establish (7), suppose that v is a rectangle below u. Then
ci(v) < ci(u) < ei(y)
by (6) and 4.2(ii). Therefore
(8) ci(v) = ci(y) - c(a)(v)
by (4). Similarly,
cj(v) < ¢j(u) < sjici(y)
by 4.2(ii) and (QT7), so
(9) cj(v) = sjici(y) - ¢(a)(v)
by (5). Hence,
v = ¢;(v) - ¢;(v) since v is a rect-
angle and 7 # j,
=ci(y) - c(a)(v) - sjici(y) - c(a)(v) by (8), (9),
=u- C(a)(v) by (6).
This proves (7).
With the help of (7) we establish

(10)  u is a quasi-atom

as follows. Let z < u and take V to be the set of rectangles below z. Since 2 is
rectangularly dense we have

(11) c=YV.

Because c(4) is completely additive (since it is self-conjugate — see 2.3(vii) and the
proof of 4.3), (11) gives

(12) c(a)(z) = > {c(a)(v) v € V}.
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Therefore

U-ca)(z) =u- Y {c)(v) :v €V} by (12),
=Y {u-ca)(v):v eV} by BA,

—Y{vivev) by (1),
=z by (11).
This proves (10).
Next, we show that
(13) sij(u) = ci(y) -
Indeed,
sij (w) = sij (es(y) - sjici(y)) by (6),
= s;5¢i(y) - si585i¢i(y) by 4.2(i),
= s;45¢i(y) by 4.2(ix) and BA,
=ci(y by (Q6).
From (13) we conclude
(14) sij (v - w) = ci(y)

as follows:

sij(u-w) = si5(u) - sij(w) by 4.2(1),
= Ci(y) . 3.,;]'(11)) by (13))
=c(y) by (2) and 4.2(x).

Finally, from (6) and 4.2(ii) we see that c;(u - z) < ¢;(y) for any z. Therefore, by
(4) we have

(15) ci(u-2z) =¢i(y) - ca)(u-z) for every z.

We are ready to prove (3). Since ¢;(y) # 0 by (1) and (Q4), we have s;;(u-w) # 0
by (14). It follows that w-w # 0. Because w is the supremum of X, there must be
an ¢ € X such that u-2 # 0. Now u is a quasi-atom by (10), so

U T =U-Ca)(u- )

by 2.17(i). Applying s;; to both sides we get

sij(u) - 8i5(2) = 8ij(u) - c(o)(u - T) by 4.2(i), (Q86),
ci(y) - sij(2) = ci(y) - c(ay(u - z) by (13),
ci(y) - sij(z) = ci(u - ) by (15),
ci(y) - sij(x) £ 0 since u -z # 0,
y-cisij(z) #0 by 4.2(vi),
Y- sij(z) #0 by (Q7),
y-z2#£0 since s;;(z) < z.

This proves (3).
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It follows from (3) that s;;(w) < z, i.e., sjj(w) - —z = 0. Otherwise there would
be a non-zero quasi-atom y below s;; (w) - —z, and this would contradict (3). 1

Remark 4.9. We shall see below that the assumptions of quasi-atomicity (atomic-
ity in the simple case) and of rectangular density are both necessary in the preceding
lemma. However, it is possible to give the lemma a somewhat stronger formulation.
By Corollary 4.3, it suffices to prove that sg; is completely additive. Therefore, ev-
erywhere in the proof we may replace “2” with “0” and “;” with “1”. Doing this, we
notice that only one instance of rectangularity is needed, namely v = ¢o(v) - ¢1(v),
just after (9). Let us say that an element v is a 0l-rectangle if it satisfies this
condition, and let us say that 2 is 01-rectangularly dense if every non-zero element
is above a non-zero 0l-rectangle. Then the modified proof of Lemma 4.8 shows the
following: If 2l is quasi-atomic and 0l-rectangularly dense, then so1 — and hence
every substitution of A — is completely additive.

Corollary 4.10. Let 2 be a QPA,, where o > 2. Then the following are equiva-
lent:

(i) 2 is representable ;
(ii) 2 is embeddable in an atomic, rectangularly dense QPA, ;
(iii) 2 is embeddable in a quasi-atomic, rectangularly dense QPA, ;
(iv) 2 is embeddable in a rectangularly dense QPA, in which so1 Is completely
additive;
(v) 2 is embeddable in a rectangularly dense, completely additive QPA, .

Proof: Every representable QPA, is embeddable into the direct product of full
quasi-polyadic set algebras of dimension a. Each of these full set algebras is atomic
and rectangularly dense. Hence, as is easy to check, the product is atomic and rect-
angularly dense. This establishes the implication from (i) to (ii). The implication
from (ii) to (iii) is trivial and the implication from (iii) to (v) is just Lemma 4.8 (see
also Corollary 4.3). The implication from (v) to (iv) is obvious and the implication
from (iv) to (i) is proved in Theorem 4.7. 1

Remark 4.11. Theorem 5.4.38 in Henkin-Monk-Tarski [1985] asserts that for fi-
nite @ > 3 a QPA, is representable iff it is embeddable into an atomic QPA, with
rectangular atoms. It follows from the definition of rectangular density that an al-
gebra is atomic and rectangularly dense iff it is atomic and has rectangular atoms.
Thus, the equivalence of (i) and (ii) in Corollary 4.10 is essentially an extension of
5.4.38 to the infinite dimensional case. However, the proof of 5.4.38 is based on The-
orem 5.4.37 in op. cit., which asserts that every finite dimensional quasi-polyadic
algebra has a completion. The proof of the latter theorem is defective since it as-
sumes implicitly that the substitution operations are completely additive. (Thus,
it is still unknown whether every QPA, has a completion, even in case when « is
finite.) However, it is a consequence of Lemma 4.8 above that

(1) An atomic, rectangularly dense QPA, has a completion.

In the proof of Theorem 5.4.38, instead of referring to 5.4.37, it suffices to refer
to (1). The rest of the proof remains unchanged and is very similiar to our proof
(except that it refers to Halmos [1962] instead of to Sain-Thompson [1991]). 1
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A stronger theorem than Corollary 4.10 is known in the case @ = 2. Theorem
5.4.33 in Henkin-Monk-Tarski [1985] says that every QPA; is representable.

We now give two examples which show that in a quasi-polyadic algebra that is
rectangularly dense but not atomic, or that is atomic but not rectangularly dense,
the substitutions need not be completely additive.

Example 4.12. To show that the assumption of atomicity in necessary in Lemma
4.8 we construct an example of an (incomplete) atomless, rectangularly dense quasi-
polyadic set algebra of dimension 2 in which substitutions are not completely ad-
ditive.

Let B be an atomless Boolean set algebra, say with unit U, that has the following
separation property:
(1) For any distinct u,v € U there is an X € B such that u € X and v € ~ X.

(For instance, B can be taken to be the Stone representation of some atomless
Boolean algebra.) Put

R={XxY:X,Y € B} and A={US:SC Rand |S|<w}.
Thus, R is a set of rectangles whose sides are subsets of U (and elements of B),

and A is the collection of finite unions of these rectangles.

(2) A is a subuniverse of Q3(U), the full 2-dimensional quasi-polyadic set alge-
bra on U.

Obviously A is closed under finite unions. It is also closed under finite intersections.
Indeed, R is closed under finite intersections since

(X]_ X Y]_) n (Xg X Yz) = (Xl ﬁXz) X (Y]_ ﬁYz) .
Hence, if S; and S; are finite subsets of R, then
S3:{WﬂZ:WESl andZESz}

is also a finite subset of R, and we have

(US1) n(USz2) = USs

by the distributive law. To check that A is closed under complementation, observe
first of all that the complement of each rectangle from R is in A:

~(XxY)=[~XxUJU[Ux~Y].
If S C R is finite, then
~US=N{~Z2:Z¢cs}
by De Morgan’s laws. Since each ~ Z is in A, by the previous remark, and since
A is closed under intersections, we conclude that ~ [ JS is in A. Thus, A is closed
under the Boolean operations.

To show that A is closed under cylindrifications, substitutions, and permutations,
consider first the case of a rectangle X X Y from R. Then, e.g.,

Co(X xY)=UxY ) Ci(X xY) =X xU,
Su(X xY)=Ux (XNY) , Sp(XxY)=(XNY)xU,
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P01(XXY):P10(XXY):YXX,

i.e., R is closed under cylindrifications, substitutions, and permutations. Since these
operations are additive, it follows from the definition of A that A is closed under
them as well. This completes the proof of (2).

In view of (2) we can form the subalgebra % of Qa(U) with universe A. It is
obviously rectangularly dense since its universe consists of unions of rectangles. It
remains to show that, e.g., So1 is not completely additive.

(3) The only subset of Dg; in 2 is & .

To prove (3) it suffices, by rectangular density, to show that no non-zero rectangle
in R is included in Do . Indeed, suppose that X XY is a non-empty subset of Do .
Then for any v € X and v € Y we have u = v. Thus, X = Y = {u} for some
u € U. But then X and Y cannot be in ‘B since the latter is atomless and X and
Y are atoms.

Set

(4) S={Xx~X:X € B}.
Observe that
(5) US =~ Dgs .

Indeed, if (u,v) is in |JS, say (u,v) is in X x ~ X, then v # v. Therefore, | JS is
a subset of ~ Dp;. For the reverse inclusion, suppose that u,v € U are distinct.
By the separation property (1) there is an X € B such that (u,v) is in Xx ~ X.
Hence, (u,v) is in [ JS, by (4).

(6) YAs=UxU.

Certainly U x U is an upper bound for S in 2l. Suppose that Z is any other upper
bound for S in 2. Then |JS C Z. By (5) this means that ~ Doy C Z, i.e.,
~ Z C Do . In view of (3) we see that ~ Z = @,i.e., Z =U x U.

Now using the definition of Sg; we see that

Sor(UxU)=Ux (UNU)=U xU.
On the other hand,
Sot(Xx~X)=U x (XN~ X) = &
for each X € B. Thus,
50 (X28)=UxU and Y{Souu(2):ZeS}=2.

This competes the proof that Sp;1 is not completely additive in (. 1

It is not difficult to extend the above example to arbitrary dimensions o > 2.
We define R to be the set of a-dimensional rectangles

XoxXyx--xXegx... , €<a,
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such that X; € B for every £ < a and X; = U for all but finitely many {. The
definition of A remains unchanged. Take the set S in (4) to be the collection of
rectangles

XXxX~XxUxUx...
such that X € B.

Example 4.13. To show that the assumption of rectangular density is necessary
in Lemma 4.8 we construct an example of a complete, atomic quasi-polyadic set al-
gebra of dimension 2 in which substitutions are not completely additive. A fortiori,
the algebra is not rectangularly dense, by Lemma 4.8.

Let U be an infinite set and (@, : n € w) a sequence of binary relations on U
with the following properties:

(1) (Qn :m €w) is a partition of U x U,

i.e., the relations are non-empty, pairwise disjoint, and have U x U as their union;
(2) Qo is the identity relation on U,

ie,Qo={(z,z): 2 €U};

(3) Each @, has U as its domain and range,

i.e., for every z € U there are y,z € U such that (z,y) and (z,z) are in Qn;

(4) Each @, is symmetric,

e., if (z,y) is in Qn, then so is (y,z). (At the end of the example we define a
specific sequence of relations with the above properties.)
Fix a non-principal ultrafilter F' on the set w™ of positive integers. For each
subset X of wt we define a binary relation Ry on U as follows:

Ry — JU{@nin e X} fX¢F,
TlU{@n:neXU{0}} fXCF.

(6) A={Rx:X Cwt}.
We begin by showing that
(7) A is a subuniverse of Q5(U).

To prove (7), let X,Y be subsets of wt. If either X or Y isin F, then sois X UY
(since F is a filter). Hence,
Rx URy :U{Qn:nEX}UU{Qn:nEY}UQozRXUy.

If neither X nor Y isin F, then X UY is also not in F' (since F' is an ultrafilter).
Hence,

RXuRy:U{Qn:nEX}UU{Qn:nEY}:RXUy.

Thus, A is closed under finite unions.
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Now suppose that X is the complement of Y in wt. Since F is an ultrafilter,
exactly one of them, say X, is in F. In view of (5) and (1) we have

~Rx =~ H@n:ne XU{0}} ={Qn:neY} =Ry,

and hence also ~ Ry = Rx . Therefore, A is closed under complementation.

To show closure under cylindrifications and permutations, notice first of all that
for 4,5 < 2 we have C;(Qn) = U x U by (3), and F;;(Qn) = Qn by (4). Because
cylindrifications and permutations in Qs (U) are completely additive, it follows that
UxU ifX #£2,

& fX =g,

Ci(Rx) = {

and that each permutation is the identity operation on A.
Turning to the non-trivial substitutions, we have

(8) So1(Rx) = Co(QoNHQn:n€X})=Co(@)=2 fX¢ZF
and
So1(Bx) = Co(QoNU{@n :n € X U{0}})=Co(Qo) =U xU ifX cF,
by definition of Sp1, (1), and (2). Similarly,
P fX¢F,
UxU ifXeF.

S10(Rx) = {

This completes the proof of (7).
Let 2 be the subalgebra of Q3 (U) with universe A. Then 2 is a quasi-polyadic set
algebra of dimension 2. Moreover, it is atomic and its atoms are just the elements

Ry =Qn forme wt;
to show this, one makes use of the assumption that F' is non-principal, i.e.,
(9) {n}¢F forncwt.

Finally, 2 is complete. To prove this, notice that by (6) and (7) an arbitrary sum
in 2 is the supremum of a set

(10) {Bx, :€ €},

where (X : £ € E) is a sequence of subsets of w¥. Put X = [J{X,: £ € E}. It
suffices to show that

(11) Rx =Y {Rx, : £ € E}.

