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1 Introduction

In this and related work, we study relativity theory, or theory of space-time,
as a theory of first-order logic. It is important for our approach that we work
in the framework of (mathematical) logic and within that in (many-sorted)
first-order logic (FOL). The reasons for the latter choice can be found in, e.g.,
[2, Appendix], [3], [22], [23].? The aims of our project are summarized in the
introduction of [2] available on the Internet (cf. also [3], [1]), here we briefly
mention only aims (i) and (ii) below; (i) to do work on the logical foundation
of space-time theories, and (ii) to elaborate a logic based conceptual analysis
of relativity theories. For both of these goals, we want to start out with the so-
called observational (in the sense of, e.g., Reichenbach [19]) or “bottom-up”

!Research supported by the Hungarian National Foundation for scientific research
grants No’s T30314, T43242, T35192, as well as by COST grant No. 274.

2This work is a self-contained part of a larger project, cf. e.g., [4], [2], [13], [3]. In the
present introduction, “we” occasionally refers to the larger project and occasionally to the
present paper only.
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versions of (kinematics of) relativity theories as opposed to the “monolithic”,
theoretically oriented “top-down” approaches. Of course, in due time we
arrive at the theoretical versions, too, e.g., in [13], but by that time they will
be well motivated, cf. e.g., [13], [14].

First we build up (the kinematics of) special relativity theory in FOL
obtaining the finitely axiomatized FOL-theory Specrel. We put emphasis on
making the axioms of Specrel streamlined, transparent, and intuitively con-
vincing. Then we elaborate a conceptual analysis of special relativity, its
variants, and its generalizations. This analysis is based on the FOL axiom
system Specrel, on variants and fragments of Specrel and their generaliza-
tions. Among other things, we analyze Specrel both from the logical point
of view (model theory, proof theory, “reverse mathematics” etc.) and from
the physico-philosophical relativity theoretic point of view. Much of this is
done in [2], [13], [1], [4]. As a natural continuation, we also experiment with
generalizing Specrel in the direction of general relativity.

The first two steps in this generalization are (I) and (II) below. (I) We
extend Specrel to accommodate accelerated observers, which, via Einstein’s
equivalence principle, enables us to discuss some features of gravity. E.g.,
the Twin Paradox and the Tower Paradox (gravity slows time down) become
provable in the accelerated observers version Acc(Specrel) of Specrel, cf. e.g.,
[3]. (II) As a second step in this direction, we make Acc(Specrel) local, where
local is understood in the sense of general relativity. We do this via the
so-called method of localization which can be applied basically to any ver-
sion of Specrel and Acc(Specrel). The localized versions of these theories are
also built up in FOL (we make special efforts to ensure this) for method-
ological reasons mentioned earlier. Since localization turns out to be such a
general procedure, we can denote the thus obtained theories as Loc(Specrel),
Loc(Acc(Specrel)) etc.?

It is explained in the classic textbook [17, pp.163-5] on general relativity
that by suitably combining accelerated observers and localization one can
safely move towards general relativity by starting out from special relativity,
cf. e.g., Box 6.1 on p.164 therein. This motivates our study of the FOL-theory
Loc(Acc(Specrel)) and its variants. The investigation of Loc(Acc(Specrel)) is
analogous with that of Specrel, i.e. after introducing the theory and proving
theorems about its basic properties comes a fine-scale conceptual analysis

3S0, Loc(-) can be regarded as some kind of a general “operator” applicable to theories
which are variants of Specrel.
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both from the logic point of view and from the relativity-theoretic point of
view.

In the present paper we concentrate on illustrating the process of localiza-
tion, i.e. step (II) towards general relativity mentioned above. To make the
essential ideas stand out more, we concentrate on describing Loc(Specrel),
since extending the localization procedure from Specrel to Acc(Specrel) goes
the natural way. All the same, we would like to emphasize that the FOL-
theory which brings us closer to having a FOL-based version of general rela-
tivity is Loc(Acc(Specrel)) and not Loc(Specrel) in itself. But if we keep this
fact in mind, it is more useful to study the method and effects of localization
first on the example of Loc(Specrel). For Acc(Specrel) and the definition of
Loc(Acc(Specrel)) we refer to [3] available on the net. Besides the research
school represented here, localization was used for moving towards general
relativity in, e.g., Latzer [11], and Buseman [6].

Here, we introduce the theory Loc(Specrel) and prove some theorems
about it. E.g., it turns out that already a small fragment of Loc(Specrel)
proves distinguished predictions of relativity theory in the local setting. For
lack of space the present paper gives only a small sample from the theory.
More on Loc(Specrel) can be found in [14] where Loc(Specrel) is called par-
tial domain relativity theory and is denoted as LocStd. Cf. also [3]. Here,
a formal definition of Loc(Specrel) is given in §2 above Theorem 3, where
Loc(Specrel) is denoted as LocRel. Its fragments and versions are denoted
as LocRel™, LocRelj etc.

In passing we note that the process of localization is related to that of
relativization used in areas of logic related to algebraic logic, cf. e.g., [3], [5]
or the volume [16], [18].

Intuitively, Loc(Specrel) is obtained from Specrel in two steps. These are:
(A) We relax the condition in Specrel that all events “seen” by one observer
are “seen” by the others. This is implemented by permitting observers not
to put any event to points of their coordinate-systems too far from the ori-
gin (of the coordinate-system). l.e. we allow observers to use subsets of
their coordinate-systems for coordinatizing events instead of using the whole
coordinate-system. (B) Axioms of Specrel are rephrased in the local spirit
(in the topological sense) which is something like the following: If Axi is an
axiom of Specrel, then instead of Axi we say that for each point p of space-
time (whatever this may mean) there is a small enough open neighborhood
D of p such that Axi is true in D.

Latzer [11] pointed out a problem with (this kind of) localization of special
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relativity, as follows. In studying global theories like Specrel, one can rely on
the so-called Alexandrov-Zeeman type theorems, e.g., in the style followed in
the book of Goldblatt [9], or in [1], [4]. Because of their just mentioned use-
fulness, the Alexandrov-Zeeman theorems have been thoroughly generalized
in various directions, cf. e.g., [3], [12], [10]. Latzer [11, p.237 lines 8-12, p.255
lines 5-8] writes that some kind of a generalization of the Alexandrov-Zeeman
type theorems to the local approach to relativity would be needed for study-
ing local versions of relativity, hence for moving towards general relativity.
However, Lester [12, p.929] points out that the Alexandrov-Zeeman theorem
does not generalize to the local setting. This fact slowed down progress with
the logical analysis of local relativity theories. We address this problem in
Theorems 1 and 2 way below. Namely, we prove two theorems in fragments
of Loc(Specrel), which can be regarded as Alexandrov-Zeeman type results in
the local setting. To illustrate their usefulness in analyzing local relativity,
we state a theorem to the effect that a quite small fragment of Loc(Specrel)
already proves the nonexistence of faster-than-light observers (NoFTL) in the
local sense, cf. Theorems 3-5 in this connection.* This is proved via Theo-
rems 1 and 2. In related work we also use our localized Alexandrov-Zeeman
type results for establishing various distinguished predictions of local relativ-
ity, e.g., predicting the behavior of fast moving clocks, meter-rods, etc. We
also indicate some of the global peculiarities of the localized theory, cf. [14].

2 The FOL-theory Loc(Specrel) of localized relativity

In this paper we will deal with kinematics of relativity, i.e. we will deal
with motion of bodies (e.g., of test-particles). The motivation for our choice
of vocabulary (for special relativity and its generalizations) is summarized
as follows. We will represent motion as changing spatial location in time.
To do so, we will have reference-frames for coordinatizing events and, for
simplicity, we will associate reference-frames with special bodies which we
will call observers. There will be another special kind of bodies which we
will call photons. For coordinatizing events we will use an arbitrary ordered
field in place of the field of the real numbers. Thus the elements of this field

4This can be interpreted as follows. In Theorems 1 and 2 we propose a kind of solution
to the problem (mentioned, e.g., by Latzer) of extending the Alexandrov-Zeeman style
approach to local versions of relativity theory. Then by Theorems 3-5 and ones in [14] we
illustrate that this solution really works, in some sense.
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will be the “quantities” which we will use for marking time and space.

Let us fix a natural number n > 1. n will be the number of space-time
dimensions. In most works n = 4, i.e. one has 3 space dimensions and one
time dimension.

Motivated by the above, our first-order language contains the following
symbols:

e unary relation symbols B, Ob, Ph, F (for bodies, observers, photons, and
quantities, i.e. elements of the field, respectively),

e binary function symbols +, - and a binary relation symbol < (for the
field-operations and ordering on F),

e a 2+ n-ary relation symbol W (for coordinatizing events, i.e. for the
world-view relation).

We will read “B(z),Ob(x),Ph(z),F(z)” as “x is a body”, “z is an ob-
server”, “x is a photon”, “x is a field-element”, and we will read
“W(x,y, 21, 22,...,2,)" as “observer x sees (or observes) the body y at time
21 at spatial location (zs, ..., z,)”. This “seeing” or “observing” has nothing
to do with seeing via photons or observing via experiments, it simply means
that, according to x’s coordinate-system or reference frame, y is present at
coordinates (z1,...,2,).

The following axiom will always be assumed and will be part of every
axiom system we propose, without mentioning.

AxFrame Ob U Ph C B, + and - are binary operations on F, < is a
binary relation on F, and (F,+,-, <) is a Euclidean ordered field, i.e.
an ordered field in which positive elements have square roots.

In pure first-order logic the above axiom would look like (Ob(z) V Ph(z)) —
B(x) etc. We do not write out the purely first-order logic translations of our
axioms since they are straightforward to obtain.

Let M be a model of AxFrame. Let F = (F, +,-) denote the field reduct
of M. We will use the following notation and terminology:

—,/,0,1 are the usual field operations. "F denotes the set of all n-tuples
of elements of F. If a is an n-tuple, then we will assume that a = (ay, ..., a,),
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i.e. a; denotes the i-th member of the n-tuple a (for 0 < ¢ < n). We will
use the vector-space structure of "F. l.e. if p,g € "F and A\ € F, then
p+q,—p,Ap € "F, and 0 = (0,...,0) is the null vector. Let p € "F. Then
pt = p1 denotes the time component of p and ps := (0, pa,...,p,) denotes
the space component of p. |p| := p?+ ...+ p? is the (square of the) length of
p. The (square of the) speed of p is defined as speed(p) := |p,|/p? if pr # 0,
speed(p) := oo otherwise. Here we require that co ¢ F. We extend the
ordering < on F to an ordering on F U {oo} in the usual way, i.e. (Y € F)
xr < 00.

Let ¢q,v € "F,v # 0. The (straight) line going through ¢ and q + v is
{q + Av: X\ € F}. The set of lines is then

Lines:={{g¢+ N:XN€F}:queF,u#£0}.
If 7 is a subset of a line and has at least two elements, then
speed (/) := speed(p — q) for some (and then for all) p,q € £, p # q.
We say that a line ¢ is slower than A € TF iff speed(¢) < A.
|| is the binary relation of parallelism on the set Lines, i.e.
e e (Epgel)(3,del)p—q=p —q #0.
Coll is the ternary relation of collinearity on "F, i.e.
Coll(p, q,7) & (3¢ € Lines) {p,q,r} C ¢.

Let ¢, u,v € "F, =Coll(q, g+u, g+v). The plane that contains q, ¢+u, ¢+v
is {g+Au+pv : A\ u€F}. The set of planes is then
Planes := {{q¢+ u+pv : A peF} : qu,v € ™F,=Coll(q,q+ u,q+v)}.

TF:={X € F : A >0} is the set of positive elements of F.

The (open) ball with center p € "F and radius ¢ € TF is

S(p,e)=={q€"F : [p—q| <}.

A set N C "F is a neighborhood of p € "F iff (3 € TF) S(p,e) C N. A set
D C "F is open iff (Vp € D)(3e € TF) S(p,e) C D.

A = ("F, Coll) is the n-dimensional affine structure over the field F. A
can be extended to an n-dimensional projective structure P = (P"F, PColl)
over F' in the usual way, i.e. as follows: The relation of parallelism || is an
equivalence relation on the set Lines. For every ¢ € Lines let /> denote the
equivalence class of £ under the relation ||. Intuitively ¢*° is the point of line
¢ at infinity. For every P € Planes let P> := {(* : ¢ € Lines, ¢ C P}.
Intuitively P> is the line in plane P at infinity. The set of points of the
projective structure is defined as

P"F :="FU{{* : (€ Lines}.
The set of (projective) lines is defined as
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PLines := { U {¢*} : £ € Lines} U{ P> : P € Planes }.
Finally, the ternary relation PColl of collinearity on P™F is defined as
PColl(a, b, c) = (3¢ € PLines) {a,b,c} C ¢.
By the above, the n-dimensional projective structure
P = (P"F, PColl)
over the field F has been defined. We note that the affine structure A is a
strong sub-model of the projective structure P.
An A-collineation is an automorphism of the affine structure A. In other
words, an A-collineation is a permutation of "F that takes lines onto lines.
A P-collineation is an automorphism of the projective structure P.

"F is the coordinate-system (of each observer) and we will refer to its
elements as coordinate-points.

The life-line, or the trace of a body b in observer m’s coordinate-system,
or as seen by m, is the set of coordinate-points at which m sees b:

tr,(b) :={p €™F : W(m,b,p) }.

The set of bodies observer m sees at a given coordinate-point p € "F is the
event happening for m at p:

eV, (p) =={be B : W(m,b,p) }.

The coordinate-domain of observer m is the set of the coordinate-points p
where m sees non-empty events:

cd(m):={p€"F : evp(p) #0}°

The world-view transformation between the coordinate-systems of observers
m and k is defined as:

fmk := {(p, @) € "F X "F : evy,(p) = evi(q) # 0}.

Note that f,,, is a binary relation. f,,, will turn out to be an injective
partial function assuming axiom Ax3Ob below, cf. Proposition 1.

Sevy,(p) = 0 does not mean that space-time would be empty at point p (as seen by
m). Instead, it means that observer m does not use point p for coordinatization. Le. the
world-view function ev,, : "F — Events is partial. Part of the explanation of this meaning
of ev,,(p) = 0 is that our bodies are only potential bodies. Hence b € ev,,(p) means that,
potentially, a body b could be present at point p for m. Hence ev,,(p) = () implies that
nothing could be present, even in principle, at p for m.
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If R C A x B is a binary relation, then Dom(R) and Rng(R) denote
the domain and range of R, respectively, i.e. Dom(R) := {a € A : (3 €
B) (a,b) € R} and Rng(R) :={b€ B : (Ja € A) (a,b) € R}.

Now everything is ready to state further axioms.

AxLine The traces of observers and photons are subsets of lines, but they
must be restrictions of lines to the coordinate-domain (or empty), i.e.

(Vm € Ob)(Vk € Ob U Ph)(3¢ € Lines)
(trm(k) =CNcd(m) or tr,(k)=10).

The above axiom motivates the definition: if m € Ob and ¢ € Lines, then ¢
is called an observer line for m iff (3k € Ob) tr,, (k) = £ Ncd(m); and £ is
called a photon line for m iff (3ph € Ph) tr,,(ph) = ¢ N cd(m).

Ax3Ob Each point in the coordinate-domain has a neighborhood and a
“speed threshold” A such that each line slower than A that intersects
the neighborhood is an observer line, i.e.

(Vm € Ob)(Vp € cd(m))(Je, A € TF)(V{ € Lines)
((speed(ﬁ) <A A INS(pe)#0) — Lisan observer line for m).

AxOpen (Vm,k € Ob)(Dom(f,,;) is an open subset of "F).

AxOpen implies that cd(m) is an open set for every observer m since
cd(m) = Dom(f,,.).

The theorem below says that, locally, the world-view transformations are
P-collineations in models of AxLine, AxJOb, AxOpen. This, we think,
is a rather strong Alexandrov-Zeeman type theorem. For the Alexandrov-
Zeeman theorem cf. Goldblatt [9] or Lester [12] or [4] in the present volume.
It says that any bijection from "F to "F that takes lines of speed 1 onto lines
of speed 1 is an A-collineation if we assume that F is the field of reals and
n = 4. Lester shows in [12, p.929| that this statement does not hold for
partial injections in place of bijections.%

6The theorem on p.929 of Lester [12] and the discussion preceding it are strongly rele-
vant to our Theorems 1 and 2 herein. The general relativistic generalization of Zeeman’s
theorem in Malament [15] is also relevant. Cf. also Guts [10, §26].
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As usual, functions are binary relations. Thus P-collineations are binary
relations. We say that the binary relations R and R’ agree on a set D iff
RN (D x Rng(R)) = RN (D x Rng(R')).

Theorem 1. Assume AxLine, Ax30b, AxOpen. Then (i), (ii) below
hold.

(i) For everym,k € Ob and p € Dom(f,,x) there is a unique P-collineation,
denoted by C ., that agrees with f;, on some neighborhood of p.

(ii) For every m,k € Ob and (p,q) € fmy the P-collineations C, and Ci
are inverses of each other.

The proof of Theorem 1 is in §3.

By item (i) of the above theorem, the world-view transformations preserve
Coll and —Coll locally in models of AxLine, Ax30b, AxOpen.

Conjecture 1. Theorem 1 above remains true if we omit the assumption
that our ordered field is Euclidean. Furthermore, the proof given in §3 works
for the non-FEuclidean case if we use cubes instead of balls in the proof.

Question 1 Does Theorem 1 above remain true if we replace the assumption

Ax30Db by the weaker Ax3IOb™ below?

Ax30Ob™ For each point p in the coordinate-domain there is a “speed thresh-
old” A such that each line slower than A that passes through point p is
an observer line, i.e.

(Vm € Ob)(Vp € cd(m))(3X € TF)(V/ € Lines)
((speed(f) <A AN pel) — [isan observer line for m).

If we replace AxOpen by the much stronger AxFull below, then Ax3Ob
can be replaced by AxdOb™ in Theorem 1. Beyond that, the world-view
transformations will turn out to be A-collineations in models of AxLine,
Ax30b™, AxFull

AxFull below is a typical example of a potential assumption which does
not have the status of an axiom in the present work. It is a typical postulate
which distinguishes special relativity from our more general theories studied
herein and in [3]. We formulate AxFull to make it sure that we do not
assume it in our generalized theories, not even by chance or even implicitly.
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AxFull (Vm,k € Ob) Dom(f,,;) = "F.

Roughly speaking, AxFull says that every observer sees all the events and
sees something everywhere in his coordinate-system. From the point of view
of general relativity theory, AxFull is a too strong assumption, therefore we
will not include AxFull in our localized relativity theories.