It is clear from (5) that Rx is an upper bound for the set (10). From (5)—(7) we see
that any upper bound for (10) must have the form Ry, where Rx, C Ry and hence
X¢ CY for each { € E. It follows that X C Y by definition of X. In particular,
if X € F,then Y € F (since F is a filter). Therefore we have Ry C Ry , by (5).
This proves (11).

Applying the preceding reasoning to the sequence (Ry,} : n € w' ), we see that

S{Rpmy:ncwt}=R,+ = {Qn:ncw}=UxU.
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Now

S {So1(Bin}) incwt}=3{o:ncuwt}=2,
by (8) and (9). On the other hand,

501(UXU):UXU.

Therefore
So1(XA{Biny s n € wh}) # Y{S01(Ryn}) i n € w'}.

This shows that Sp; is not completely additive.

To complete the example, we must define a set U and a sequence (@ : n € w)
of binary relations on U with properties (1)—(4). For simplicity take U to be the
set of integers and let P be the predecessor function. For n € wt take @, to be
the union of P*"—the composition of P with itself n times—and the inverse of P™,
and take Qo to be the identity function on U. 1

With the help of the methods used to prove Theorem 4.7 it is possible to establish
other, related representation theorems. We give an example using the substitution-
cylindrification algebras that were first introduced in Pinter [1973] under the name
of quantifier algebras.

Definition 4.14. A substitution-cylindrification algebra of dimension « is an alge-
bra

A=(4,+, =, &, 8ij )ijjea
such that (A4, +, —) is a Boolean algebra , the operations ¢; and s;; are unary, and

postulates (Q1), (Q4)-(Q10), and
sijspi(z) = sijspj(z) foralli,jk<a

are valid in 2 when o > 3; when o < 2 we require in addition that (Q16) and
(Q17) are valid in A. A substitution-cylindrification equality algebra of dimension
a is an algebra

A= (A, +, -, ci, 855, dij )i jea
such that the reduct

A=(A4,+, —, ¢, 8ij Jijea

is a substitution-cylindrification algebra and the d;; are constants satisfying the ad-
ditional postulates (Q18) and (Q19). The classes of all substitution-cylindrification
algebras and all substitution-cylindrification equality algebras of dimension a are
denoted by SCA, and SCEA, respectively. We also use these notations as abbre-
viations for the phrases “substitution-cylindrification algebra of dimension &” and
“substitution-cylindrification equality algebra of dimension a” respectively. I

The notions of a full substitution cylindrification set algebra (with or without
equality), a representable substitution cylindrification algebra, a rectangularly dense
substitution cylindrification algebra, and the cylindric reduct of a substitution cyl-
indrification algebra are the obvious analogues of the quasi-polyadic notions. The
classes RSCA, and RSCEA, of all representable SCA, and SCEA, are varieties.
Also, for 8 < a, every equation in the language of SCAg (or SCEAg) that holds
in RSCA, (or RSCEA,) must hold in RSCAz (or RSCEAg). (See the analogous

remarks concerning QPA, and QPEA,.) The next two lemmas are intended to
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clarify the relationship between cylindric algebras and substitution cylindrification
algebras. The first of them is due to Pinter [1973], p. 366.

Lemma 4.15. The class SCEA, is a term definitional extension of CA, .

Proof: Let 2 be in SCEA, and B its cylindric reduct. Then B is in CA, and each
substitution s;; of 2 can be defined by the formula

(2) z if 1 = 7,
S;ile) =
I ci(dij-2)  ifi#j.

Conversely, if 2 is in CA, and we define s;; as above, then (2, s;;); j<q is in SCEA,, .
Indeed, the postulates for SCEA, are all valid in CA, under the given definition of
substitution, by Henkin-Monk-Tarski [1971], Section 1.5. 1

Lemma 4.16. Every SCA, is a subreduct of a CA, (more precisely, a subreduct
of the definitional extension of a CA, to a SCEA,).

Proof: The proof is very similar to the proof of Theorem 4.7. Let 2 be a SCA, and
B its perfect extension in the sense of Jénsson-Tarski [1951]. From the definition
of a perfect extension we know, in particular, that B is a complete, atomic BAO
and that %[ is a subalgebra of ®B. The proof we gave to show that the completion of
a QPA, is again a QPA, carries over to the case of the perfect extension of a SCA,
and shows that

(1) B isa SCA,.

Also, the proof that the completion of a QPA, has a definitional extension which
is a QPEA, carries over to show that

(2) B has a definitional extension which is a SCEA, .

The key point to observe in carrying over this proof to (2) is that substitutions
are completely additive in a perfect extension (as opposed to the situation in a
completion, where they need not be completely additive). This is a consequence of
the additivity of substitutions (see (Q9)) and the fact that the canonical extension
of an additive operation (in a perfect extension) is completely additive (see Jénsson-
Tarski [1951], Theorem 2.4). To carry over the proof to (2) one must also check
that (viii) and the first part of (i) in 4.2 hold in SCA, , and this is easy.

Let € be the definitional extension of B to a SCEA, that is guaranteed by (2).
By the previous lemma, € is a term definitional extension of a CA, ®. Thus, 2 is
a subalgebra of B, which is a reduct of €, which is a definitional extension of 2.
This proves the assertion of the lemma. 1

Corollary 4.17. An equation in the language of SCA, is true of SCA, iff it is true
of CA, (with substitutions defined as usual).

Proof: Suppose that € is an equation in the language of SCA, . Assume first that €
is valid in SCA,, . Let 2 be any CA,, B the definitional extension of 2 to a SCEA,
guaranteed by Lemma 4.15, and ¢ the reduct of B to a SCA,. Then € holds in €
by assumption and therefore also in 2l (more precisely, in B).



48 ANDREKA, GIVANT, MIKULAS, NEMETI, AND SIMON

Now assume that € is valid in CA,. Let € be an arbitrary SCA, , B the defini-
tional extension to a SCEA, of the perfect extension of ¢, and 2 the reduct of B to

CA, . Then € holds in 2 (more precisely, in B) by assumption. Therefore it must
hold in the subreduct €. &

Thus, when we wish to use a law that is valid in SCA, we may refer to the
corresponding law for CA, .

Theorem 4.18. Let a > 2.

(i) Every a-dimensional rectangularly dense substitution cylindrification alge-
bra with equality is representable.

(ii) Every a-dimensional rectangularly dense substitution cylindrification alge-
bra without equality that has completely additive substitutions is repre-
sentable.

Proof: We sketch the proof. First, suppose that 2 is a SCEA,, and let B be its
cylindric reduct. Then B is a cylindric algebra and 2 is a term definitional extension
of B, by Lemma 4.15. Assume that 2 is rectangularly dense. Then certainly B is
rectangularly dense and hence representable by Theorem 3.11. The representation
must preserve term-definable operations, so we also have a representation of 2.

Now suppose that 2 is a SCA, in which the substitutions are completely additive.
Then by the results of Monk [1970] 2 has a completion 9B. One readily checks that
B is also a SCA, . Also, just as in the case of quasi-polyadic algebras (see the proof
of Theorem 4.7), one can show that B is the reduct of a SCEA,, €. Assuming
the rectangular density of 2, we easily check that 8 and € inherit this rectangular
density. By the results of the preceding paragraph, € is representable. This gives
us a representation of ‘B and hence also of 2(. I

The laws in Lemma 4.2(i)—(x1),(xx) are valid in CA,, by the results of Sections
1.2 and 1.5 in Henkin-Monk-Tarski [1971] (see, in particular, Theorems 1.5.8 and
1.5.9). Hence, they are valid in SCA, , by Corollary 4.17. Therefore, the proof that
substitutions are completely additive in a quasi-atomic, rectangularly dense QPA,
carries over without change to the case of SCA, .

Lemma 4.19. Let 2 be a quasi-atomic, rectangularly dense SCA,. Then each
substitution Is completely additive.

Consequently, we arrive at the following characterization of representability in

SCA,,.

Corollary 4.20. Let 2 be a SCA, , where a > 2. Then the following are equiva-
lent:

(i) 2 is representable ;
(ii) 2 is embeddable in an atomic, rectangularly dense SCA, ;
(iii) 2 is embeddable in a quasi-atomic, rectangularly dense SCA, ;
(iv) 2 is embeddable in a rectangularly dense, completely additive SCA, .
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Problem 4.21. Can the hypothesis of the complete additivity of sg; in Theo-
rem 4.7 and of the complete additivity of all the (non-trivial) substitutions in The-
orem 4.18 be dropped? That is to say, is every rectangularly dense QPA, or SCA,
representable?®

Problem 4.22. Does every QPA, and every SCA, have a completion?

Notice that a positive solution to the second problem would give a positive
solution to the first problem as well.

5. RICH CYLINDRIC AND QUASI-POLYADIC ALGEBRAS

In Henkin-Monk-Tarski [1985] the concept of an i-thin element is introduced,
and with its help the notions of a rich cylindric algebra and a rich quasi-polyadic
equality algebra are defined (see pp. 60, 242, and in particular, Definition 3.2.1). It
is shown in Theorems 3.2.13 and 5.4.34 that a cylindric algebra or a quasi-polyadic
equality algebra of finite dimension a > 2 is representable iff it is embeddable into
a rich cylindric algebra or quasi-polyadic equality algebra (of the same dimension)
in which the so-called Henkin equations are universally valid. (For quasi-polyadic
equality algebras the theorem is only formulated for @ > 3, but the proof goes
through for the case @ = 2 as well.) The proof is an algebraic version of the proof
of the Completeness Theorem for first-order logic (see op. cit., pp. 59-64). The
authors then ask in Problem 5.6 whether this result can be extended to quasi-
polyadic algebras (without equality). (Actually, they refer to polyadic algebras
instead of quasi-polyadic algebras, but recall that for finite dimensions the two
notions coincide.) Since the concept of an i-thin element is defined with the help of
diagonal elements, part of the problem consists in finding an appropriate definition
of i-thinness when diagonal elements are not available.

We shall introduce a form of the definition of an i-thin element and of a rich
algebra that does not depend on the presence of diagonal elements, but only on
cylindrifications. Therefore, it can be applied to any of the classes of algebras
studied in Sections 3 and 4. From this definition it will be seen that richness can be
viewed as a density notion, similar in spirit to rectangular density. We shall then
give two distinct characterizations of richness, one in terms of rectangular density
and the other in terms of point density. As a consequence of these characterizations,
we shall show that (for the classes studied in Sections 3 and 4) a rich algebra of
finite (or locally finite) dimension is representable. Thus, we will obtain a form of
the Henkin-Tarski representation theorem that does not require the presence of the
Henkin equations. We will also obtain a positive solution to Problem 5.6. Finally,
we shall discuss the relationship of our notions of thinness and richness to those in
op. cit., and we shall give some historic remarks.

Recall that the dimension set of an element z is the set

Az ={i<a:c(z) #z}.

8Quite recently, Andréka, Givant, and Németi have obtained a positive solution to this problem.
The case o < w requires a new argument; the case a > w follows from the case a < w by the
argument in the second paragraph of the proof of Theorem 3.11.
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Recall also that an algebra is said to be locally finite dimensional if Az is finite for
each element z of the algebra. Observe that a finite dimensional algebra is always
locally finite dimensional.

In what follows, assume that 2 is a CA,, a QPEA,, a QPA,, or an SCA,.
(We ignore SCEA, because this is just a definitional extension of CA,.) When
establishing abstract properties of 2 we shall need to refer to various laws concerning
cylindrifications and substitutions that are valid not only in CA,, but also in QPA,,
QPEA,, and SCA, . Among these laws are postulates (Q1) and (Q4)-(Q10), and
Lemma 4.2(ii)—(xi) and the first part of (i).

Definition 5.1. Let z be an element of 2 and suppose that ¢ < . Then z is i-thin
if

(i) ¢j(z) = = for all j < & with j # 1, i.e., Az C {i},

(ii) z-¢i(z - y) < y for every y in .

Thin elements play the role in algebraic logic that individual constants play in
model theory and, in particular, in Henkin’s proof of the Completeness Theorem for
first-order logic; see op. cit., pp. 59-63. If we think of z as representing a formula,
then condition (i) asserts that z has at most one free variable and condition (ii) says
that for every formula y, if there is an element satisfying both z and y (with a given
set of parameters for the other variables of y), then every element satisfying z must
satisfy y (with the given parameters). In other words, no formula can distinguish
the elements that satisfy z from one another. The Leibniz law asserts that two
things are equal iff they are indistinguishable from one another. From this point
of view a thin element corresponds to a formula that is satisfied by at most one
element.

The next lemma sheds some light on the set-theoretic intuition behind the defi-
nition of thin elements.

Lemma 5.2. Let i < a < w and suppose that 2 is the full set algebra on a non-
empty set U. Then an element X of 2 is i-thin iff X = @ or there is a u € U such
that

(i) X={zecU :z; =u}.

Proof: The empty set obviously satisfies the conditions of Definition 5.1. Suppose,
now, that for a fixed u € U the set X has the form (i). It is easy to verify condition
5.1(1), so we concentrate on (ii). First some notation: for a sequence z € ®U and
an element u € U, let z[:\u] denote the sequence obtained from z by replacing
the #*® coordinate z; with u. Now let Y be an arbitrary subset of *U. Using the
definitions of X and of set-theoretic cylindrification, we have

XNY={ze€Y:z;=u} and Ciy(XNY)={2zecU:z}\u]cY},
S0
XNC(XnY)={zeCi(XNY):z; = u}

={z€e®VU:z;=vandz €Y}
=XnNnY.
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Thus, condition 5.1(ii) is satisfied.
Now suppose that X is an i-thin element in 2. From condition 5.1(i) we see that
X must have the form

X={zec®U:z; €7}

for some set Z C U. (Here we are using the assumption that o is finite.) If Z is
empty, then clearly so is X. Suppose that Z is not empty. Fix an element v € Z

and put

Y={z€°U:z =u}.
Then
(1) Ci(Y)=°U and XNY =Y.

Using (1) and the assumption that X satisfies condition (ii), we obtain X C Y.
The reverse inclusion follows from the second equation in (1). Thus, X has the
form (i). 1

From the preceding lemma we see that in an a-dimensional space (with o finite),
i-thin elements are either empty or have dimension @ — 1. Thus, from the point of
view of dimension they are thin (or flat) in comparison with elements of dimension
a, much as lines are thin in a two dimensional world and planes are thin in a three
dimensional world. It is from this geometric perspective that the name “i-thin”
derives. (See Figures 3 and 4.)

FiGuRE 3. 0-thin and 1-thin elements in two dimensions.

Thin elements are not quite quasi-atoms, but in the set of elements with di-
mension set included in {7} they are quasi-atoms. The next lemma expresses this
fact.
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FIGURE 4. A 2-thin element in three dimensions.

Lemma 5.3. Suppose that 2 has finite dimension &« > 1 and that z is an i-thin
element. If w < z and Aw C {i}, then w is i-thin and in fact w = z - ¢(4)(w). Thus,
z Is a quasi-atom in the set {y : Ay C {i}}.

Proof: Suppose that w and z satisfy the hypotheses of the lemma. Then

- co)(w) = z - ¢;(w) since Aw C {4},
=z-ci(z-w) since w < z,
<w since z is i-thin,
<z c(a)(w) by (Q4) and w < z.

This shows that w = z - ¢(4)(w). To check condition 5.1(ii), suppose that y is an
arbitrary element. Then

wec(w-y)<z-cie-y) <y
by monotony and the i-thinness of z. 1

We remark in passing that not all quasi-atoms in the set {y : A C {i}} need be
i-thin. For example, in the algebra B from Example 5.23 below, the element U is
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a quasi-atom in the set
{y: Ay C {i}} = {9,°U},
but it is not i-thin.

The following definition is a modification of Definition 3.2.1(ii) in Henkin-Monk-
Tarski [1985], and is based on our notion (as opposed to their notion) of 0-thinness.

Definition 5.4. Suppose that 2 has dimension e > 1. Then 2l is rich if, for every
non-zero y with Ay C {0}, there is a non-zero 0-thin z below y. I

Full set algebras are natural examples of rich algebras.
Lemma 5.5. If 2 is a full set algebra of finite dimension o« > 1, then 2 is rich.

Proof: Let Y be a non-zero element of 2 such that C;j(Y) =Y for every non-zero
j < . Then there is a non-empty set Z C U such that ¥ has the form

(1) Y={zec?U :20€ Z}.
Choose any u € Z and set
X={ze€?U :20=u}.

Then X is a 0-thin element of 2 by Lemma 5.2, and X C Y by (1). Thus, 2 is
rich. 1

Remark 5.6. Let 1(z) be the conjunction of the equations that together express
the assertion Az C {0}, let ¥(z) be the formula

Vylz - co(z - y) < 9],

and let ¢ be the conjunction of 9 and 9. Thus, ¢ is a positive formula expressing the
notion of O-thinness. It is clear that richness coincides with the notion of ¢-density
in ¢. Let’s verify that 1 satisfies the three conditions of Theorem 2.15. Since ¥
is positive, it is preserved under homomorphisms. To check strict preservation, let
f map 2 homomorphically onto 9 and suppose that y is in 9%, i.e., Ay C {0}.
Let z be an element in 2 such that f(z) =y, and set ¢ = c(a~{0})(2). Then z is
obviously in ¥%. Further,

(@) = fle(anion(2)) = canion(f(2)) = canion(y) = v,
since Ay C {0}. This verifies condition (i) in 2.15. To verify (ii) suppose that
yE@bmandzEA. For each 7 with 0 < 72 < @ we have
ci(y - ¢(o)(2)) = €i(y) - ¢(a)(2) = ¥ - ¢(a)(2)

by 4.2(v) and the assumpution Ay C {0}. This shows that the element y - ¢(4)(2)
is in $™. To verify condition (iii) let z € A and set y = ¢(a~{0})(z). Then y is in
% and

c(a)(¥) = €(a)C(an{o})(®) = c(a)(2) -



54 ANDREKA, GIVANT, MIKULAS, NEMETI, AND SIMON

The term “rich” was probably employed by Henkin and Tarski to express that
an algebra possesses a sufficient number of elements acting like constants (much as
a first-order theory is sometimes called “rich” if it possesses a sufficient number of
constants acting as witnesses to existential assertions).® But from our perspective
a better terminology might be 0-thin density (in the set of elements with dimension
set included in {0}). It is natural to ask whether O-thin density implies i-thin
density for each ¢ < a. Our first task (which is accomplished in Corollary 5.9) is to
prove that this is indeed the case.

Lemma 5.7. Suppose that 2l is rich and has finite dimension a > 1. Then every
element whose dimension set is included in {0} is the sum of the 0-thin elements
below it.

Proof: Let y be any element such that Ay C {0}, and set
X ={z:z is 0-thin and z < y}.

Clearly y is an upper bound for X.
Suppose that z is an element such that y - —z # 0. Then

0 # clanio})(¥ - —2) = ¥ c(an{o})(—2)
by 4.2(v) and Ay C {0}. Because 2 is rich there is a non-zero 0-thin element
w < Y- ¢(an{0})(—2). Since w <y, we have w € X. Since 0 < w < ¢(an~io})(—2),
we have

0#w- C(aN{O})(_Z) by BA,

0 # —z - c(anqo})(w) by 4.2(vi),

0# -2z -w since Aw C {0}.

Because w € X and w £ z, the element z cannot be an upper bound for X. Thus,
if z is any upper bound for X, then y - —z = 0 and therefore y < z. 1

Lemma 5.8. Suppose that 2l is rich and of finite dimension a > 1. If z is a 0-thin
element in 2, then so;(z) Is i-thin.

Proof: When ¢ = 0 we have sq;(z) = z, so the lemma is trivial. Suppose that
0 # 7. We verify the two conditions of i-thinness. For k € o — {0, 7} we have

crsoi(z) = soick(z) = soi(z)
by (Q8) and Az C {0}. Also,
cosoi(z) = soi(z)
by (Q7). This verifies condition 5.1(i).
Before verifying condition 5.1(ii) we make some preliminary observations.

(1) If y < sgi(z) , then s;oco(y) < z.

9The approach of Halmos [1962], p. 143, to constants is not via elements of the algebra — in
our case, thin elements — but via systems of Boolean endomorphisms. His definition of a “rich”
(polyadic) algebra is based on his notion of a constant (see op. cit., p. 157).
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Indeed, suppose that y < sg;j(z). Then
(2) Co(y) S CoSOi(m) = 80,,;(:12)
by 4.2(ii) and (Q7). Hence,

sioco(y) < siosoi(z) by 4.2(i),
= sjo(z) by 4.2(ix),
=z by 4.2(xx), since
Az C {0}

This proves (1).
(3) If y < sei(z), then soi(z) - coci(y) = co(y) .
For the proof, suppose that y < so;(z). Then

co(y) < soi(z) - coci(y)
by (2), (Q4), and 4.2(ii). For the reverse inequality we have

z - coci(y) = z - cico(y) by 4.2(vii),
=z - ¢;is0ico(y) by (Q6),
=z - cosioco(y) by 4.2(xi),
=z - co(z - sioco(y)) by (1),
< sioco(y) since z is 0-thin.

Applying sg; to both sides yields

soi(z - coci(y)) < soisioco(y) by 4.2(i),
s0i(2) - s0icoci(y) < soico(y) by 4.2(i),(ix),
s0i(z) + coci(y) < co(y) by (Q6).

This proves (3).
To verify condition 5.1(ii) let y be an arbitrary element of 2 and set

(4) 2 = s0i(2) - s(s0:(2) - 9).
We must show that z < y.

(5) If w is 0-thin, then w-2z < y.

Indeed,
w-z=w-se(z) w-ci(soi(z) - y) by (4) and BA,
= w - spi(z) - ci(w - s0i(z) - ¥) since Aw C {0} and 7 # 0,
< w-soi(z) - coci(w - soi(z) - y) by (Q4),
=w-co(w - soi(z) - y) by (3) with “w - so;(z) - y” for
< soi(z) -y since w is 0-thin,

<y by BA.

[P

v,

55



56 ANDREKA, GIVANT, MIKULAS, NEMETI, AND SIMON

FIGURE 5. A 0-thin element z and its sg; substitution.
Now let X be the set of 0-thin elements below ¢(qn{0})(2). Then

(6) Clanion(2) = XX

by the richness of 2 and the preceding lemma. Hence,

z =z c(an{0})(2) by (Q4),
=2z- ZX by (6);
=N {z-w:we X} by BA,
<y by (5).

Corollary 5.9. Suppose that 2 is rich and has finite dimension o > 1. Then for
every non-zero y with Ay C {i} there is a non-zero i-thin z below y.

Proof: If 7 = 0, then this follows at once from the definition of richness. Suppose
that ¢ # 0. Then

(1) soi(y) =y
by 4.2(xx) and the assumptions Ay C {i} and i # 0. Now
csio(y) = siock(y) = sio(y) for k #0,1,
by (Q8) and Ay C {i}, and
CiSio(y) = Sio(y)

by (Q7). In other words, As;o(y) C {0}. Hence, using the assumption that 2 is
rich, we can find a non-zero 0-thin element 2z < s;0(y). Applying so; to both sides,
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we obtain

soi(z) < soisio(y)  4.2(1),
soi(z) < s0i(y) by 4.2(ix),
sei(z) <y by (1).

The element so;(z) is i-thin by Lemma 5.8. Further, so;(z) # 0 since
0 # z = sio(z) = si0s0i(z)

by Az C {0} and 4.2(ix),(xx). Therefore, the conclusion of the lemma is satisfied
by soi(z) (in place of z). 1

The notion of a point in relation algebras occurs implicitly in Theorem 4.30
of Jénsson-Tarski [1952] and was studied by several subsequent researchers (see,
for example, Maddux [1991]'°). We now introduce a notion of a point that is
appropriate for finite dimensional algebras with cylindrification operations.

Definition 5.10. Suppose that 2 is of finite dimension @ > 1. An element z is a
point if ¢(q~i})(2) is i-thin for each i < . 8

Lemma 5.11. Suppose 2 has finite dimension o > 1. Then every point is a rect-
angle.

Proof: Assume that z is a point. Then

(1) ¢(an{i})(2) is i-thin for each i < o,

by definition. From (Q4) we see that

(2) ¢(a)(2) < e(angi})(z) for A C a —{i}.

Using 4.2(vii), (2), and (1), we obtain

(3)  claniin)(@) - cavgiy) (@) < c(a)(z) for A C - {i}

as follows:

c(an{i})(®) - c(aufi})(2) = c(anii})(@) - cic(a)(z)
= ¢(andi})(2) - Cile(anii})(2) - c(a)(2)]
< C(A)(:B) .

10Tn Maddux’s work a narrower notion of a point is adopted, one that corresponds to points
lying below the main diagonal, i.e., below the identity element. (One might call these diagonal
points or subidentity points.) However, the more general notion of a point is implicit in his
Theorems 40 and 41.
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We now apply (3) o times, starting with A = a ~ {0,1} and ¢ = 1, then taking
A =a~ {0,1,2} and i = 2, and so on, to get

[Licactantin(®) < Tlicicat(aniin(®) - ¢(anio)(2)
< [a<icaClaniit)(2) - clango,1,2})(2)
<. ..

< c(cx~cx)(m)

= .

Thus,

[Lical(aniin(z) < 2.

The reverse inclusion follows from (Q4). Hence, z is a rectangle by Lemma 3.7.
(See Figure 6.) 1

FIGURE 6. A point z is a rectangle: it is the intersection of the
0-thin element cqa(z), the 1-thin element cgz(z), and the 2-thin
element cq1(z).

The terminology “point” derives from the fact that in a full set algebra an element
is a point iff it is empty or a singleton:

Lemma 5.12. Suppose 2 is the full set algebra of finite dimension a > 1 on a set

U. Then an element X in 2 is a point iff X = @ or there are ug,...,uq—1 in U
such that X = {(uo,...,%a—1)}
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Proof: Suppose X is a non-empty point in 2. Then C4~{;})(X) is non-empty and
i-thin by definition. By Lemma 5.2 there is an element u; in U such that

(1) Claniin(X) = {w € *U 1 w; = u;}.
Therefore,
X = NicaClaniin(X) by 5.11,

:ﬂi<a{w€°‘U:wi = u;} by (1),
= {(’u,o, ey ua_l)} .

For the converse, it is easy to check that the empty set is a point. Suppose that
X ={(uo,...,uq—1)}. Then

C’(am{i})(X) = {w €U :w; = 11,,;}

by definition of set cylindrification, and this element is i-thin by Lemma 5.2. There-
fore X is a point. 1

In analogy with Lemma 3.7 we have the following characterization of points.

Lemma 5.13. An element z Is a point iff there exist elements yo,...,Yyoq—1 such
that y; Is i-thin for each 1 < a and ¢ = Hi<ayi .

Proof: If z is a point, then set y; = ¢(a~{i})(z). By Definition 5.10 the element y;

is i-thin and by Lemma 5.11 we have z = [[, 4 -

For the reverse implication, suppose that y; is i-thin and that z = [] Then

i<ali-
C(a~{i})(m) < C(a~{i})(yi) =Y,

since Ay; C {i}. Hence, c(qnii})(2) is 4-thin for each ¢, by Lemma 5.3. By
Definition 5.10, z is a point. I

The next two lemmas elucidate the relationship between points and quasi-atoms.

Lemma 5.14. Suppose that 2| has finite dimension o« > 1. Then every point is a
quasi-atom and every element below a point is again a point. In particular, if 9 is
simple, then every non-zero point is an atom.