In Theorem 1 above, P-collineation cannot be replaced by A-collineation,
see [14]. We get A-collineation, however, if we add axioms about photons.
Notice that so far, nothing has been used about photons. We will assume
that the photon traces form an “upright” cone, called light-cone, at each
point, however the angle (or “openness” or “width”) of the light-cone may
differ from point to point. We are going to formalize this, the result of which
will be axiom AxPh below. We note that, assuming AxLine, AxPh is
equivalent with (x) below.

(x) (Ym € Ob)(Vp € cd(m))(3X € *F)
(V¢ € Lines) [pe ¢ — ({1is a photon line for m « speed(/) = \)|.

Therefore we could have stated Theorem 2 below here without introducing
any further definitions and axioms.

The set of (spatial) directions dir is defined as
dir:={de€"F : d, =0, |d =1}.

Assume m € Ob, b € B, d € dir. We say that b moves in direction d as
seen by miff  (Vp,q € trp (b)) (AN EF) [ps—qs =AM A (pr > ¢ — A >0)].

The speed of a body b as seen by an observer m is speed,, (b) := speed(tr,, (b))
if tr,,,(b) is a subset of a line and it has at least two elements, otherwise
speed,,(b) is undefined. Note that speed,,(b) = oo is possible. Furthermore,
assuming AxLine and AxOpen, for any h € Ob U Ph, speed,, (h) is defined
or tr,,(h) = 0. Whenever we use speed,,(b) in an axiom, we will assume that
the axiom states the existence of speed,,(b), too. Cf. e.g., AxIstr below.

Assume m € Ob, b € B and speed,, () is defined. We note the following.
If speed,,(b) € *F, then b moves in exactly one direction; if speed,,(b) = oo,
then b moves in exactly two directions, i.e. b moves both in d and —d for
some direction d; and if speed,,(b) = 0, then b moves in every direction as
seen by m.
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Ax3Ph From any point p € cd(m) in any direction there is a photon moving
in that direction, i.e.

(Vm € Ob)(Vp € cd(m))(Vd € dir)(Iph € Ph)
(p € tr,(ph) A (ph moves in direction d as seen by m))

AxIstr below abbreviates Axiom of Isotropy.

AxIstr The speed of light is direction-independent at each point
p € cd(m), i.e.
(Vm € Ob)(Vph, ph' € Ph)
(trp(ph) Ntr,(ph') #0  —  speed,,(ph) = speed,,(ph")).

AxFin The speed of each photon is nonzero and finite, i.e.
(Vm € Ob)(Vph € Ph) (0 < speed,,(ph) < oo or tr,(ph) =0).

AxPh := AxdPh A AxIstr A AxFin.

In effect, the photon traces that cross a given p € cd(m) show an
“upright” cone-like shape, called light-cone. Notice that the speed of
light—the angle of the light-cone—may differ from point to point.

We note that assuming AxLine, AxOpen, AxPh, the speed of light is
constant locally, i.e. (Ym € Ob)(Vp € cd(m))(3e, A € TF)(Vph € Ph)
(trm(ph) N S(p,e) #0 —  speed,,(ph) = \).
The theorem below says that, locally, the world-view transformations are
A-collineations in models of AxLine, Ax3JOb, AxOpen, AxPh.

Theorem 2. Assume AxLine, Ax3dOb, AxOpen, AxPh. Then for every
m,k € Ob and p € Dom(f,x) there is a unique A-collineation that agrees
with f,,,. on some neighborhood of p.

The proof of Theorem 2 is in §3.

By the above theorem, the f,,,’s preserve parallelism, Coll and —Coll lo-
cally under certain assumptions.

If, in Theorem 2, n > 2 and we replace the assumption AxOpen by
the much stronger AxFull, the assumption Ax3dOb becomes superfluous.
Moreover, the world-view transformations are A-collineations in models of
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AxLine, AxFull, AxPh if n > 2 by the proof of the Alexandrov-Zeeman
theorem. Despite of this fact, the assumption Ax3Ob cannot be omitted
from Theorem 2 even if n > 2 is assumed. This is so because the Alexandrov-
Zeeman theorem does not generalize to the local approach pursued herein,
as it is shown in Lester [12, p.929].

Question 2 Does Theorem 2 above remain true if we replace the assumption

Ax30b by the much weaker Ax30b™ " below?

Ax3Ob™ " Each line of speed 0 that intersects the coordinate-domain is an
observer line, i.e.
(Vm € Ob)(V{ € Lines)
((speed(ﬁ) =0 A £Ncd(m) # () — £ is an observer line for m).

We note that, in Theorem 1, Ax3ODb cannot be replaced by Ax3dOb™ .
We conjecture that the assumption Ax3dOb can be replaced by Ax3JOb™ in
Theorem 2.

Finally, we are going to state theorems concerning faster than light ob-
servers. To this end we introduce further axioms.

AxSelf Observers can see themselves only on the time-axis, i.e.
(Vm € Ob) tr,,(m) C {(t,0,...,0) : t € F}.

There may be points on the time-axis where an observer can see noth-
ing. Intuitively, such a point may be after the “Big Crunch”; or for
an observer falling into a Schwarzschild black hole, it may be the point
(measured by his own clock, i.e. his proper time) where his life-line
intersects the singularity.

Assume k, h € Ob. Then we say that k is a brother of h iff
(Vm € Ob) tr,,,(k) = tr,,,(h).

AxEvent If m sees an event happening to k, some brother of k sees it, too,

(Vm, k € Ob)(Vp € tr,(k))(3h € Ob)
[h is a brother of k& and p € Dom(f,,4)].
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Intuitive motivation for AxEvent above: Consider the life-line of Earth
in general relativity. It is an infinitely long spiral. Therefore we cannot
approximate the world-view of Earth by a single, long inertial frame (such
does not exist).” On the other hand, we can hope for approximating the
world-view of Earth by an infinite sequence of relatively small (hence also
“short”) inertial frames. Formally, this amounts to decomposing Earth to
infinitely many observers whose body part is the same, namely Earth, but
whose coordinate-domains correspond to different bounded pieces of Earth’s
history, so to speak. These versions “... Earth_,, Earth_;, Earthy, Earth;,
Earths,....” of Earth will be brothers in our sense with different, small,
coordinate-domains. The union of these domains covers the whole life-line
of Farth. This is why in our AxEvent above we had to talk about some
brother h of k instead of k itself.

Our axiom system LocRel, roughly speaking, consists of all axioms in-
troduced so far, except AxFull. We note that LocRel is a concretely speci-
fied version of the axiom system Loc(Specrel) promised in the introduction.®
LocRel excludes faster than light observers if n > 2 by Theorem 3 below.

LocRel := {AxLine, Ax30b, AxOpen,
Ax3Ph, AxIstr, AxFin, AxSelf, AxEvent}.

FTL abbreviates “faster than light”. Let k,m € Ob. We call kK FTL w.r.t.
m iff there is a ph € Ph such that k£ and ph move in the same direction as
seen by m, they meet, i.e. tr,, (k) Ntr,,(ph) # 0, and speed,,(k) > speed,,(ph).
noFTL abbreviates the formula saying that no observer k can move faster

than light relative to any other observer, i.e. it abbreviates the formula
—(3Im, k € Ob)[k FTL w.r.t. m|.

Theorem 3. LocRel \ {AxFin} = noFTL ifn > 2.

The proof of Theorem 3 is in §3.

"In general relativity, it is the so-called local inertial frames (LIF’s) that correspond,
roughly, to the world-views of inertial observers in our present local version of relativity,
cf. Rindler [20] for LIF’s and their such role.

8To be precise, LocRel is a streamlined, slightly generalized version of the result
Loc(Specrel) of applying the localization procedure Loc(-), described in the introduction,
to Specrel mechanically. As illustrated in [2], general procedures like Loc(-) are always
meant to be applied in this way: we first apply the procedure Loc(-) “mechanically” and
then streamline the thus obtained theory.
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For n = 2, FTL observers do become possible even in models of axiom system
Specrel mentioned in the introduction.

We are going to replace axiom AxIstr in LocRel by the much weaker
AxP1 below.

AxP1 The speed of light is unique and well-defined in each direction at each
point p € cd(m). In particular, it does not depend on the movement of
the source: photons are unlike bullets. Basically, this is the first-order
logic formalization of Friedman’s principle (P1) in [8, p.159],

(Vm € Ob)(Vph, ph' € Ph)

ph and ph' move in the same direction as seen by m —
(speed,, (ph) = speed, , (ph’) or tr,(ph) N tr, (ph') = @)).
Let the axiom system LocRel™ be obtained from LocRel by replacing
AxIstr by AxP1, i.e.
LocRel™ := {AxLine, Ax30b, AxOpen,
Ax3Ph, AxP1, AxFin, AxSelf, AxEvent}.
Question 3 Assume n > 2. Does LocRel™ = noFTL hold?

Let LocRel™ ™ be obtained from LocRel™ by replacing Ax3Ob by
Ax30b™ . The following theorem is due to Gergely Székely [21].

Theorem 4. LocRel™~ U {AxFull} £ noFTL ifn € {3,4}.

We will weaken-and-strengthen Ax30Ob in LocRel™ to requiring that
the observer-traces “fill” the light-cones. The thus obtained axiom system
will exclude FTL observers if n > 2.

AxOb There are observers on lines which are slower than light, i.e.

(Vm € Ob)(Vph € Ph,p € tr,,(ph))(¥0 < X\ < speed,,(ph))(3k € Ob)
lp € tr,,,(k), speed,,(k) = A, and ph, k move in the same direction
as seen by m].