Proof: Suppose
(1) z is a point.

Let y < z. Then ¢(qnqi})(y) < €(an{i})(z) for each i < a. Therefore, by Lemma 5.3
C(QN{i})(y) is i-thin for each 7 < @. Hence,

(2) y is a point.

By the same lemma, ¢(o~{i})(Z) is a quasi-atom in the set of elements with dimen-
sion set included in {i}. Therefore

(3) c(ani{i})(¥) = c(an{i})(E) - €(a)(¥) -
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Hence,
Y = [licaCla~iin)(¥) by (2) and 5.11,
= [licaClaniin(®) - ca)(y) by (3),
=z c(a)(y) by (1) and 5.11.

It follows that z is a quasi-atom. The final assertion of the lemma follows from
Lemma 2.17(ii). 1

A kind of converse to the preceding lemma is also true.

Lemma 5.15. Suppose 2 has finite dimension a > 1. If 2l is rectangularly dense,
then every quasi-atom z is a point.

Proof: Assume that 2 is rectangularly dense. Let z be a quasi-atom and fix an
i < a. We must show that C(QN{i})(m) is ¢-thin. It clearly suffices to show that for
any given y we have

(1) C(an{i})(2) - Ci(c(aniin)(2) - y) < -

Suppose that z is a non-zero rectangle below c(on{i})(2) - €i(c(an{i})(2) - ¥)-
(2) Slanti)(2) = e(antit)(2) - (a)(2) -

To see this, notice that

(3) Canii}) (2) < Caniip)(2)

by 4.2(ii),(iii),(vii), and the assumption that z < ¢(q4~{i})(z) . Because z is a quasi-
atom, we get

Z - Clanii})(2) = Z - €(a)(Z - Clan{i})(2)) by 2.17(i),
=z CiC(an{i}) (@ - Can{i})(2)) by 4.2(vii),
=2 - ci(C(anii})(2)  Claniiny(2)) DY 4.2(v),
=z - ci(C(an{i})(2)) by (3),
=2z c(a)(2) by 4.2(vii).

Applying ¢(a~{i}) to both sides, we see from 4.2(v) that

Clanti}) () Claniin) (2) = e(aniip)(2) - €a)(2) -
In view of (3), this gives us (2).
(4) z-y#0.
Indeed,
0 < z < ci(e(angip)(2) " ¥) and z < ¢(a)(2)
by assumption and (Q4), so
0< 2

< cieaniip)(z) - ¥) - c(a)(2) by BA,

= ci(c(aniin)(2) - ca)(2) - y) by 4.2(v),

= ci(c(antin)(2) - ¥) by (2).
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Therefore,

z - ci(canii})(2) - y) # 0 by BA,
ci(2) - clan{i})(2) -y #0 by 4.2(vi),
z-y#0 since z is a rectangle.
This proves (4).
We have shown that for any non-zero rectangle z below
Caniin(2) - Ci(c(antip(2) - ¥)

we have z-y # 0. Hence, for such a z we cannot have z < —y. In other words there
can be no non-zero rectangles below

(5) clan{it)(®@) - cile(antin)(@) - ¥) -~y
Since 2 is assumed to be rectangularly dense, that means that (5) is 0. Assertion
(1) is proved. 1

Definition 5.16. Suppose 2 has finite dimension o > 1.

(i) 2 is point dense iff every non-zero element is above a non-zero point.
(ii) 2 is diagonally point dense if every non-zero subdiagonal element is above
a non-zero point.

Remark 5.17. If we take ¢ to be the (positive) formula that defines a point, then
it becomes clear that point density is just @-density.

Diagonal point density is another example of the notion of p-density in 9. Here
9 is the formula z < d defining the subdiagonal elements and ¢ is the conjunction
of ¥ and the formula defining points. Notice that v satisfies conditions (i)—(iii) of
Theorem 2.15. Indeed, since v is positive, it is preserved under homomorphisms.
Now let f map 2l homomorphically onto 9B and suppose that y € %*. Choose
z € A so that f(z) =y. Set z =d- z. Then z € %™ and

fz)=fd-2)=f{d) - f(z)=d-y=y.

This verifies condition (i). Condition (ii) is trivially satisfied. For condition (iii) let
z € A and set y = d - ¢(4)(z). Then

c(a)(¥) = e(a)(d - ¢(a)(2)) = €(a)(d) - €(a)(2) = 1+ ¢(a)(2) = c(a)(2)
by 4.2(v) and 3.3(iii). 1
Theorem 5.18. Suppose that 2 is a CA,, QPEA,, QPA,, or SCA, with finite

dimension a > 1. Then the following conditions are equivalent:
(i) 2 is rich;
(ii) 2 is point dense;
(iii) A is rectangularly dense and quasi-atomic.

If A is a CA, or a QPEA, , then each of the above conditions is equivalent to each
of the following conditions:

(iv) U is rectangularly dense;
(v) 2 is diagonally point dense.
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In case 2l is simple we may replace “quasi-atomic” by “atomic”in (iii).

Proof: For the implication from (i) to (ii) suppose that 2 is rich. To show that
2 is point dense, fix a non-zero y. We define by induction on k& < a a sequence
Zg, ..., Z,_1 of elements such that

(1) z; is i-thin
for each 2 < k and

(2) y'Hi<kmi¢0-
When k& = 0 both (1) and (2) hold vacuously because y # 0. Suppose now that

0 < k < a and that for 7 < k the elements #; have been defined so that (1) and (2)
hold. From (Q4) and (2) we see that

(3) clan{k}) (¥ - Tlj<x2i) # 0.

Because % is rich, we can use Corollary 5.9 to find a non-zero k-thin element z

below the left-hand side of (3). Hence, (1) holds for 2 = & and

k- clan{p(¥  [1;<125) # 0.
Applying 4.2(vi) repeatedly we get

Y- Tl <x®i - Clanirn(ze) £ 0.

But ¢(a~ir})(2r) = 2¢ since Azy C {k}. Thus, we arrive at (2), with “k + 17 in
place of “k”.
Set
w=1]J, <a®i-
Then w is a point by (1) and Lemma 5.13, so w -y is a point by Lemma 5.14. Since
w-y # 0, by (2) with £ = «, we see that w -y is a non-zero point beneath y. (See
Figure 7.)

To establish the implication from (ii) to (iii), suppose that 2 is point dense.
Every point is a rectangle by Lemma 5.11. Moreover, every point is a quasi-atom
by Lemma 5.14. Therefore, 2 is rectangularly dense and quasi-atomic. If 2 is
simple, then every non-zero point is an atom by the same lemma, so 2 is atomic.

To establish the implication from (iii) to (i), suppose that 2 is rectangularly
dense and quasi-atomic. To show that 2 is rich, let y be any non-zero element with
Ay C {0}. Because 2 is quasi-atomic, there is a non-zero quasi-atom z below y.
Then ¢(q~{0})(z) is below y by 4.2(ii) and the assumption that Ay C {0}. Moreover,
C(a~{0})(2) is non-zero by (Q4) and 0-thin by Lemma 5.15 and the definition of a
point. Thus, every non-zero element with dimension set included in {0} has a
non-zero 0-thin element below it.

Assume now that 2 is a CA, or a QPEA,, . Clearly, (iii) implies (iv). To establish
the implication from (iv) to (v), suppose that 2 is rectangularly dense. Let y be any
non-zero subdiagonal element. By rectangular density, there is a non-zero rectangle
z below y. From Lemma 3.8(i) we see that z must be a quasi-atom, and therefore
a point, by Lemma 5.15. Thus, 2 is diagonally point dense.

Now suppose that (v) holds, with the goal of establishing (i). Let y be a non-
zero element of 2 whose dimension set is included in {0}. Then c(a~{0})(¥) = ¥,
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FIGURE 7. Constructing a point w below a non-zero element y in
a rich algebra.

so y-d # 0 by Lemma 3.4. Invoking diagonal density, we obtain a non-zero point
z below y - d. Using (Q4) and 4.2(ii), we see that

0 < c(anio})(2) < clango})(¥) =¥

Since z is a point, we conclude with the help of Definition 5.10 that c(a~{0})(2) is
a non-zero 0-thin element below y. Hence, 2 is rich. This completes the proof of
the theorem. 1

Remark 5.19. From the previous theorem we see, e.g., that a simple, rich algebra
is always atomic. Lemmas 5.15 and 5.14 give us a characterization of these atoms:
they are precisely the non-zero points.

In contrast to the situation for CA, and QPEA,, in the case of QPA, and
SCA, rectangular density does not imply quasi-atomicity. This is clear from Ex-
ample 4.12, where we construct an atomless, rectangularly dense QPA,, 2. Because
2l is simple, a non-zero quasi-atom is the same thing as an atom. Hence, 2| has no
non-zero quasi-atoms. I

Theorem 5.20. Suppose that 2 is a CA, , QPEA, , QPA,, or SCA, with (possibly
infinite) dimension a > 2. If 2 is rich, and if either @ < w or else & > w and U is
locally finite dimensional, then 2l is representable.

Proof: Assume that 2 is rich. If 2 < & < w, then 2 is rectangularly dense and
quasi-atomic by Theorem 5.18. Therefore, it is representable by Theorem 3.11 in
the CA, case, 4.6 in the QPEA, case, 4.10 in the QPA, case, and 4.20 in the SCA,
case.

Now suppose that ¢ = w and that 2 is locally finite dimensional. For each n
with 2 < n < a let B, be the set of elements whose dimension set is included in
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n. Then B, is easily seen to be a subuniverse of the n-reduct of 2, i.e., the reduct
of 2 to the Boolean operations and to the extra-Boolean operations and constants
whose indices are included in n (see Henkin-Monk-Tarski [1971], Theorem 2.6.27.)
Let B, be the corresponding algebra. (This is usually called the neat n-reduct of
).

(1) Every 0-thin element of 2l is in B,, and is 0-thin in 9B, .

To prove (1), let z be a 0-thin element of 2. Then Az C {0} C n, so z is in
B, . To show that z remains 0-thin in B,,, let y be any element of B,,. Then in
2A we have

z-co(z-y) <y,

and this equation must of course continue to hold in the subreduct B, .
(2) B, is rich.

For the proof, let y be a non-zero element of B, such that Ay C {0} in B, .
Thus, c;(y) = y for every 7 such that 0 < 2 < n. On the other hand, c¢;(y) = y
whenever n < i < @, by definition of 9B, . Therefore, Ay C {0} in 2. Because 2 is
rich there must be a non-zero 0-thin element z below y in 2. Then z is in B, by
(1), and in 9B, it remains a non-zero 0-thin element below y.

From (2) and the finite dimensional case of the theorem that has already been
proved, we conclude that

(3) B,, is representable.

Let K, and K, be the classes of representable algebras of dimension a and of
dimension n respectively. Thus, e.g., Ko = RCA, when 2 is a CA,, Ko = RQPA,
when 2l is a QPA,, etc. Then K, is a variety. (See the remarks in Sections 3 and 4
regarding the classes of representable algebras.) To show that 2 is in K, it therefore
suffices to show that every equation true of K, is also true of 2(. Let £ be any such
equation, say with variables among vg,...,vx_1. Let (yo,.-.,¥x—1) be a sequence
of arbitrary elements of 2. Because 2 is locally finite dimensional, we can find a
finite n > 2 such that Ay; C n for each i < k and such that every extra-Boolean
operation symbol of € has its indices in n. Then yo,...,yr—1 are in B, and ¢ is
an equation in the language of K,, . Because ¢ holds in K, it must hold in K,,. (A
proof of this in the cylindric algebraic case is given in the paragraph following the
definition of RCA, . As was noted in Section 4, this proof can easily be extended to
cover the cases QPEA,, QPA,, and SCA,.) Now B, is in K,, by (3). Therefore ¢
holds in B, . In particular, (yo,...,yr—1) satisfies € in B,,. Since € is an equation
and 9B, is a subreduct of %, we see that (yo,...,yx—1) must satisfy € in 2 as well.
It follows that € is true of 2, as was to be shown.

The proof in the case when a > w is essentially the same as in the case a = w,
but is notationally more complicated. We leave the details to the reader. 1

In case @ > w, stronger results than the previous theorem are already known.
In the remarks following Theorem 5.27 we shall explain what these results are and
why we have bothered to include the case @ > w in our theorem.
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Corollary 5.21. Suppose that 2 is a CAy, QPEA,, QPA,, or SCA, with finite
dimension a > 2. Then 2 is representable iff it is embeddable into a rich algebra
(from the same class).

Proof: Suppose that 2| is embeddable into a rich algebra B. Then ‘B is repre-
sentable by the previous theorem, so 2l is representable.

Now suppose that 2 is representable. Then it is embeddable into the direct
product of full set algebras. Each such full set algebra is rich by Lemma 5.5, and
it is not difficult to check that the product of rich algebras is again rich. (Indeed,
0-thinness is defined by a collection of equations and a single equation preceded by
a universal quantifier.) Such formulas are satisfied by a sequence (z¢ : £ € Z) ina
product B = ngE‘BE iff each coordinate z, satisfies them in the appropriate factor
algebra B, . Thus, a sequence is 0-thin iff each coordinate is 0-thin. Similarly, a
sequence (y¢ : £ € Z) has dimension set included in {0} iff this is true of each
coordinate. Suppose y = (y; : £ € E) is non-zero and Ay C {0}. For each non-zero
y¢ (of which there must be at least one) choose a non-zero 0-thin z; below y; and
otherwise set 2; = 0. Then z = (z; : { € £) is a non-zero 0-thin element below y
in B.) Thus 2 is embeddable into a rich algebra. 1

The remaining remarks in this section are historical, and concern principally
the relationship of our notions and theorems for rich algebras to those of Henkin
and Tarski. The following definition is due to Henkin and Tarski, and occurs as
Definition 3.2.1 in Henkin-Monk-Tarski [1985].

Definition 5.22. Let 2 be a CA, with 2 < a. An element z is i-thin provided
that
(i) ¢j(z) = = for j # 1,
(ii) = - s;5(z) < d;; for some j # 1,
(iii) ei(z) =1.
2 is rich provided that, for every non-zero y in 2 with Ay C {0}, there is a 0-thin
z such that z - co(y) < y.1

Let us denote by e;; the equation
cjlz-y-ci(z- —y)] - —ci[cj(z) - —ds;] = 0.

Henkin and Tarski proved that for 2 < @ < w every rich CA, 2 in which the
equations €;; are valid for distinct 4,j is representable (see Theorem 2.11(iii) in
Henkin-Tarski [1961] for an announcement of this theorem).!! Condition (iii) in
their definition of an i-thin element does not play a role in the proof when 2l is
simple. To obtain the general theorem from the simple case, one represents 2
as a subdirect product of simple algebras. These simple factors are also rich and
satisfy the same equations ¢;; . Hence, they are representable, by the simple case
of the theorem. It follows that 2 is representable. To prove that the simple factors

117t is possible to replace €;; with the following equation, which has only one variable:
dij -cj[—2 - ci(2)] - —eilej(2) - —dij] = 0.

In fact, de Rijke-Venema [1995] have shown that for 2 # j and 2 < a < w this equation is valid in
a CA, 2 iff e;; is valid in .
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are rich, one must ensure that the image of a non-zero 0-thin element under a
homomorphism is non-zero. This is just what condition (iii) guarantees.

In a direct proof of our version of the Henkin-Tarski theorem, condition (iii)
is not needed because we do not use an arbitrary subdirect decomposition of 2.
Instead, we use the decomposition guaranteed by Corollary 2.10. Thus, we do not
have to consider arbitrary simple homomorphic images of 2, but rather only those
that retain the 0-thin density character of 2.

We are now in a position to understand the difference between the notions of
richness defined in 5.22 and in 5.4. We believe that Henkin and Tarski would
have liked to define richness (as we have) to mean that below every non-zero y
with Ay C {0} there is a non-zero 0-thin z. However, the condition co(z) = 1 in
their definition forces a 0-thin element in a subdirect product to have a non-zero
coordinate in every factor algebra. On the other hand, such a subdirect product
may have many non-zero elements y with Ay C {0} that have zero coordinates in
some of the factor algebras. To get around this difficulty one must require that in
each factor where the coordinate y; of y is non-zero, the corresponding coordinate z;
of z is below y; . This is precisely what is expressed by the condition z - c(4)(y) < ¥.
(Essentially, ¢(4)(y) is the union of the universes of all those factors where y; is
non-zero.) Since Ay C {0}, we may replace the term “c(4)(y)” by “co(y)” in this
condition. In this way we arrive at the Henkin-Tarski definition of a rich algebra.

Adding the condition ¢;(z) = 1 to the definition of an i-thin element was a way
for Henkin and Tarski to circumvent a difficulty that they encountered. However,
it was not without its price. The next example shows that this condition restricts
the number of algebras that can satisfy the definition of richness. To illustrate this
quite clearly we shall construct a cylindric set algebra 2l that is rich in the sense of
5.4 but does not possess a single thin element in the sense of 5.22, and hence cannot
be rich in that sense. As an interesting additional property of 2, we shall exhibit
a homomorphic image of U that is not rich in the sense of 5.4 (or, equivalently,
that is not rectangularly dense). Thus, the notion of richness in this sense is not
preserved under homomorphic images.

Example 5.23. Fix a finite @ > 2 and a set U of cardinality at least 2. Let B
be the minimal subalgebra of €,(U), i.e., the subalgebra of constants. Any subal-
gebra of €3(U), and in particular B, is simple. Therefore, by Theorem 2.1.17 in
Henkin-Monk-Tarski [1971] (the cylindric algebraic analogue of quantifier elimina-
tion for the theory of equality), the elements of B are just the Boolean combinations
of diagonal elements. Using this, a rather straightforward set-theoretic argument
shows:

(1) The only elements X in B with |[AX| < 1 are @ and *U.

We mention in passing that @ is the only element of B that is i-thin (for any 3).
In fact, by (1), the only possible i-thin elements of B are @ and ®Uj; it is easy to
check, using Definition 5.1, that *U is not i-thin. Moreover, there is no non-zero
i-thin element below *U. Thus, B is not rich in the sense of Definition 5.4.

We single out a special subalgebra 2 of the w*™® direct power of €,(U), namely the
w*™ direct sum (also called the w'®weak direct power) of €4(U) (see Sain [1982a] or
Givant [1994]). The universe of 2 consists of all those sequences that are eventually
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a constant. More precisely, it consists of the sequences (X, : n € w) of subsets X,
of *U such that for some cofinite set I' C w we have

(2) X, € B and X,, = X,, for all m,n € T.
(3) 2 is rich in the sense of 5.4

Indeed, let Y = (Y, : n € w) be a non-zero sequence in 2 with AY C {0}. Then
AY, C {0} for every n € w and Y, # 0 for some fixed m € w. Suppose that
(u; 11 < «) is an element of Yy, . Since AY,, C {0}, the set

Z ={zc®U :2z0=uo}
is included in ¥, . Define X = (X, : n € w) by stipulating that

X, — Z ?fn:m,
=] ifn#£m.

Then X is certainly in 2 by definition of 2; it is non-zero since X,, # @; it is
below Y since X,, C Y, for all n € w; and it is 0-thin since each coordinate is 0-thin
in €4(U), by 5.2. This proves (3).

(4) No element of 2 is i-thin in the sense of 5.22.

To prove (4) fix i < o and suppose that X = (X, : n € w) is an element of A
that satisfies conditions (i) and (iii) of 5.22. We shall show that it cannot satisfy
condition (ii). Since X is in A, there is a cofinite subset T’ of w such that (2) holds.
Since X satisfies condition (i) we have AX, C {i} for all n € w; therefore,

(5) For each n € T the set X,, is either @ or *U
by (1) and (2). Since X satisfies condition (iii) we have
(6) Ci(Xn)=°U forall n € w.

Now Cj(@) = @ # 2U. Therefore (5) and (6) together show us that X, = *U for
every n € I'. But ®U does not satisfy condition (ii), since |U| > 2 (see Lemma 5.2).
Because of the form of condition (ii), a sequence in a direct power will satisfy it
iff each coordinate satisfies it in the factor algebra. Therefore X cannot satisfy
condition (ii).

From (4) we conclude that 2 is not rich in the sense of 5.22.

Notice that B is a homomorphic image of 20. Indeed, the function that maps
each sequence X = (X, : n € w) in A to the set that occurs cofinitely often in X is
easily seen to be a homomorphism from 2 onto B. In view of the remark after (1),
this shows that 2 has homomorphic images that are not rich in the sense of 5.4. 1

In our opinion, one of the conclusions of the above discussion is that, in view
of Corollary 2.10 and Theorem 2.11, condition (iii) should be dropped from the
Henkin-Tarski definition of an i-thin element and the definition of a rich algebra
should be modified accordingly. Let us call an element weakly i-thin if it satisfies
conditions (i) and (ii) of Definition 5.22. An algebra will be called weakly rich if
below every non-zero element y with Ay C {0} there is a non-zero weakly 0-thin
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element. From now on, unless stated otherwise, whenever we refer to the notions
of an i-thin element and a rich algebra (without the modifier “weakly”) we mean
them in the sense of 5.1 and 5.4 respectively.

The definition of a weakly i-thin element differs from that of an i-thin element
because the condition

(1) z - sij(z) < di
is weaker than the condition
(2) z-ci(z-y) <y forevery y.

Indeed, suppose that (2) holds. Taking y = d;; and using the definition of substitu-
tion in CA,, we get (1). The reverse implication is not in general true, as we shall
see in Example 5.24. However, it becomes true for fixed, distinct %, j if we assume
€ij . Indeed, it is proved in Lemma 3.2.3(v) of Henkin-Monk-Tarski [1985] that if
€ij is valid in a CA, 2, then an element of 2 satisfying (1) must also satisfy (2).
Thus, on the basis of the equations ¢;; the notions of i-thinness and weak i-thinness
agree.

Whereas the notion of an i-thin element is based on a logical intuition, that of
a weakly i-thin element is based on a set-theoretic intuition. In a full cylindric set
algebra an element X is weakly 4-thin if, for some j # i, when we replace all the jt®
coordinates of sequences in X by the elements from the i** coordinates, then the
i*" and ;' coordinates always agree. Under condition (i) this implies that all the
sequences in X have the same it® coordinate. Thus, the notion of a weakly -thin
element projects thinness back to the diagonal elements.

Example 5.24. We construct a simple CAy 2 which is weakly rich but not rich.
In 2 we will find weakly i-thin elements that are not i-thin. The universe of 2
is the collection of all subsets of the set {0, 1,2, 3,4}. The Boolean operations are
just the set-theoretic ones. The diagonal elements doo and dy;1 are the unit and
do1 = d1o = {0, 2}. The cylindrifications are completely determined by their action
on the atoms (see Figure 8.):

co({0}) = co({3}) = co({4}) = {0,3,4},
co({1}) = eo({2}) = {1, 2},
c1({2}) = es({3}) = ex({4}) = {2,3,4},
c1({0}) = ea({1}) = {0, 1}.
It is not difficult to check that 2 is a simple CA; . Its cylinders {0, 1} and {2, 3,4}
are weakly O-thin, and {1,2} and {0, 3,4} are weakly 1-thin. For example, let

z = {2, 3,4} with the goal of showing that z is weakly 0-thin. Certainly ¢;(z) = 2.
Also,

z-so1(z) = z-coz - do1) = {2,3,4} Neo({2,3,4} N {0,2})
— 23,4} Neo({2}) = {2,3,4} N {1,2} = {2} C dor .

Because the weakly 0-thin elements coincide with the elements different from the
unit that are co-closed, we see that 2 is weakly rich.
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F1GURE 8. A weakly rich CA; that is not rich.

The element z defined above is not 0-thin. To see this take y = {3}. Then

z-co(z-y) ={2,3,4}Neo({2,3,4} N {3})
={2,3,4}n CO({3}) =1{2,3,4}n{0,3,4} = {3,4},

and this is not a subset of y. In a similar fashion, taking z = {0, 3,4} and the same
y, one can show that z is weakly 1-thin but not 1-thin. Thus, weak i-thinness does
not imply i-thinness.

The cylinder z is not 0-thin, nor is there is a 0-thin element below it. In fact,
z is an atom in the set of c;-closed cylinders. Therefore, the algebra 2/ is not rich.
Nor can it be represented. In a representable algebra the equations ¢;; always hold
for distinct ¢, j and therefore the two notions of thinness coincide. However, in 2
the two notions do not coincide.

The intuition behind the above example is the following. We have taken the full
cylincric set algebra @3(2) on a base set of two elements and split one of the atoms
that is off the diagonal into two (we split 3 into 3 and 4). In all other respects,
2 behaves like €3(2). Because the definition of a weakly i-thin element projects
thinness back to the diagonal (where 2 is “normal”), the weakly thin elements of
B remain weakly thin in their modified form in 2. However, thinness (as opposed
to weak thinness) looks at the interaction of z not only with substitution instances
of z, but with all elements y. Thus, it can notice that there is some abnormality
“in the corner”. 1

It is natural to ask if one can project some notion of point back to the diagonal
and in this way obtain a notion of point density that is equivalent to weak richness
(without using the equations ;7). The next definition and the subsequent theorem
achieve this goal.

Definition 5.25. Let o be finite and 2l a CA, . An element z is a weak diagonal
point if it is a subdiagonal rectangle. 2 is weakly diagonally point dense if every
non-zero subdiagonal element is above a non-zero weak diagonal point.

Lemma 5.26. Let o > 2 be finite and 2 a CA,.
(i) Ifz < di]' , then Si]'C(a~{i})(m) = C(QN{]-})(:I:) .
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(ii) Ifz is a non-zero weak diagonal point, then c(q~{:})(2) is a non-zero weakly
i-thin element.

(iii) If z is a non-zero weakly i-thin element, then Hj(asij(z) is a non-zero
weak diagonal point.

Proof: Since ¢4~ ij})(dij) = dij , 3.2(iii) gives:
(1) If 2 < dij, then c(anqij})(z) < dij -

Using (1) we prove (i). When 7 = j the equality to be proved is a tautology.
Suppose that 7 # j.

sijC(QN{i})(z) = ci(dsj -C(a,\,{i})(z)) by definition of s;; ,
= Ci(dij . CjC(QN{ij})(m)) by (04),
= ci(c(an{ij})(2)) by (1) and 3.3(ii) with
A = {5}, k = 4, and

“C(aw{’l:j})(z)” fOr “:E”,

To prove (ii), suppose that z is a non-zero weak diagonal point, i.e., a non-zero
subdiagonal rectangle. Then for j # ¢ we have

clan{i})(Z) * Sije(aniin)(2) = claniin)(®)  clangin() Dby (i),

= (an{ij})(2) since z is a
rectangle,
< dij by (1).

Since Ac(anqi})(2) C {3}, this shows that c(u~yi})(z) is weakly i-thin. If z # 0,
then of course c(qn~(:})(2) # 0 by (C2).

Taking up the proof of (iii), suppose that z is a non-zero weakly i-thin element.
From Lemma 3.2.3(i) in Henkin-Monk-Tarski [1971] we obtain

(2) T - 85 (:E) < dij .
Since s4;(z) = z, we see from (2) that
[Licasii(z) < Tljcadii = 4.