Let LocRel; be obtained from LocRel™ by replacing Ax3Ob by
AxOb, i.e.

LocRel; := {AxLine, AxOb, AxOpen,
Ax3Ph, AxP1, AxFin, AxSelf, AxEvent}.
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Theorem 5. LocRel] = noFTL ifn > 2.

The proof of Theorem 5 is in §3.

The assumption AxFin cannot be omitted from LocRelj in the above the-
orem.

3 Proofs

The proof of Theorem 1 is based on Desargues’ theorem and on Proposi-
tions 1, 2 below.

f A — B denotes that f is a function from A to B, i.e. Dom(f) = A
and Rng(f) C B.

f: A" B denotes that f is a partial function from A to B; this means
that f is a function Dom(f) C A and Rng(f) C B.

Proposition 1. Assume Ax3Ob™.
Then for every m,k € Ob, f,,x : "F — "F is an injective partial function.

Proof: Assume the assumptions. Due to the definition of the world-view
transformation, it is enough to prove that for every m € Ob and distinct
p,q € cd(m), evy,(p) # evin(q). Let m € Ob and p,q € cd(m), p # q. Let
¢ € Lines and k € Ob be such that p € ¢, ¢ € ¢, and tr,,,(k) = {Ncd(m). They
exist by Ax3JOb™. Now, k € ev,,(p) but k£ & ev,,(¢). Thus ev,,(p) # ev,,(q).

QED (Prop.1)

In the remaining part of the present paper we use the following notation
and definitions.

o If a,b € "F with a # b, then ab denotes the unique element of Lines
that contains a and b.

o Ifa,b € P"F with a # b, then Pab denotes the unique element of PLines
that contains a and b.

e Bw is the ternary relation of strict betweenness on "F, i.e. Bw(p, q,)
iff p,q,r are distinct collinear points and ¢ is between p and r. This
can be formalized as
Bw(p,q,7) < (FNETF)(g=p+A(r—p) A A<1).



240 FOL APPROACH TO LOCAL RELATIVITY

e If a,b € "F, then [a, b] denotes the closed segment determined by a and
b,ie. [a,b]:={c€e"F : Bw(a,c,b) V ¢ € {a,b}}.

e Points p,q,r, s € "F are coplanar iff (3P € Planes)p,q,7,s € P.

e P ¢ Planes is a vertical plane iff (3¢ € Lines)({ C P A speed(() = 0).

Next we recall Desargues’ theorem from the literature, cf. e.g., Gold-
blatt [9]. To do so we need the following definitions:

Consider the projective structure P = (P"F,PColl). A triangle is a triple
of non-collinear points from P"™F. These points are the wertices, and the
(projective) lines connecting two of the vertices are the sides of the triangle.

Triangles o/, b, ¢ and a”, 0", " are centrally perspective iff there is p €
P"F such that PColl(p,d’,a”), PColl(p,t',0") and PColl(p,c, "), see Fig.1.
Triangles a/,b', ¢ and a”,b",c" are axially perspective iff there are a.b,c €

centrally p Desargues’ theorem:
perspective :
triangles:

axially
perspective
triangles:

Figure 1: Desargues’ theorem

P"F such that  PColl(a,b,c), PColl(a,t, ), PColl(a,b”, "), PColl(b,d’, ),
PColl(b,a”, "), PColl(c,a’, "), and PColl(c,a”,b"), see Fig.1.

Desargues’ Theorem Two triangles are centrally perspective if and only if
they are axially perspective. Cf. Fig.1.
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Definition: Let f : A — A be a partial function and let R be a ternary
relation on A. We say that f preserves R on a set H iff H C Dom(f) and
(Vz,y,z € H)[R(z,y,2) — R(f(x), f(y), f(2))]. Furthermore, f preserves
R (or f is R-preserving) iff f preserves R on Dom(f).

Proposition 2. Let f : "F —= "F be a partial function. Assume f preserves
Coll and —Coll, and Dom(f) is a ball.

Then there is a unique PColl-preserving function g : P"F — P"F extend-
ing [ (f C g).” Furthermore, this unique g is injective.

Question Does g in Prop.2 above preserve —PColl?

Proof of Prop.2: Assume [ : "F — "F satisfies the assumptions.

Let L := {/ € PLines : £ N Dom(f) # 0}. For every ¢ € L there is a
unique element of PLines that contains the f-image of /. We will denote this
unique element of PLines by f (/).

Definition: Lines (1, ly, (3 are concurrent iff {1 N Ly N Ly £ (.

Claim: For any distinct and concurrent 1, 0o, 03 € L, the lines f(¢y), f(l2),
f(€3) are distinct and concurrent.

Proof: Assume (1,/05,03 € L are distinct and concurrent. Since f preserves
—Coll, the lines f(¢1), f({2), f(¢s) are distinct. It remains to prove that they
are concurrent. We will prove this by Desargues’ theorem.

Let o’,a” € ¢, N Dom(f), b/',b" € €y N Dom(f), ¢,c" € £3 N Dom(f) be
distinct points such that a’,t', ¢ and a”,b”,¢” are triangles and the points
of intersection of the corresponding sides of these triangles are in Dom(f),
see Fig.2. It is explained in the caption of Fig.2 why such triangles exist.
These triangles are centrally perspective. Thus, by Desargues’ theorem, they
are axially perspective, i.e. the points of intersection of the corresponding
sides are collinear. Since f preserves Coll and —Coll, f(a'), f(V'), f(¢') and
fla"), f(t"), f(c") are axially perspective triangles. But then, by Desargues’
theorem, they are centrally perspective. Thus the lines f(¢;), f(f2) and f({3)
are concurrent. QED (Claim)

We are going to define a function g : P"F — P"F. Let p € P"F. By the
above claim, there is a unique p’ € P"F such that (W € L)(p el — p' €

9In particular, Dom(g) = P"F.
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points of intersection
of the corresponding sides

Dom(/)

Figure 2: Let ¢ € £1 N ¢y N ¢3. Choose triangle a’/, V', ¢ arbitrarily. Choose a”,b”
such that Bw(a',a”,q) and Bw(b”,V',q). Then a't' N a”b” is a point in Dom(f).

Choose ¢’ so “close” to ¢ that a’c’ Na”¢” and V' Nb'¢" are points in Dom( f).

f(0)). We define g(p) to be this unique p’. Clearly, g extends f. Note that
g is the unique P"F — P"F function with the property

(Veel)(pel — glp) € f(£)) (1)

If ¢ : P"F — P™F is a PColl-preserving function extending f, then ¢’ satisfies
(1) above, hence ¢’ = g.

It remains to prove that g preserves PColl and that ¢ is injective.

To prove that ¢ is injective let a,b € P™F be distinct points. Since g
extends f and f preserves —Coll, ¢ is injective on Dom(f). Thus, there is
¢ € Dom(f) such that g(a) # g(c) # ¢(b). Fix such a c¢. By (1), g(a), g(c) €
f(Pac) and g(b),g(c) € f(Pbc). But f(Pac), f(Pbc) are distinct because
Pac, Pbc were such and f preserves —Coll. Hence g(a) # g(b).

We will use Desargues’ theorem to prove that g preserves PColl. By (1),
g preserves collinearity on elements of L, i.e. for any ¢ € L and a,b,c € /,
PColl(g(a), g(b). g(c))-

To prove that g preserves PColl, let a, b, ¢ € P"F be such that PColl(a, b, ¢).
We can assume that a, b, ¢ are distinct. Let o', V', ¢ € Dom(f) and a”, V", " €
Dom( f) be triangles such that the corresponding sides meet in a, b, ¢, respec-
tively, see Fig.3. It is explained in the caption of Fig.3 why such triangles
exist. The two triangles are axially perspective. By Desargues’ theorem,
they are centrally perspective. Furthermore, the lines connecting the corre-
sponding vertices are in L. Therefore, since g preserves =Coll on Dom(f) and
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Figure 3: Let ¢1, 45,3 € L be non-concurrent lines such that a € ¢1, b € b5, c € (3
and pairwise they meet in Dom(f). Let ¢ € ¢y Nty a' € laNls, b € N L.
Then o/, V', ¢ is a triangle in Dom(f). The triangle a”,b”, ¢’ in Dom(f) is obtained
analogously by using ¢/, ¢4, ¢5 distinct from ¢;, lo, 3.

g preserves PColl on elements of L, g(a’), g(b'),g(c') and g(a”), g(b"), g(c")
are centrally perspectivive triangles and the corresponding sides meet in
g(a), g(b), g(c), respectively. But then, by Desargues’ theorem, the two tri-
angles are axially perspective, which means that PColl(g(a), g(b), g(c)).
QED (Prop.2)

Proof of Theorem 1:

Assume AxLine, Ax3Ob, AxOpen. Recall that the world-view transfor-
mations (f,,x) are injective partial functions by Proposition 1. Furthermore,
for every m, k € Ob, f,,; and f;,, are inverses of each other. We will use these
facts tacitly throughout the present proof.

Notation: Assume m,k € Ob. Then for every a € f,i, a, denotes the
first component of a, while a; denotes the second component of a, i.e. a =
(@, ay). Furthermore, if a,, € Dom(f,,x), then a; denotes f,(a,,) and if
ar, € Rng(f,.) = Dom(fy,,), then a,, denotes f,,(ax).

Claim 1: Assume m, k € Ob and a,b € .., a # b. Then (i), (ii) below hold.