Thus, Hj<cxsij(m) is a subdiagonal element. Because d;; - < z, we obviously have

(3) ci(dij - z) < ei(2).
Therefore,
sij(z) = ci(z) - ci(dy; - @) by (3) and the
definition of s;; ,
= ci(z - ¢i(dij - z)) by (C3),
= ci(z - ci(dij - ¢(angijy)(2)))  since Az C {i},
= ¢i(2 - cic(aniij})(dij - 2)) by (C3) since

Adij g {i:j}i
= ¢ic(an{ij})(Z - ci(dij - 2)) by (C4) and (C3),
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by (04):
by definition of s;; .

= c(an{j})(E " ci(dij - ))
= C(aN{]’})(:ﬂ - s5(2))

Taking the product over all j < a we arrive at

[1;<asii (@) = [1;callaniip (@ - si5(2)) -

In view of 3.7, this shows that Hj<a3ij($) is a rectangle.

The above string of equalities also shows that

(4) Clan{i})Sij (2) = sij ().

In addition,

(5) cjsij(z) = ci(z).

For ¢ = j this is obvious. Suppose 7 # j. Then

cjsij(z) = cjei(dij - @)

by definition of s;; ,

= cicj (dij . .’l:) by (04) ’
= ci(cj(dij) - =) bY( ()Ci) and

= ci(z)

by 3.2(vi) and BA.

Therefore,

e(@)([1; <asii(2)) = e@)([]j catlaniin®i(z)) by (4),
= I <at(esii (@) by 3.5(i) with A = a,
= [1; catic(aniinsii (@) by (C4),
= 1 <aci%ii(2) by (4),
= [lj<qc(2) by (5),
= ci(z) by BA,
2@ by (C2),
>0 by assumption.

This forces Hj<a3ij (z) to be non-zero.

Summarizing, we have shown that Hj<a3ij (z) is a non-zero subdiagonal rectan-

gle, which is just what was to be proved. 1

Theorem 5.27. Let o > 2 be finite and U a CA, . Then 2 is weakly rich iff it is

weakly diagonally point dense.

Proof: Suppose first that 2l is weakly diagonally point dense. To show that 2 is
weakly rich let y be a non-zero element such that Ay C {0}. We must construct a
weakly O-thin element below y. By Lemma 3.4 and y = ¢(a~{0})(y) We have

d-y=d- C(a~{0})(y) #0.

Therefore, by assumption, there is a non-zero rectangle = below d - y. Then

c(ani0})(2) < clanio})(¥) = ¥-
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Moreover, c(4~{0})(Z) is a non-zero, weakly O-thin element, by part (ii) of the
previous lemma.

Now assume that 2 is weakly rich. To show that it is weakly diagonally point
dense, let y be a non-zero subdiagonal element. By our assumption, there is a
non-zero, weakly O-thin element z below ¢y~ {0})(y). Then

soi(z) < soic(anqop)(y) by 4.2(i),
= c(an{i})(¥) by 5.26(i) and y < d.

Therefore
[Licasoi(z) < [icatlaniin(y) -

Now
[Ticasoi(z) <d

by 5.26(iii). Also,

d-claniih)(y) = ¥

by 3.3(ii) with (A = o ~ {i} and k = 7). Combining these three equations, we
obtain

Hi(aso”:(m) S d- Hi((xc(a"‘{":})(y) =Y.

Since [ [;.,50i(z) is a non-zero, weak diagonal point, by 5.26(iii), we are done. I

In this paragraph we assume that « is infinite. Tarski proved that every locally
finite dimensional CA, is representable (see Henkin-Monk-Tarski [1971], Theorem
3.2.8, and see Tarski [1952] for the announcement of this result); the hypothesis of
richness is not needed. Halmos proved that every locally finite dimensional polyadic
algebra is representable (see, in particular, Theorems 16.9 and 17.1 in Chapter V
of Halmos [1962], originally published in 1956). A consequence of this theorem is
an analogous representation theorem for QPA, and SCA, . For the case of QPA,
this follows from Theorem 7.6 in Chapter 5 of op. cit. For the case of SCA, we
use also a theorem of Galler [1957] according to which a locally finite dimensional
SCA, is a reduct of a (locally finite dimensional) polyadic algebra of dimension «
(see Pinter [1973], p. 365). (A direct proof that locally finite dimensional QPA,
and SCA, are representable is given in Andréka-Gergely-Németi [1977], Theorem
(A.3).) An argument similar to Galler’s shows that every locally finite dimensional
QPEA, is the reduct of a locally finite dimensional polyadic equality algebra of
dimension . (This also follows readily from results of Sain-Thompson [1991].)
Since Halmos [1962] proved that the latter algebras are representable (see Theorem
6.9 of Chapter 7, and the remarks preceding the theorem), it follows that every
locally finite dimensional QPEA,, is representable.

Theorem 5.20 above establishes the representability of rich algebras of finite
dimension at least 2 and of rich algebras of infinite dimension that are locally finite
dimensional. One may ask why we have included the latter case in our theorem
when a much stronger result was established decades ago.

The proof of Tarski’s theorem in Henkin-Monk-Tarski [1985] proceeds in four
main steps. Assume that ¢ > w. The notion of richness referred to here is that of
Definition 5.22.
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(1) Every simple, rich, locally finite dimensional algebra in which the equations
gi; are valid for all distinct 4, j < o is embeddable into a full cylindric set
algebra of dimension o (see Theorem 3.2.5 in op. cit.).

(2) A locally finite dimensional CA, can be embedded into a rich, locally finite
dimensional CA, (see Lemma 3.2.7 in op. cit.).

(3) Every homomorphic image of a rich, locally finite dimensional CA, is rich
and locally finite dimensional (see Lemma 3.2.6 in op. cit.).

4 The equations ¢;; for distinct 7,§ < a are valid in every locally finite di-
q j v J y y
mensional CA, (see Theorem 1.11.7 in Henkin-Monk-Tarski [1971]).

Given an arbitrary locally finite dimensional CA, 2, one first passes to a rich,
locally finite dimensional extension B by using (2), then to a subdirect product of
simple, rich, locally finite dimensional CA, by using Birkhoff’s subdirect decom-
position theorem and (3), and then to a representation of these simple factors by
using (4) and (1).

In view of the above approach to the proof of Tarski’s theorem, and in particular
in view of the important role played in the proof by (1), it seems to us of some
interest to give the locally finite dimensional case (for @ > w) in Theorem 5.20 as
well. If one could establish the analogue of (2) for the notion of richness in 5.4 (and
for each of the classes CA,, QPA,, QPEA,, and SCA,), then one would obtain
as a consequence of 5.20 a general proof of the representation theorem for locally
finite dimensional algebras of logic with infinite dimension.

Theorem 5.20 asserts, in particular, that every rich QPA, of finite dimension
o > 2 is representable. This gives a positive solution to Problem 5.6 in Henkin-
Monk-Tarski [1985]. Monk [1991] announced that Richard Thompson had found a
solution to this problem. Unfortunately, this solution has never been published or
even described in print. Thompson has communicated to us that he does not recall
the details of his solution nor can he locate his notes on the subject. However, he
does recollect that his solution was simple and followed closely the lines of the proof
of Theorem 5.4.34 in op. cit. In attempting to reconstruct his solution on our own,
we ran into the same difficulty that we encountered in Section 4: the substitution
operations of a QPA, need not be completely additive.

6. RECTANGULARLY DENSE RELATION ALGEBRAS AND THEIR GENERALIZATIONS

The first algebras of logic to be investigated after Boolean algebras were the
algebras of binary relations of Peirce and Schréder. The study of an abstract
version of these algebras, called relation algebras, was initiated by Tarski [1941].

Definition 6.1. A relation algebra is an algebra
m:<A: +1_: ;:v11’>

such that (4, 4+, —) is a Boolean algebra, the operations ; and ~ of relative
product (or composition) and conversion are, respectively, binary and unary, 1’ is
a distinguished constant called the identity element, and the following postulates
are satisfied for all z,y,z € A:
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(R1) z;(y;2) = (z;9); 2,

(R2) z;(y+2)=(z;y)+(z;2) , (y+2)iz=(y;2)+(z;2),
(R3) z;V=2z , VU;z=u=,

(R4) >~ ==z,

(R5) (z+y)~ =27 +y~,

(R6) (z;9)" =y~ 527,

(R7) 27 ;[ (z;9)] < —v.

The class of all relation algebras is denoted by RA. We also use this notation as
an abbreviation for the phrase “relation algebra”. 1

Remark 6.2. It is well known that the second equations in (R2) and (R3) are
derivable from the remaining postulate, and are therefore redundant. We have
included them among the basic postulates of the theory in order to facilitate later
references, in particular the definition of a Boolean monoid. 1

For an example of a relation algebra, let U be any set and define R(U) to be the

algebra
(Sh(U xU),U,~, |, ", Idy) ,

where | and ~! are, respectively, the set-theoretic operations of composing two
relations and taking the inverse of a relation, and Idy is the identity relation on
U. It is easy to check that SR(U) is a relation algebra; it is called the full set
relation algebra over U. A relation algebra is said to be representable if it can be
embedded into a direct product of full set relation algebras. The class RRA of all
representable relation algebras is a subvariety of RA (see Tarski [1955]), but it is
not finitely axiomatizable over the latter (see Monk [1964]). RA is a discriminator
variety of BAOs with the unary discriminator term 1;z ;1.

We summarize some well-known laws that are valid in all relation algebras.
Derivations of these laws can be found in Chin-Tarski [1951] and Givant [1994].

Lemma 6.3. Let 2 be an RA and z,y, z, w elements of 2.

(i)or=0 , 1¥=1, 1I~=1.

(i) 1;1=1 , 0;z=0

(i) (2-9)" = o~ -3~

(iv) fz<zandw<y, thenz;w<z;y.

v) Ifz <1, thenz” =z andz;z==.

(vi) 1;[17-(1;z)]=1;2.

(vii) (z51)- (L) ==z;15y.

(viil) (z;y)-2<z;[y-(z7;2)] and (z;y) -2 < [(z;¥7)-z];y.

Laws (R1), (R2), (R3), and 6.3(iv) are respectively referred to as the associative
law, the distributive laws, the identity laws, and the monotony law. In omitting
parentheses, we follow the convention that ; has priority over -.

In each RA 2, we can define two unary operations ¢y and ¢; and constants d;;
for 4,7 € {0, 1} as follows:

Co(:l}):]_,m , Cl(:l:)::l:,]_ ) do1 =dig=1 , doo=di1=1.
It is well known that the algebra
<A: +,—,¢o0, €1, dij>i7j5{0:1}
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is a CAz. It is called the cylindric reduct of 2. Since 2 and its cylindric reduct B
have the same unary discriminator, we see that 2l is simple iff 98 is simple.

In view of the preceding observation, we can translate each of the notions defined
in Sections 3 and 5 into the langugage of relation algebras.

Definition 6.4. Let % be an RA and z an element of 2.
(i) = is a rectangle if ¢ = (z;1)-(1;2).
(ii) z is O-thin if z =z ;1 and - [1; (z - y)] < y for all y. The definition of a
1-thin element is just the dual definition.
(iii) = is weakly 0-thin if z = z;1 and z - [1;(z - 1’)] < 1’. The definition of a
weakly 1-thin element is just the dual definition.
(iv)  is a point if ;1 is 0-thin and 1; 2 is 1-thin.
v)  is a diagonal point if 2 is a point below 1",
(vi) z is a weak diagonal point if z is a rectangle below 1’.
(vii) z is a quasi-atom if y < = always impliesy =z - (1;y;1).

Each of the above notions (i)-(vi) has equivalent forms in the theory of relation
algebras that are more concise or more appealing.

Lemma 6.5. Let 2 be an RA and z an element of 2.

(i) The following are equivalent:
(o) z Is a rectangle,
B) z==z;1;2,
(v) There are y,z such thatz =y;1;z2,
(6) There are y,z < 1’such thatz =y;1;z2.
(ii) The following are equivalent:
(o)  is O-thin,
(8) z is weakly 0-thin,
(7v) z==z;landz;l;2” <17,
(6) z==z;landz -z~ <1,
() z=z;landz;z” < 1.
(iii) The following are equivalent:
(o) z is a point,
(B) z;1;2” <1Vandz”;l;2<1.
(iv) The following are equivalent:
(o) z is a diagonal point,
(B) z is a weak diagonal point,
(7) z;1;2< 1.

Proof: Part (i) is formulated and proved in Givant [1994], Lemma 1.12. To prove
(ii), assume that

(1) z==z;1.
By (R6) and 6.3(i) we get

(2) 2 =1;z>.
Then

z;z” =z;1;z” by (1),



76 ANDREKA, GIVANT, MIKULAS, NEMETI, AND SIMON

=(z;1)-(1;27) by 6.3(vii),

=z 27 by (1), (2),
=z-(l;27) by (2),

=z (1;[1-(1;27)]) by 6.3(vi),
=z-[1;(V-27)] by (2),
=z-[1;(1-2)] by 6.3(v),(iii),(i).

From this string of equalities we immediately obtain the equivalence of (8), (),
(6), and (¢). The implication from () to (8) follows by taking y = 1’. To show that
(6) implies (a), we use the second equation in 6.3(viii) (with “1” for “z”, “z - y”

for “y”, and “z” for “z”):

z [ 9] <(;(z-v)7]1);(=zv)

=z;(z"y7);(z y) by BA and 6.3(iii),
=z;z7;y by monotony,
<y by (6),

=y by (R3).

Turning to (iii), suppose first that z is a point. By (ii)(8),

z;l;27 =(2;1);1;(1;27) by 6.3(ii),
=(z;1);1;(z;1)” by (R6) and 6.3(i),
<7r by 6.4(iv) and (ii)(y),

with “z; 1” for “z”.

A similar argument using the 1-thinness of 1;z and the dual of (ii)(+y) for 1-thin
elements shows that z;1;z < 1’. Now suppose that (iii)(8) holds, and set y = ;1.
Using (iii)(8) and 6.3(i) we easily check that y;1 =1and y;1;y~ < 1. Thus, y
is 0-thin. A similar argument shows that 1; z is 1-thin. Hence,  is a point.