(i) (amby, is an observer line for m) < (agby is an observer line for k).
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(ii) f,k preserves Coll and =Coll between three points if the line determined by
two of the points is an observer line. Formally: Assume a,,b,, is an observer
line for m. Then for every ¢ € f,.,

Coll(@p, by, ) < Coll(ay, by, cx), or equivalently ¢, € a,b,, < ¢ € agby.

We omit the easy proof.

Claim 2: The world-view transformations preserve Coll locally, i.e. for every
m,k € Ob and p € Dom(f,,;), there is a ball S with center p such that f,,
preserves Coll on S.

Proof: et m,k € Ob. To prove that f,,; preserves Coll locally, let p €
Dom(f,,.x). We need a ball with center p such that f,,; preserves Coll on that
ball.

Let e, A € TF be such that S := S(p,e) C Dom(f,,;) and any line slower
than X that intersects S is an observer line for m. Such €, A exist by Ax3O0b
and AxOpen.

Let S’ be a ball with center p such that S’ is a proper subset of S. For
any H C "F, the “vertical cylinder” ¢(H) of H is defined as
c(H)={qe™ : (Ire H)qgs=rs}.

Let S” C S’ be a ball with center p such that S” is small enough to satisfy
(%) below. See Figure 4.

(*) Any line that intersects both S” and ¢(S”) \ S’ is slower than A.

Let X :=(S\5)NneS”), Xt ={geX : ¢g>p },and X :={qge X :
G < pe}-

We will use Desargues’ theorem and Claim 1 to prove that f,,; preserves
Coll on S”. Let ap, by, € S” be such that Coll(ap,, by, crn). We will
prove that Coll(ag, by, cx). We can assume that a,, by, ¢, are distinct. Let
a,,, b, c, € Xt CSandal,bl ci € X~ CS be triangles such that the
corresponding sides meet in a,,, b, ¢, respectively, and b, b N cr is a
point in S, see Fig.4. It is explained in the caption of Fig.4 why such triangles
exist.

By () above, all the sides and the lines connecting the corresponding
vertices of these triangles are slower than A. Thus all these lines are observer
lines for m. Furthermore, these triangles are axially perspective. By Desar-
gues’ theorem, they are centrally perspective. Moreover, a] a!’ NV, b/ Nc,,.cr
is a point in S. Therefore, by Claim 1 (ii), a},, b}, ¢, and af, by, ¢} are centrally
perspective triangles and the corresponding sides of these triangles meet in
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Figure 4: Choose },,b,, € X such that Bw(a,, c,,b),) and by,cl, N epbh, is a

m’ - m m’
point in X . The latter can be achieved by choosing ¢/, and b}, “close” to each
other. Let al, be by,cl, Neybl,. Choose ¢, bl € X~ such that Bw(ay,, b, ),
b, N bl is a point in X, ambl, # anbl),, bymch, # bmclr, and cpbl, # cmbl,.
Let a!, be byl N ey,bl . Then, by Bw(an,, d,,bl,) and Bw(a,,, b, dh), ¢, N
b, b is a point in S.
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ag, by, cx, respectively. By Desargues’ theorem, we conclude Coll(ag, by, cx).

QED (Claim 2)

Claim 3: Assume m,k € Ob, a,b,¢,d € fk, d € {a,b,c} and apd,,, bpdy,
cmd,, are observer lines for m. Then
Cmybm, Cm, dp, are coplanar < ay, by, ¢, di. are coplanar.

Proof: Assume m, k,a,b, c,d satisfy the assumptions. By Claim 1 (i), it is
enough to prove one direction of “<” in the present claim. We will prove,
e.g., the “<” direction. Assume ay, by, ¢, di are coplanar. Let S C Dom(fy,,)
be a ball with center dj such that f;,, preserves Coll on S. S exists by Claim
2. See the left hand side of Figure 5. Let aj, € S N agdy, b, € S N bydy

Claim 3 ag Claim 4
observer Case n =2 Case n > 2
lines observer
- lines

fr..m preserves Coll on S
and on observer lines fmi preserves Coll on .S

Figure 5: Tlustrations for the proofs of Claims 3,4.

and ¢, € S N ¢pdy be such that Coll(aj, b, c,) and dy & {a}, b}, ¢}, cf.
Fig.5. Clearly, d,, & {al,,b.,,c,}. Since fy,, preserves Coll on S, we have
Coll(a;,,b;,,c.,). By Claim 1 (ii), a/, € apdy, b, € byd,, and c,, € ¢, dp,
since andy,, bndn,, cnd, are observer lines. Therefore a,,,b,,, cmn,d,, are
coplanar. QED (Claim 3)

Claim 4: Assume m, k € Ob and S is a ball such that f,,; preserves Coll on
S. Then f,,;, preserves —Coll on S.
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Proof: Assume m, k, S satisfy the assumptions. Let a,,, b, ¢, € S be such
that —Coll(an, b, cm). We want to prove —Coll(ay, by, cx). We distinguish
two cases, the case of n = 2 and the case of n > 2. See the right hand side
of Fig.5.

Case of n = 2: Assume n = 2. Let a,, € a,,¢,, NS and b, € b,c,,, NS be
such that ¢, & {a/,, b/} and a! b is an observer line for m. a! ¥/ exist by
Ax30b. Clearly, —=Coll(a],,b.,, ¢y). Then, by Claim 1 (ii), =Coll(ay, b, cx)
since a) bl is an observer line. By —Coll(a}, b}, c;) and the assumption that

fr preserves Coll on S, we have —Coll(ay, by, cx)-

Case of n > 2: Assumen > 2. Let a/, € apc,,NS, b, € byc,,NS and d,,, € S
be such that a! b, cp,d, are not coplanar and a] d,,, b d,, c,d, are

m? - m’

observer lines for m, cf. Fig.5. a,,, b/, d,, exist by Ax3Ob. Then, by Claim 3,

we have that a}, b}, ¢k, dj, are not coplanar. But then —~Coll(ay, b}, ¢). By this

and by the assumption that f,,,;; preserves Coll on S, we have =Coll(ag, b, cx).
QED (Claim 4)

Let m, k € Ob, p € f,,; be fixed until the proof is complete. Furthermore,
let a ball S with center p,, be fixed such that f,,;. preserves Coll on S. S
exists by Claim 2. Then f,,; preserves —Coll on S by Claim 4.

Now, by Prop.2, there is a unique PColl-preserving P"F — P"F function
that agrees with f,,;, on S. Denote this function by g. g is injective by Prop.2.
We will prove that ¢ is a P-collineation.

Claim 5: Assume H C Dom(f,,;) is an open set and g agrees with f,,;, on H.
Assume e € f,,; and £, ¢ are observer lines for m such that /N ¢ = {e,,} and

(NH#D#0CNH. Then e € g.

Proof: Note that for any line £ and open set H, we have

((NH#0) = ({N H is an infinite set). Now, assume H, e, (, ' satisfy the

assumptions. Let a,,, b, € HN/{ and ¢,,,d,, € H N /¢ be distinct points, cf.

the left hand side of Figure 6. Then, by Claim 1 (ii), axby N cxpd = {ex}.

g takes a,,, by, Cony dy, tO ag, by, i, di., respectively, by the assumption that g

agrees with f,,, on H. Since g preserves PColl, it takes e,, to e;. Thus e € g.
QED (Claim 5)

Let ¢(S) :={q€"F : (Ir € S) gs =rs } be the “vertical cylinder” of S, cf.
the right hand side of Fig.6.
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Claim 5 Claim 6
observer
lines y
€m
€m
—e(9)
b,
H m
am Cim
14 Y A

Figure 6: Illustrations for proofs of Claims 5,6.

Claim 6: g agrees with f,x on ¢(S) N Dom(f,,x), i.e. for every e € fu,
em €c(S) = e€yg.

Proof: Let e € f; be such that e,, € ¢(S). By Ax3Ob, there are two
observer lines £, ¢’ for m such that they meet in e,, and both of them intersect
S, cf. the right hand side of Fig.6. Then, by Claim 5 and by the fact that g
agrees with f,,, on S, we have e € g. QED (Claim 6)

Let a ball Sy with center pr and A € TF be fixed until the proof is complete
such that

e f.,, preserves Coll on Sj, and

e cach line slower than A that intersects S is an observer line for &.

Such Sy, exists by Ax3Ob and Claim 2.

Claim 7: Assume e € f,,; is such that ey # pr and speed(expr) < A. Then
e Eqg.

Proof: Assume e satisfies the assumptions. See Figure 7. Let ¢, € S be
such that p,, # ¢, and speed(p,,¢.,) = 0. Note that p,,q,, C ¢(S) and, by
Ax30Db, p,,q,, is an observer line for m. Choose a; € prgr N S) such that
ar # pr and speed(egay) < A. speed(erar) < A can be achieved by choosing
ar “very close” to py.
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coordinate-system of k coordinate-system of m

€k
€m

lines slower

than \

observer
qk lines

Figure 7: Ilustration for the proof of Claim 7.

Now, by our choice of Sy and A, both eiay, expr are observer lines for k.
Thus, by Claim 1 (i), e,,a,, and e,,p,, are observer lines for m. Furthermore,
by Claim 1 (ii), am € PmGm-

Assume e, € ppmgm. Then e, € ¢(S). Thus, by Claim 6, e € g.

Assume e, € ppnqm- Then the two observer lines e,,a,,, €,p,» meet in e,,
and both of them intersect the open set ¢(S) N Dom(f,,;). But g agrees with
fmr on this open set by Claim 6. Therefore, by Claim 5, e € g. QED (Claim 7)

g~ ! denotes the inverse of g. We note that ¢g~! : P"F -2 P"F is a partial

function.

Claim 8: Sy, C Rng(g) and f,,, and ¢! agree on S, i.e.
(e €fmpr Ner €Sy) = e€g.

Proof: Assume e € f,,,, and e, € S;.. Let lines £, /' be slower than \ such that
(N0 = {py} and ey is in the plane determined by ¢, ¢'. See the left hand side
of Figure 8.
If e, € UL, then e € g by Claim 7. So we can assume e & (U /. Let
ay, by, ¢, di, be distinet points such that ay, by, € £, ¢, di, € ¢/ and
arCr N bkdk = {ek}
Note that, by our choice of Sj, and Claim 4, f;,, preserves Coll and —Coll on
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Claim 8 Claim 9
lines slower

Sk q € P"F

Ck

Figure 8: Illustrations for the proofs of Claims 8,9

Sy. Thus

A Cm N by, = {€m }
By Claim 7, g takes ay,, by, ¢, dp, t0 ag, by, ci, di., respectively. Since g pre-
serves PColl, g takes e, to e, i.e. e € g. QED (Claim 8)

Claim 9: g is surjective, i.e. Rng(g) = P"F. Hence g is a bijection.

Proof: Let g € P"F. Let ay, b, cx, di. € Sy be distinct points such that
P(Lkbk N Pckdk = {q},
cf. the right hand side of Figure 8. Note that the points ay, by, ¢, di are
coplanar and the lines apby, cid; are distinct. Since f;,,, preserves Coll and
=Coll on Sk, an,bm, Cm,d,, are coplanar and the lines a,,b,, and c,,d,, are
distinct. But then there is » € P"F such that
Pa,,by, N Peyd,, = {r}.

By Claim 8, g takes a,,, by, Cm, d, tO ay, by, c, di. Tespectively. Since g pre-
serves PColl it takes r to g. Thus ¢ € Rng(g). QED (Claim 9)

Claim 10: g is a P-collineation.
Proof: By Claim 9, g : P"F — P"F is a PColl-preserving bijection. But any

PColl-preserving bijection f : P"F — P"F is a P-collineation.
QED (Claim 10)
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Claim _11: Assume ¢’ is a P-collineation and S’ is a neighborhood of p,,, and
g’ agrees with f,,;, on S’. Then ¢’ = g.

Proof: Assume ¢, S’ satisfy the assumptions. Let S” be a ball with center
Pm such that S” € SN S’. Then both g, ¢ agree with f,,; on S”, and f,,;

preserves Coll and —Coll on S”. But then, by the “uniqueness” part of Prop.2,
9=49. QED (Claim 11)

At this point, item (i) of the theorem has been proven. Item (ii) of the
theorem follows from Claims 8, 10 above and from item (i) of the theorem.
QED (Theorem 1)

Definition: Assume Ax3Ph, AxIstr. Assume m € Ob and p € cd(m). Then
there is a unique A\ € TF U {0, 0o} such that

(Vph € Ph)(p € tr,,(ph) — speed,,(ph) = A).

This unique A is called the speed of light at p for m.

Proof of Theorem 2: Assume the assumptions. Recall that the f,,;’s are
injective partial functions by Proposition 1.

Let m, k € Ob and p € Dom(f,,x) be fixed. Let g be a P-collineation and
let S be a ball with center p such that f,,; agrees with g on S. Such g and S
exist by Theorem 1. Note that S C Dom(f,,x) C cd(m). We will prove that
the restriction of g to "F is an A-collineation.

Claim 1: Assume z,y € Dom(f,x), © # y. Then
(zy is a photon line for m) < (fr(x)fmi(y) is a photon line for k).
Here we omit the easy proof. If one wants to obtain a proof, one has to use

AxLine.

Claim 2: Assume h € Ob, ¢ € Lines and = € £ Ncd(h) # 0. Let n be the
speed of light at x for h. Then
speed(¢) =n < ({is a photon line for h).

Here we omit the easy proof. If one wants to obtain a proof one has to use
AxLine and AxdPh.

Let A be the speed of light at p for m. By AxFin, A € *F.
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Definition: We call the elements of P"F \ "F infinite points and the elements
of "F finite points.

Recall that if ¢ € Lines, then (> € P"F is “the point of ¢ at infinity”.
Claim 3: Assume ¢ € Lines is such that p € ¢ and speed(¢) = A. Then g(£>)
is an infinite point.

Proof: Assume /¢ satisfies the assumptions. Let a,b,c € S be such that a ¢ 7,

coordinate-system of m: coordinate-system of k:

\EOO

Figure 9: Illustration for the proof of Claim 3.

speed(pa) = A\, b # a, ab || ¢, ¢ € £ and ¢ # p. See Figure 9. Then
speed(ab) = A, too. Since the speed of light is A at p for m, pc and pa are
photon lines for m, by Claim 2. Since pa is a photon line, the speed of light
at a is speed(pa) = A for m. Thus, since speed(ab) = A, ab is a photon line
for m by Claim 2. Note that a, b, ¢, p are coplanar and no three of them are
collinear.

Let o/, b, ,p’ be the f,,;, images of a,b,c, p, respectively. See Figure 9.
Recall that f,,; agrees with a P-collineation on S. Thus o', ¥, ¢, p’ are copla-
nar and no three of them are collinear since a,b,c,p are such. By Claim
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1, p'd,p'd’,d'b are photon lines for k since pe, pa, ab are photon lines for m.
Thus the speed of light is the same at p" and @ for k, which is speed(p’a’); the
speed of light at p’ is speed(p’c’); and the speed of light at o’ is speed(a’t’).
Hence speed(p'c’) = speed(a’t’). But then, p'd || a't/. Now, since g preserves
PColl and agrees with f,,; on S, it takes Ppc N Pab = {{>*} to Pp'd N Pd'V.
Hence g takes £*° to an infinite point. QED (Claim 2)

Claim 4: g takes infinite points to infinite points.
Proof: Let q be an infinite point. Then ¢ = (> for some ¢ € Lines with

p € L. Let such an ¢ be fixed. Let P be a vertical plane that contains /.
See Figure 10. Let (1,05 be lines of speed A such that ¢; N ¢y = {p} and

speed (/1) = speed(f2) = A

Figure 10: Ilustration for the proof of Claim 4.

01,05 C P. Then, since £, (3° (5 € P>, we have PColl(¢>°, (3, (5°). But
then PColl(g(£>), g(¢3°), g(¢5°)). By Claim 3, g(¢5°) and g(¢3°) are infinite
points. Furthermore, they are distinct. Since no projective line contains two

infinite points and a finite point, we conclude that g(¢>°) is an infinite point.
QED (Claim 4)

Claim 5: g N ("F x "F) is an A-collineation.



254 FOL APPROACH TO LOCAL RELATIVITY

Proof: Since g is a P-collineation it is enough to prove that g N ("F x "F) is
a permutation. By Claim 4, it is enough to prove that g takes finite points
to finite points since ¢ is a permutation on P"F. ¢ takes p to a finite point,
i.e. to f,.(p). To prove that g takes finite points to finite points let ¢ be a
finite point, p # ¢. Since g preserves PColl, we have PColl(¢(p), 9(q), 9(pg™)).
Since ¢g(pg™) is an infinite point and g(p) is a finite point, we conclude that
g(g) is a finite point. QED (Claim 5)

By this the “existence” part of our theorem has been proven. The
“uniqueness” part of the theorem follows from Theorem 1 and from the fact
that any A-collineation can be extended to a P-collineation.

QED (Theorem 2)

We will use Lemma 1 in the proof of Theorem 3.

Lemma 1. Assume LocRel \ {AxIstr, AxFin}. If there is an observer
trace in a plane passing through a point, then there is a photon trace in the
plane passing through the point.

Formally: Assume m,k € Ob and p € tr,,(k) C P € Planes. Then there
is a ph € Ph such that p € tr,,(ph) C P.

Proof: Assume m,k € Ob and p € tr,,(k) C P € Planes. f,,; is an injective
partial function by Proposition 1. We can assume p € Dom(f,,x) since, by
AxEvent, k has a brother h such that p € Dom(f,,,). Let p' := f,x(p). By
Theorem 1, there are a P-collineation ¢g and balls S,S’ with centers p, p/,
respectively, such that f,,; agrees with g on S and f;,,, agrees with ¢ * on 5,
where ¢g=! denotes the inverse of g. Let such ¢, S, 5 be fixed. See Figure 11.
By AxLine and S C Dom(f,x) C cd(m), £ NS = trp(k) NS, for some
¢ € Lines. Thus there is ¢ € tr,,(k) NS such that p # ¢. Let such a ¢ be
fixed and let » € S N P be such that p,q,r are non-collinear points. Let
¢ and 7’ be the f,,; images of ¢ and r, respectively. The P-collineation
g takes p,q,r to p',q¢,r’, respectively. Thus p’,¢',r’ are non-collinear, too.
Let P’ be the plane that contains p’,¢’,r’. We have p/,q" € tri(k) since
p,q € trn(k). By AxSelf, speed(p'q’) = 0. Thus P is a vertical plane.
Hence, by Ax3Ph, there is a photon ph such that p’ € trg(ph) C P’. Let
such a ph be fixed. Let @' € tri(ph) N S" be such that a’ # p/. Such an d
exists by AxLine. Let a := fy,,(d'). Since g~ ' agrees with fg,,, on S’ it takes
a’ to a. Since P-collineation g~! takes p’,¢',7’,a’ to p, q,r. a, respectively, we
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coordinate-system of m coordinate-system of k

koo P

SNP
/i

S

Figure 11: Tllustration for the proof of Lemma 1.

conclude that p,q,r,a are coplanar, i.e. @ € P. Furthermore, a,p € tr,,(ph)
since ', p" € try(ph). But then, by AxLine, tr,,(ph) C P.
QED (Lemma 1)

Proof of Theorem 3: Assume n > 2 and LocRel \ {AxFin}. Assume
there is an FTL observer, i.e. there are k,m € Ob such that k is FTL w.r.t.
m. Let such m, k be fixed. Then there is p € tr,, (k) such that

speed,, (k) > (speed of light at p for m). Let such a p be fixed and let A be
the speed of light at p for m. Let P be a plane such that tr,,(k) C P and

(V0 € Lines)(¢ C P — speed({) > A). (2)

See Figure 12. Such a plane exists since speed, (k) > A and n > 2. Now, by
Lemma 1, there is a photon ph such that p € tr,,(ph) C P. For this ph € Ph,
by (2), we have speed,,(ph) > A. This contradicts the fact that the speed of
light at p for m is A.