Finally, we prove (iv). Under any of the three assumptions we have z < 1’
Therefore

(1) z=z" =z;z.

In particular,

~

z;l;z=z;1l;27 =27 ;1.

This shows that (iv)(vy) is equivalent to (iii)(53), and hence to (iv)(a). The impli-
cation from (iv)(8) to (iv)(7y) follows at once from (i)(8). To prove that (iv)(y)
implies (iv)(8) we must show that z;1;z < z (the reverse inclusion follows from
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monotony):
z;l;z=(z;1;2)-0 by (iv)(v),
=z;[(1;2) (27 ;1) by the first equation in
6.3(viil) with “1; 2” for
K,
Y,
<z;z” by (R3) and monotony,
=z by (1).
1

For each of the notions in Definition 6.4 we obtain a corresponding notion of
density, just as in the cylindric algebraic case. We shall use the cylindric algebraic
name to describe it.

Theorem 6.6. Let 20 be an RA. Then the following are equivalent:

(i) 2 is rectangularly dense,
(ii) 2 is rich,
(iii) 2 is weakly rich,
(iv) 2 is point dense,
(v) 2 is diagonally point dense,
(vi) 2 is weakly diagonally point dense.

If any one of these conditions holds, then 2l is quasi-atomic, and atomic In case it
is simple.

Proof: Let ‘B be the cylindric reduct of 2. Then (i), (ii), (iv), and (v) are equivalent
in B by Theorem 5.18, (iii) and (vi) are equivalent by Theorem 5.27, and (ii) implies
(iii) by the remarks preceding Example 5.24. Moreover, if (ii) holds in B then it
is quasi-atomic, and atomic in case it is simple, by Theorem 5.18. Because ‘B
and 2 have the same elements, and 2 is simple iff B is simple, we see that these
equivalences and implications remain valid in /. Finally, since the notions of 0-thin
and weakly 0-thin are equivalent by 6.5(ii), we see that (iii) implies (ii). 1

Maddux [1991] defines a point in a relation algebra to be a non-zero element
z such that z;1;z < 1. He calls a relation algebra point-dense if every non-
zero element below 1’ is above a point. In view of Lemma 6.5(iv), we see that
Maddux’s notion of point density corresponds exactly to our notion of diagonal
point density. Maddux proves in op. cit. (as part of a more general theorem) that
a relation algebra which is (diagonally) point dense is representable. From this we
immediately conclude:

Theorem 6.7. A relation algebra that satisfies one of the conditions (i)—(vi) in
the preceding theorem is representable.

Lemma 6.5 sheds light on the relationship between the diagonally point dense
part of Maddux’s theorem and Theorem 4.30 in Jénsson-Tarski [1952]. Jénsson and
Tarski show that an atomic relation algebra in which each atom satisfies z>;1;z < 1’
must be representable. Since z> is an atom whenever z is an atom, we see that,
under the hypotheses of their theorem, every atom also satisfies z;1;z~ < 1. In
view of 6.5(iii), we can reformulate the Jénsson-Tarski theorem as follows: every
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atomic relation algebra in which each atom is a point is representable. Now a special
case of one of the steps in Maddux’s proof (his Theorem 48) shows that, for simple
relation algebras, diagonal point density implies atomicity; the proof actually shows
that each atom is a point. Thus, a simple, diagonally point dense relation algebra
satisfies the hypothesis of the Jénsson-Tarski theorem; from this its representability
follows at once.

We did not use Theorem 3.11 to prove the preceding theorem as we did in the
case of quasi-polyadic algebras. Instead, we obtained it as an almost immediate
consequence of the diagonally point dense case of Maddux’s theorem. Of course,
one can also prove it quite easily using 3.11. In the process, one obtains both the
Jénsson-Tarski theorem and the special case of Maddux’s theorem as immediate
corollaries. In fact, using 3.11 leads to somewhat stronger results (whose proofs
are correspondingly more involved). To formulate one example of such a result we
introduce the following definition.

Definition 6.8. A Boolean (or Boolean-ordered) monoid is an algebra
%:<A: + ;:1’>

(of the same type as a relation algebra without conversion) such that (4, 4+, —) is
a Boolean algebra and the laws (R1)—-(R3) hold. If, in addition, the laws

(R8) —(z;1);1=—(2;1) , 1;-(1;2)=—(1;2)
hold, then the algebra is called special. The classes of all special Boolean monoids

is denoted by BM*. We also use this notation as an abbreviation for the phrase
“special Boolean monoid”. I

The name “Boolean-ordered monoid” derives from the fact that (4,;,1') isa
monoid (i.e., a semigroup with an identity element) which is a Boolean algebra
under the operations + and —, and the operation ; not only respects the Boolean
order (i.e., the monotony law holds) but in fact is distributive over Boolean ad-
dition. Related structures such as lattice-ordered groups, lattice-ordered monoids,
distributive lattice-ordered semigroups, etc. have been studied in the literature.
See, for example, Birkhoff [1967], Chapters XIII and XIV (in particular, the re-
marks on pages 292 and 323) and Andréka [1991]. An apparently weaker notion of
a Boolean monoid in which the monotony law replaces the distributive laws is con-
sidered in Pratt [1990]. The study of Boolean monoids has been stimulated in part
by their connection with logics of the dynamic trend, for example, dynamic logic
and arrow logic (see, e.g., Pratt [1990], Mikulds [1995], and Marx-Masuch-Polos
[1996]).

The notions of a full set BM* (the algebra of all binary relations on some set under
the obvious set-theoretic operations), a representable BM*, the cylindric reduct of a
BM*, a rectangle in a BM*, and a rectangularly dense BM* are the obvious analogues
of the relation algebraic notions.

All of the laws in the next lemma are very well known in the context of relation
algebras. We show that they also hold in the context of special Boolean monoids.
Several of the laws we shall list have a dual form. For example, the dual of (iv) is

l;2=0 if 2=0.



NOTIONS OF DENSITY THAT IMPLY REPRESENTABILITY 79

The proof of the dual is just the dualized version of the proof of the given law. In
what follows we shall not bother to formulate such duals. Moreover, when using
these duals in other proofs, we shall simply refer to the given law in 6.9.

Lemma 6.9. The following laws are valid in all special Boolean monoids.

(i) z;y < u;v whenever ¢ < v and y < v.

(ii) z < z; 1.

(iii) 1;1=1.

(iv) z;1=0 l'ff' z =0.

v) [2-(y; DIt =(2;1)-(y; 1)

(vi) z;1=[(z; 1) 175 1.

(vii) If £ < 1’, then (z; 1) 1—m
(viil) f 2 < 1’and 2’ = , then (z;1)-(2';1) =0.
(ix) fe,y< 1), then:z:,y_m .

() 2 (i) A0 Iff (2:1)-y40.

(x )If:u,yareatoms,then:z:<y,1 iff y<ez;l.

(xii) If z is an atom, then so are (z;1)-1’and (1;z)- 17
(xiii) z;y=0 iff [(1;2)-1]-[(y;1)-1’]=0.

Proof: Part (i) is an almost immediate consequence of distributivity. Indeed, sup-
pose that z < u and y < v. Then

viv=u;(y+v)=u;ytu;v.

Therefore, u;y < u;v. Similarly, z;y < u;y. Combining these two inequalities,
we get the desired result.
Part (ii) follows from the identity laws and monotony (part (i)):

z=z;1'<z;1.

Part (iii) follows at once from (ii) with z = 1.
To prove (iv), assume first that z = 0. Then by (iii) and (R8) we have:

z;1=0;1=[-(1;1)];1=—(1;1)=0.
Now assume that z ; 1 = 0. Using the identity laws and monotony, we have
z=z;1'<z;1=0.

The proof of part (v) is more involved. Notice that (z;1)-—(y;1) and (z;1)-(y;1)
form a partition of z ;1 in the sense that they are disjoint and sum to = ; 1. We
now show that same is true of the elements [z —(y;1)];1 and [z (y;1)]; 1, and
that these elements are below (z;1)- —(y;1) and (z;1):(y; 1) respectively. From
this it follows at once that these two partitions must in fact be the same partition.
In particular,

[2-(y;1]51=(2;1)-(y;1).

By monotony and (R8) we have
[z-—(y;1));1< 251
and

z-—(y;1)];1<—(y;1);1=—(y; 1),
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(1) [2-—(y;1)];1<(2;1)-—(y; 1)
Similarly,
(2) [2-(y; D];1< (251) - (y51).

In particular, since the elements on the right-hand sides of (1) and (2) are disjoint,
so are the elements on the left. Further, using distributivity and BA we see that

[z-—(y; D1+ [z-(y;)];1=[z-—(y; 1) +2-(y;1)];1
(- [—(y; 1)+ (y; )s1
=(z-1);1

z;1.

This completes the proof of (v).
Part (vi) is an immediate consequence of (v) and the identity laws:
(z;1)-1;1=(2;1)-(1;1)=(z;1)-1==2;1.

For (vii)-(ix) assume that z < 1’ and set ' = —z - 1’. Then

(z;1)-P=[z;(’+-1)]-1" by BA,
=(z;1"+z;-1)-1 by distributivity,
=(z+z;-1)-0 by the identity laws,

<(e+71;-1)-0 by monotony and z < 17,

=(z+-1)-0 by the identity law,
=z-1 by BA,
==z since z < 1°.

The reverse inequality follows from (ii) and the assumption that 2 < 1’. This proves
(vii).

Before proving (viii) and (ix) we establish

(3) z-(z';1)=0,

(4) z;z' =0.
Indeed, using 2,2’ < 1’ and part (vii) (applied to 2’) we have
z-(2';1)< U (2';1) =2,

and trivially
z-(z';1) <z,
80
z-(z';1)<z-z' =0.

Similarly, by monotony and the identity laws we have

z;z'<z;l'==z and z;z2' <1z =z,
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SO

7 7
z;z' <z-z =0.

Turning to (viii), we have

(2;1)-(2";1)=[z-(2';1)];1 by (v),

For (ix) we first establish the special case when z = y, i.e.,
(5) z;z==z.
Indeed, by the identity laws, distributivity, and (4) we have

z=z;'=z;(z+z)=z;z+z;2' =z;z.
Turning to the general case of (ix), suppose that y < 1’. Then
z-y=(z-y);(z-y) <z;y,
by (5) and monotony. On the other hand,
z;y<z;l'=gz,

by monotony and the identity laws. Similarly, z ; y < y. Therefore, z;y < z - y.
This completes the proof of (ix).
Part (x) follows from (iv) and (v):

z-(y;1)#£0 iff [z-(y;1)]51#0 by (iv),
it (z;1) (y;1)#0 by (

f [(z;1)-y];1#0 by (v),
iff (z;1)-y#0 by (iv).

Part (xi) is an immediate consequence of (x).

To prove (xii), assume that z is an atom. Then z;1 # 0 by (ii), so [(z;1)-1;1 # 0
by (vi). Hence, (z;1)-1"# 0 by (iv). Let y be a non-zero element below (z;1)-1".
Our goal is to show that (z;1) -1’ <y. We have

y-(z;1)=(y-1)-(z;1) sincey <171,
=y since y < (z;1)-1,
#0 by assumption.

Therefore (y; 1) -z # 0 by (x). Hence,

z<y;l since  is an atom,
z;1<y;1 by monotony and (iii),
(z;1)-"<(y;1)-1" by BA,
(z;1)-V'<y by (vii).



82 ANDREKA, GIVANT, MIKULAS, NEMETI, AND SIMON

Finally, part (xiii) follows at once from (several applications of) (iv) and the
following observation:

Liz;y;1=15[(1;2)-1)];[(y;1)- 1151 by (vi),
=1;([(152) - 1)] - [(y51)-17) 51 by (ix).
1

Lemma 6.10. (i) BM® is a discriminator variety of normal Boolean algebras
with operators. In fact, the term 1;z ;1 is a unary discriminator for BM*.
(ii) The cylindric reduct of a special Boolean monoid is a CAs.

Proof: Relative product is the only extra-Boolean operation of rank > 0 in a
BM”. It is additive by the distributive laws, and normal by 6.9(iv). In view of
Corollary 2.2, to show that 1;z ;1 is a unary discriminator for BM* we must show
that it satisfies the five conditions (a)—(é) of Lemma 2.1(ii). The validity of these
conditions follows from 6.9(ii),(iii), (R8), and monotony respectively. For example
for (6) we must check that, for all z,y in a special Boolean monoid we have

(1) z;y<l;z;l and z;y<l;y;l.

Now z < 1;z by 6.9(ii), and y < 1, so the first inequality in (1) follows from the
monotony law. The second is proved similarly. This completes our proof of (i).

To prove (ii), let 2 be a BM*, and suppose that B is its cylindric reduct. We
must verify that axioms (C1)—(C7) are valid in 9B. This is quite easy using the
postulates for special Boolean monoids and Lemma 6.9. For example, to verify
the validity of (C7) in B, we first translate it into an equation in the language of
special Boolean monoids and then check the validity of this equation in 2. In the
case when ¢ = 1 and j = 0, (C7) translates into the equation

[(z-1);1]-[(-2-1");1] =0,

and this is valid in % by 6.9(viii). The validity of the translation of (C1) follows
from 6.9(iv), that of (C2) from 6.9(ii), that of (C3) from 6.9(v), that of (C4) from
the associative law, and that of (C5) from the definition of d;;. Finally, we check
the validity of (C6) in the case when ¢ = 1. We must have j = k = 0, since ¢ # j, k.
Thus, (C6) translates into the equation 1 = 1’; 1, and this is just a special case of
the identity laws. 1

Lemma 6.11. Let 2 be a special Boolean monoid. A set I is an ideal in 2l iff it
is an ideal in the cylindric reduct of l. In particular, 2 is simple iff the cylindric
reduct of 2 is simple.