QED (Theorem 3)

Now, we turn to the proof of our last “noFTL” theorem, Theorem 5.
Propositions 3 6 and Lemmas 2 4 below are needed for the proof of this
theorem.

Proposition 3. Assume AxLine, Ax3dPh, AxFin.
Then for every m, k € Ob, ... : "F — "F is an injective partial function.
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lines of speed A
photon lines

Figure 12: Hlustration for the proof of Theorem 3.

Outline of proof: The proof of the proposition is similar to that of Propo-
sition 1. Instead of observer m in that proof one has to use a photon to
obtain a proof for the present proposition.

QED (Prop.3)
Ax30Db™* below is a weaker version of Ax3Ob.
Ax3Ob* For every vertical plane P, each point in the coordinate-domain

has a neighborhood and a “speed threshold” A such that each line in

plane P slower than A and intersecting the neighborhood is an observer
line, i.e.

(Vm € Ob)(V vertical plane P)(Vp € cd(m))(3e, A € TF)
(V¢ € Lines) <(€ C P A speed({) <A A LN S(p,e) #0) —

¢ is an observer line for m>.

Proposition 4. LocRel; \ {AxSelf, AxEvent} = Ax3O0b*.
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Proof:

Claim 1: Assume P is a vertical plane, p € P, S’ is a ball with center p,
A € TF, and 7 is a line such that p € £ C P and A < speed(?). Then there is
a ball S C S’ with center p such that each line ¢’ in plane P slower than A
and intersecting S meets ¢ within S” (i.e. 0 £ (N C S").

Proof: Assume P, \, p, S’, { satisfy the assumptions. Let a,b € £ N S’ be such
that Bw(a, p,b). See the left hand side of Figure 13. Let ¢, ¢, ¢, ¢, be lines
in P of speed A such that {a} = ¢, N ¢ and {b} = ¢, N {]. Let S be a ball
with center p such that circle S N P is inside the parallelogram determined
by £y, 0., by, £}, i.e. such that SN (€, UL, UL,UL) = 0. This S has the desired

a’ ~ar

properties, cf. Figure 13. QED (Claim 1)
Claim 1 P Claim 2
Lo, 0}, by, £, are of speed A
A line
A ~_ slower observer
¢ than \ B ]}nes

S'NnP

Figure 13: Tlustrations for Claims 1 and 2.

Definition: Let ¢ € Lines and d € dir. We say that ¢ is in direction d iff
speed({) =0 or (Ip,q € O)(pr > @ N ps — qs = d).

Now, assume LocRel; \ {AxSelf, AxEvent}.
Claim 2: Assume m € Ob, z € cd(m) and d € dir. Then there is exactly

one photon line for m in direction d passing through x. Let ¢ be this photon
line. Then 0 < speed(f) < oo and any line slower than speed(/) in direction
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d passing through x is an observer line for m. See the right hand side of
Figure 13.

We omit the easy proof.

To prove that Ax3ODb™* holds, let m € Ob, let P be a vertical plane and
p € cd(m). We need a ball S with center p and a “speed threshold” A such
that each line in plane P slower than A and intersecting S is an observer line
for m. We can assume that p € P. Let d € dir be such that each line in P
is in direction d or —d. Let /1, /5 be photon lines for m passing through p in
directions d, —d, respectively. (1, exist by Claim 2. speed(/;),speed({s) €
*F by Claim 2. Furthermore, ¢;.¢, C P. Let A € TF be such that A <
speed(/;),speed(l2) and let S" C cd(m) be a ball with center p. By Claim 1,
there is a ball S C S’ with center p such that any line in P slower than A
and intersecting S meets both ¢; and ¢, within S’. Let such an S be fixed.

Claim 3: Any photon line ¢ for m in P intersecting S is of speed > .

Proof: Assume / is a line in P slower than A and intersecting S. Then ¢ is
in direction d or —d. Assume, e.g., ¢ is in direction d. See Figure 14. By
our choice of S, ) #¢N¥t; €S Ccd(m). Let ¢ € £N{y. By Claim 2, there
is exactly one photon line in direction d passing through ¢ € cd(m). This
photon line is /1. Thus ¢ cannot be a photon line. QED (Claim 3)

Figure 14: Ilustration for the proof of Claim 3.
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Claim 4: Any line in plane P slower than A and intersecting S is an observer
line for m.

Proof: The claim follows from Claims 2 and 3. For completeness we include
a detailed proof. Let ¢ be a line in plane P slower than A and intersecting
S. Let ¢ € 'NS C cd(m). ¢ is in direction d or —d. Assume, e.g., '
is in direction d. Let ¢ be the photon line passing through ¢ in direction
d. ¢ exists by Claim 2. Clearly £ C P. By Claim 3, speed(/) > A. Thus,
speed(?') < speed((). Hence, ' is an observer line by Claim 2.

QED (Prop.4)
Proposition 5. Assume
LocRel; \ {AxSelf, AxEvent} or {AxLine, AxJOb™*, AxOpen}. Then

for every m,k € Ob, wvertical plane P and p € Dom(f,x) N P there is a
neighborhood N of p and a P-collineation that agrees with f,,;, on N N P.

Proof: Assume the assumptions. Then, by Proposition 4, Ax3Ob™* holds.

Notation: Assume m,k € Ob. Then for every a € f,,, a, denotes the
first component of a, while a; denotes the second component of a, i.e. a =
(@, ag). Furthermore, if a,, € Dom(f,x), then a; denotes f,x(a,,) and if
ar, € Rng(f,.r) = Dom(fy,,), then a,, denotes f,,(ax).

Let m, k € Ob, a vertical plane P and p,, € Dom(f,,x) N P be fixed until the
proof is complete.

Claim 1: Assume m,k € Ob and a,b € .5, a # b. Then (i), (ii) below hold.
(i) (amby, is an observer line for m) < (axby is an observer line for k).

(ii) f,x preserves Coll and —Coll between three points if the line determined by
two of the points is an observer line. Formally: Assume a,,b,, is an observer
line for m. Then for every ¢ € f,,s,

Coll(am, b, cm) < Coll(ay, by, cx), or equivalently ¢,, € ab,, < cx € agbg.

We omit the easy proof.
Claim 2: There is a ball S C Dom(f,,,;) with center p,, such that f,,; preserves
Collon SN P.

Proof: A proof can be obtained from the proof of Claim 2 for the proof of
Theorem 1 (p.244), in the following way: One uses Ax3Ob* in place of
Ax30b. QED (Claim 2)
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Let S C Dom(f,,x) be a ball with center p,, such that f,,; preserves Coll on
SNP.

Claim 3: £, preserves —Coll on SN P.

Proof: A proof can be obtained from the proof of Claim 4 for the case n = 2
in the proof of Theorem 1 (p.247), in the following way: One uses Ax3Ob*
in place of Ax3Ob. QED (Claim 3)

Recall that for B € Planes, B> denotes the “line of B at infinity”.

fmr preserves Coll and —Coll on S N P by the choice of S and by Claim
3. Thus, by the proof of Proposition 2, there is a unique PColl-preserving
function g : (P U P>°) — P"F that agrees with f,,;, on SN P. Furthermore,
this ¢ is injective. Let g be fixed. By Ax3ODb*, there is a neighborhood of
pm and a “speed threshold” A such that each line in P slower than A and
intersecting the neighborhood is an observer line for m. Let such a A be
fixed.

Claim 4: g agrees with f,,; on the set
{em € Dom(f,x) NP : speed(ppnem) < A}

Proof: Let e,, € Dom(f,,;;) N P be such that speed(p,,e,,) < A. Then by the
choice of A, p,,e,, is an observer line for m. Let ¢,, € S N P be such that
=Coll(¢m, Pms €m) and €,,q,, is an observer line for m, too. g¢,, exists by the
choice of A\. See the left hand side of Figure 15. Let a,, € e,p, NS and
bm € ¢mem NS be such that b,, # ¢, and a,, # p,. Hence ppam, N ¢pnby, =
{em}. By Claim 1 (ii), prar N qpbr = {er}. Since g agrees with f,,; on SN P,
it takes pm, @m, by @m tO Dk, Ak, br, qx, Tespectively. Since g preserves PColl,
it takes e,, to eg. QED (Claim 4)

Since g : (PUP>) — P"F preserves PColl, there is ) € Planes such that
Rng(g) € Q U Q. Let such a @ be fixed.