Proof: Let 2 be a special Boolean monoid and B its cylindric reduct. Suppose,
first, that I is an ideal of 2 and that # € I. Then ;1 and 1;z are in I by 2.4(iv),
i.e., c1(z) and co(z) are in I. Thus, I is an ideal of B by 2.4. Now suppose that
I is an ideal of B and that £ € I. Then c;(z) and cq(z) are in I by 2.4(iv), i.e.,
z;land 1;z arein I. But z;y < z;1 and y;z < 1;z by monotony, so z ; y and
y ;e are in I by 2.4(iii). Therefore I is an ideal of 2 by 2.4. This proves the first
assertion. The second assertion is an immediate consequence of the first. 1



NOTIONS OF DENSITY THAT IMPLY REPRESENTABILITY 83

Lemma 6.12. A simple, rectangularly dense, special Boolean monoid is repre-
sentable.

Proof: Let 2 be a simple, rectangularly dense BM* and 9B its cylindric reduct.
Then ‘B is a simple, rectangularly dense CAy, by Lemmas 6.11 and 6.10(ii). Hence,
B is atomic and representable, by Lemma 3.10 and Theorem 3.11. In fact, taking U
to be the set of atoms below 1’ = do1 = d, the function f mapping A into Sb(U xU)
that is determined by

fl2) ={(w;1-7,1;w-1):wis an atom below z}

is an embedding of B into €2(U) (see the remarks after Theorem 3.11). Notice that
by its very definition, f preserves (as unions) all Boolean sums in 98 that exist, i.e.,
it is a complete embedding.

Let ® be the full set BM* on U. Notice that ® is also simple and rectangularly
dense (since its cylindric reduct, €3(U), is). We wish to show that f embeds 2 into
®. Since f preserves the cylindric algebraic operations, it preserves in particular
the Boolean operations and constants, and maps the constant 1’ to Idy (these
are the main diagonals of B and €;(U) respectively). It remains to show that f
preserves relative products. In view of our previous remarks, it suffices to prove
that in a simple (and hence atomic) rectangularly dense BM™* the relative product
operation is definable in terms of the cylindric algebraic operations.

(1) If u,v are atoms, then so is (u; 1) - (1;v).
To prove (1), suppose that u,v are atoms. Then

[(u;1)-(1;v)];1=(u;1)-(1;v;1) by 6.9(v),

=(u;1)-1 by simplicity, since v # 0,
=u;l by BA,

>y by 6.9(ii),

>0 since u is an atom.

Thus (u;1)-(1;v) # 0, by 6.9(iv). Now let w be any non-zero element below
(u;1)-(1;v). By rectangular density there is a non-zero rectangle e below w. In
particular, e < u; 1, so

e-(u;1)#£0 by BA,
(e;1)-u#0 by 6.9(x),
u<e;l since u is an atom,

u;1<e;1 by 6.9(i),(iii).

Similarly, 1;v < 1;e. Therefore, using also the assumption that e is a rectangle,
we get
(uil)-(1v) <(e;1)-(L;e)=e.
This of course forces
e=w=(u;1)-(1;v),

which is what we wanted to prove.
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(2) For atoms u, v we have
wiv — (u;1)- (1) if (L;u)-=(v;1)-1,
’ 0 i (Liu) 1% (v;1)- 1

Indeed, suppose that u,v are atoms. If (1;u)-1"# (v;1) 1", then
[(1;u)-1][(v;1)-1]=0,

since (1;u)-1’ and (v;1)- 1" are atoms by 6.9(xii). Therefore u;v = 0 by 6.9(xiii).
If (1;u)-1’=(v;1)-1, then u;v # 0, by 6.9(xiii). But u;v <wu;land u;v <1;v
by monotony, so u;v < (u;1)-(1;v). Since the latter element is an atom, by (1),
we conclude that equality actually holds in the previous equation.

In cylindric algebraic notation, the equation in (2) becomes:

S {cl(u) - co(v) if co(u)-d=c1(v)

d,
0 if co(u)-d#ci(v)-d

Thus, (2) shows that, for atoms, relative product is definable in terms of the cylin-
dric algebraic operations.

(3) For arbitrary elements z,y we have
z;y=Y {u;v:uy,vatomsand u <z, v <y}.

Let w be an atom below z ; y. We shall construct atoms » and v below z and y
respectively such that
(4) w=u;v.
Since z ; y # 0 (because w < z ;y), we see that

[(152)-1]-[(y;1)- V] #0

by 6.9(xiii). Because the BM* with which we are dealing is assumed to be simple,

and hence atomic, there is an atom z below [(1;2)-1]-[(y;1)-1]. By 6.9(vii) we
have

(5) z=(z;1)-'=(1;2)-1.

Set

(6) v=(w;1)-(1;2) and v=(z;1)-(1;w).
Then

(7) v , v , (u;1)-(l;v) areatoms
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Now
(Liu)- U= (1;[(w;1)-(1;2)])- ' by (6),
=[(1;w;1)-(152)]- 7 by 6.9(v),
=(1l;2) -0 by simplicity and BA.
=z by (5).
Similarly, (v;1) -1’ = 2, so
(8) (L;u)-’=(v;1)-I'=2.

Since z is non-zero, we see from (8), 6.9(xiii), and monotony that
O<u;v<(u;1)-(1;0).
But (u;1)-(1;v) is an atom, by (7). Hence,
(9) uwiv=(u;1) - (1;2).
Applying simplicity and 6.9(v), we get that
uil=[(w;1)-(1;2)];1=(w;1)-(1;2;1) =w;1.

Similarly,
l;v=1;w.

Therefore, using also (9) and monotony, we obtain
O<w<(w;l)-(L;w)=(u;1)-(1;v)=u;v.

But u; v is an atom, by (7) and (9). Therefore, we arrive at (4).

Since the algebra under consideration is atomic, z ; y is the sum of the atoms
below it. By (4), each such atom can be written in the form u ;v for some atoms
u and v beneath z and y respectively. Therefore, z ; y is a sum of some elements
of the form u ;v with u,v atoms, u < z, and v < y. But each such element u ;v is
clearly below z ; y by monotony. Thus,  ; y is the sum of all such elements. This
completes the proof of (3).

Each of 2 and ® is a simple, rectangularly dense BM*. Therefore, equations (2)
and (3) apply to both algebras. In particular, in each algebra a relative product
is the sum of relative products of certain atoms, and each such relative product of
atoms is definable by the cylindric algebraic operations. Now f preserves arbitrary
Boolean sums (by its very definition) and the cylindric algebraic operations. Hence,
f must preserve relative products. 1

Our proof of Lemma 6.12 has relied on the proof of Henkin and Tarski that an
atomic CAy with rectangular atoms is representable. However, a direct proof of the
lemma is easily given. In fact, all of the necessary ingredients are already present
in our argument. Using (1) and some similar arguments, one first shows that

(10)  f maps the set of atoms of U one-one onto the set of atoms of D.

It follows that f preserves all of the Boolean operations. Also, f preserves 1’, since
f(u) = (u,u) for every subidentity atom u. The next step is to show that

(11)  f preserves the relative product of two atoms.
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The proof uses (2) applied to both 2 and ®, (10), and the following equations:
[(UxU)[f(w]Nnldy = ((1;u)-1,(1;u)- 1),
[F()|(U x U)]NIdy = ((u;1)- 1, (u;l)- 1)
for every atom u of . From these equations it follows that
(U xO)|f(uw)]NnlIdy =[f(v)[(U xU)NnIdy iff (1;u)-I'=(v;1)-1

for atoms u, v of 2. Finally, one uses (3) and the complete additivity of f to prove
that f preserves arbitrary relative products.

Theorem 6.13. A rectangularly dense, special Boolean monoid is representable.

The proof is identical to the proof in the finite dimensional cylindric algebraic
case of Theorem 3.11 except that we use the preceding lemma instead of the Henkin-
Tarski representation theorem. We leave the details to the reader.

Using the previous result, one readily establishes the next theorem (see Mikulds

[1995], p. 112).
Theorem 6.14. Let
QL:<A: +:_: ;:v:1’>
be an algebra of the same similarity type as relation algebras. Suppose that

(A, +, —) is a Boolean algebra and that laws (R1)—(R6), (R8) are valid in 2.
If U is rectangularly dense, then it is isomorphic to a set relation algebra.

In particular, it follows that in the presence of (R1)-(R6), the law (R8) (which
can be viewed as a very special case of (R7)) and rectangular density together imply

(R7).

Example 6.15. Axiom (R8) is necessary in the proof of Theorem 6.13. To show
this, let V be the < relation on the integers restricted to the set U = {0, 1,2}. Let
B be the full set BM* on U and 2 the relativization of B to V. Thus, the universe
of 2 consists of all subsets of V' and the operations of 2| are the relativizations to
V of the (set-theoretic) operations of 8. For example, for R, S in 2 we define

R*S=(R|S)NV.

It is not hard to verify that (R1)—(R3) hold in 2. Further, A is rectangularly dense
(in fact, it is point dense). But (R8) fails in 2. For example, if R = {(0, 2)}, then

—(1;R) =V~ [(VIR)NnV] =V~ {(0,2)}
and
(1 R) = (VI [V~ {0, 2H) NV = V.

Since (R8) holds in all set BM*, it follows that 2l is not representable.
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7. SOME FURTHER OPEN PROBLEMS

The representability of algebras of logic that are rectangularly dense seems to
be a general phenomenon, that is, it appears to hold for many different kinds
of algebras in which we can formulate a notion of rectangle. Therefore, in our
opinion there should be a characteristic cause for the representability that finds
its expression in the methodology of the proof: there should be a “method” for
building a representation directly from a densely ordered collection of rectangles of
an algebra, a method that is independent of the choice of fundamental operations
of the algebra.

Unfortunately, no such method of direct representation is currently known. Each
of the representation theorems for rectangularly dense algebras in this paper has
been established by a reduction to the Henkin-Tarski representation theorem for
atomic cylindric algebras with rectangular atoms or by using the idea of the proof
of that theorem. This reduction, as well as the proof of the Henkin-Tarski Theo-
rem itself, requires the presence of diagonal elements (perhaps in some appropriate
extension). Can this reduction to the atomic case, and in particular can the depen-
dence on diagonal elements, be avoided?

Summarizing, the problem is to (1) find a general and direct method for con-
structing a representation of rectangularly dense algebras from the rectangles them-
selves, without using diagonal elements and without reducing the construction to
the atomic case, and (2) explore the areas of applicability of this method.

As a test case for such a method, we propose the (still unsolved) problem of
showing that rectangularly dense diagonal-free cylindric algebras are representable.
A diagonal-free cylindric algebra of dimension « is an algebra

QL:<A:+1_1C’I:>”:€CX

such that (4, 4+, —) is a Boolean algebra and the ¢; are unary operations satisfy-
ing postulates (C1)-(C4) (see Henkin-Monk-Tarski [1971], Definition 1.1.2). The
definition of a rectangle and of rectangular density is the same as in the cylindric
algebraic case. Since diagonal elements are not present and cannot be defined in
appropriate extensions, it does not seem that the methods developed in the present
paper can be used to solve the problem.!?

Turning to another problem, suppose that U is, e.g., a CA, or an RA (or one of
the other algebras of logic considered in this paper). We shall say that a subalgebra
B of 2 is dense in 2 if the set B is dense in 2, i.e., if every non-zero element of 2
is above a non-zero element of B. As was mentioned earlier, this is equivalent to
the assumption that every element of 2 is the sum of the elements of B that are
below it.

Problem 7.1. If B is dense in 2l and representable, is 2 necessarily representable?

12 A proof that rectangularly dense, diagonal-free cylindric algebras are representable was re-
cently obtained by Venema [1996]. A different proof was found a few months later by Andréka-
Givant, who also obtained a positive solution to the general methodological problem. Venema's
approach is to build a representation using a step-by-step construction. In contrast to this, the
approach of Andréka-Givant is to use the Boolean algebras of cylinders to construct directly a
representation. (See Example 4.12 for another application of this idea.)
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A positive solution to Problem 7.1 would provide us with a generalization of
Theorem 3.11, the representation theorem for rectangularly dense CA,, at least in
the finite dimensional case. To see this, suppose that 2 is a rectangularly dense
CA, with 2 < @ < w. Let B be the subalgebra of 2 generated by the set of monadic
elements, i.e., by the set

{z € A:|Az| < 1}.

Notice that, by Lemma 3.7, every rectangle of 2l is in 8. Since the set of rectangles
is assumed to be dense in 2, the algebra B must be dense in 2[. Now Monk [1964a]
proved that every monadically generated CA, is representable. Thus, 9B is repre-
sentable and dense in . Applying the assumed positive solution to Problem 7.1,
we conclude that 2l is representable.

Interestingly, for classes K of algebras with completely additive extra-Boolean
operations and such that K is closed under completions (i.e., the completion of
each algebra in K is again in K), Problem 7.1 is equivalent to a problem formulated
in Section 2 of Monk [1970]:

Problem 7.2. Is the completion of a representable algebra necessarily represent-
able?!3

Indeed, suppose that Problem 7.2 has a positive solution. Let 8 be a dense
subalgebra of 2| that is representable. Take € to be the completion of . Since
B is dense in 2, it is dense in €. From this it is easy to check that ¢ must be
the completion of B (use conditions (ii) and (iii) of the definition of a completion,
given after Theorem 4.6, and the complete additivity of the extra-Boolean oper-
ations). Because ‘B is representable, we conclude from our assumption that ¢ is
representable. Therefore 2 is also representable.

Now suppose that Problem 7.1 has a positive solution. Let B be a representable
algebra and 2 the completion of B. It is easy to check (using condition (ii) of the
definition of a completion) that B is dense in 2. Hence, by our assumption, the
representability of B implies that of 2.
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