Claim 5: Rng(g) = Q U Q>. Thus g is a bijection between projective planes
PU P> and Q U Q.

Proof: Let ay,, by, cm € SN P be such that p,, € {am,bm, cn} and ppan,,
Dby PmCm are distinct lines slower than A. Then by our choice of A, p,,a,,,
DPimbims PmCm are observer lines for m. See the right hand side of Figure 15.
Since g agrees with f,,;, on SN P and Rng(g) C QUQ>, Ppyag, Pprby, Pprcr C
QUQE™.
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Claim 4 Claim 5

Figure 15: Tllustration for the proofs of Claims 4 and 5

To prove Rng(g) = QU Q™ let ¢ € Q U Q>. By Claim 3, Ppay,
Ppibr, Pprci are distinct. Thus two of these lines do not contain q. We
can assume ¢ € Pprap U Ppibp. Let S" be a ball with center p, such that
S" C Dom(fy,,) = Rng(f,.x). S exists by AxOpen. Let dy, e, € prarNS’ and
Jrs g € prbe NS’ be such that Pdy fi, N Pergr = {q}. See the right hand side
of Figure 15. By Claim 1, d,,, e, € pmam and fi,, gm € Pmbm Since P, an,.
Pmbm are observer lines. d,,, €., fm, gm are distinct because dy, e, fi, g, were
such. Let r € P"F be such that {r} = Pd,, f,, N Pe,,g,,. By Claim 4, g takes
s €ms s Gm O di, €x, fr, gr, respectively. Since g preserve PColl, it takes r
to ¢. Thus ¢ € Rng(g). QED (Claim 5)

Any PColl preserving bijection between two projective planes can be ex-
tended to a P-collineation, cf. e.g. [7, 4.4.11, p.40]. Thus, there is a P-
collineation f such that f O g. Now, f,,. agrees with such a P-collineation
of SN P.

QED (Prop.5)
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Proposition 6. Assume f is a P-collineation and a,b € "F are such that
(Vp € [a,b]) f(p) € "F. Then f takes [a,b] onto [f(a), f(D)].

Outline of proof: Counsider the (n + 1)-dimensional vector space "HF :=
("1F.0,+,...) over the field F. Let us introduce an equivalence relation
on the set "™'F \ {0} as follows. u,v € ""F\ {0} are equivalent iff there
exists A € F\ {0} such that u = Av. The set of equivalence classes is called
the projective space associated with the vector space ""'F and is denoted
by FP™ according to [7]. We will denote the equivalence class of a vector
0 # v € "MF by [v]. The collinearity relation Pcoll on FP™ is defined as
follows. Pcoll([u], [v], [2]) iff 0,u,v, z are coplanar. The following is known
from projective geometry.

Fact 1: Structures P = (P™F, PColl) and (FP™, Pcoll) are isomorphic. More-
over, there is a unique isomorphism 7 between the two structures such that

(%) (Vp € "F)i(p) = [(L,p1,p2, - - - . )]

Let f : FP® — FP™ be a function. We say that f is induced by a
bijective linear transformation iff there is a bijective linear transformation A
of the vector space ""'F such that f([v]) = [Av] for all v € ""F\ {0}. We
say that f is induced by a field automorphism iff there is an automorphism
¥ of the field F such that f([v]) = [(¢(v1),¥(v2), ..., Y(v,41))] for all v €

" {0},

From now on we identify P = (P"F, PColl) with (FP", Pcoll) by the unique
isomorphism 7 that satisfies (%) in Fact 1 above, consequently, we treat P"F
and FP" as they were identical. Then, P"F — P"F functions induced by
bijective linear transformations and the ones induced by automorphisms are
P-collineations. The following is known from projective geometry, cf. [7, 6.3,
p.60].

Fact 2: Any P-collineation is a composition of a P-collineation induced by a
bijective linear transformation and a P-collineation induced by a field auto-
morphism.

Claim 1: Assume f is a P-collineation induced by a field automorphism.
Then f takes "F onto "F and (Va,b € "F) ( f takes [a, b] onto [f(a), f(D)]).
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Proof: Since F is a Fuclidean field, any automorphism v of F preserves <,
ie.x <y = ¢(x) < ¥(y). By this fact, one can easily check that the
statement holds. QED (Claim 1)

Claim 2: Assume [ is a P-collineation induced by a bijective linear transfor-
mation and a,b € "F are such that (Vp € [a,b])f(p) € "F. Then f takes [a, b]

onto [f(a), f(b)].
We omit the easy proof.

Now, the proposition follows from Fact 2 and Claims 1 and 2.
QED (Prop.6)

Lemma 2. Assume LocRel; \ {AxSelf, AxEvent}. Assume m,k € Ob.
Then for every ¢ € Lines and p € £ N Dom(f,.;) there is ¢ € £ N Dom(f,.x)
such that p # q and f,x takes [p,q] onto [fk(p), fme(q)].

Proof: The lemma follows from Propositions 5 and 6. QED (Lemma 2)

Lemma 3. Assume LocRel . Then the conclusion of Lemma 1 holds, i.e.
if there is an observer trace in a plane passing through a point, then there is
a photon trace in the plane passing through the point.

Formally: Assume m,k € Ob and p € tr,,,(k) C P € Planes. Then there
is a ph € Ph such that p € tr,,(ph) C P.

Proof: Assume LocRel; . Let m,k € Ob, p € tr,,, (k) and P € Planes be such
that tr,,(k) € P. Then f,,; is an injective partial function by Proposition 3.
We can assume p € Dom(f,,;) since, by AxEvent, k has a brother h such
that p € Dom(f,.p,).

Let ¢ € P N Dom(f,;) be such that ¢ & tr,,,(k) and f,,; takes [p,q] onto
[k (D), fmk(q)]. Such a g exists by Lemma 2. See Figure 16. Let p’ and ¢’ be
the f,,;, images of p and ¢, respectively. Then p’ € tri(k) and ¢’ ¢ tri(k). Let
P’ be the plane determined by tr.(k) and ¢’. P’ is vertical by AxSelf (and
AxLine, AxOpen).

Let S be a ball with center p’ and let g be a P-collineation such that g
agrees with f;,,, on SN P’. They exist by Proposition 5. Let ph € Ph be such
that p' € trp(ph) C P’. Such a ph exists by Ax3Ph. Let o’ € S N trg(ph),
b e SNnp.q] and ¢ € try(k) NS be such that p' & {a’,V/,c'}. Such d, ¢
exist by AxLine and by SN P" C Dom(f,x) C cd(m). Let a,b,c be the
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coordinate-system of m coordinate-system of k

koo P

Figure 16: Illustration for the proof of Lemma 3.

frm images of a',b', ¢/, respectively. Then p & {a,b,c}, ¢ € tr,(k), b € [p,q]
and a,p € tr,(ph). Since P-collineation g agrees with f, on SN P, g
takes p',d, b, to p,a,b, c, respectively. But then p, a, b, ¢ are coplanar since
p,d b, ¢ are such. Thus a € P. But then, by AxLine and a,p € tr,,(ph),
we have tr,,,(ph) C P. QED (Lemma 3)

Lemma 4. Assume LocRel;. Assume m € Ob, p,a,b € "F are non-
collinear points, p € cd(m), the plane that contains p,a,b is vertical, pa is
an observer line for m and (Bq € [a,b])(pq is a photon line for m).

Then pb is an observer line for m.

Proof: Assume LocRel;. Assume m,p, a, b satisfy the assumptions. Then
pa N cd(m) = try,(k), for some k € Ob. Let such a k be fixed. We are in
the coordinate-system of m. Let P be the vertical plane that contains p, a, b.
Let S be a ball with center p such that f,,, agrees with a P-collineation on
SN P. Such an S exists by Proposition 5.
Let ¢,d € SN P be such that Bw(p, ¢, a) and Bw(p, d,b). See Figure 17.
Then
(Pq € [c, d])(pq is a photon line for m). (3)

By AxLine and SN P C Dom(f,.x) € cd(m), p,c € trp, (k).
Let us switch over to the coordinate-system of k. Let p/, ¢/, d' be, respec-
tively, the f,,, images of p,c,d. Since f,,; agrees with a P-collineation on
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coordinate-system of m coordinate-system of k

Figure 17: Illustration for the proof of Lemma 4.

SNP,p,c,d are non collinear. Furthermore, f,,; takes [c,d| onto [¢/,d'] by
Proposition 6. Therefore, by (3),

(Aq € [¢,d])(p'q is a photon line for k). (4)

Let P’ be the plane that contains p’,d’, . p',c € tri(k) by p,c € tr, (k).
By AxSelf, speed(p'c’) = 0. Thus P’ is a vertical plane. Let ¢ € Lines be
such that speed({) = oo and ¢ € ¢ C P'. By Ax3Ph, AxP1, AxFin,
there are exactly two photon-lines for k in plane P’ passing through p, cf.
Claim 2 on p.257. Let /1,45 be these photon lines. speed(;), speed(/3) € TF
by AxFin. Let e € /N{; and f € N{ly. Then Bw(e, ¢, f) by AxP1. By (4),
neither ¢; nor {y intersects [, d']. But then, by AxOb, p/d’ is an observer
line for £, cf. Claim 2 on p.257. Thus, pd = pb is an observer line for m, too.

QED (Lemma 4)

Proof of Theorem 5: Assume n > 2 and LocRel;. We will show that if
there is an FTL observer, then there is a photon with infinite speed. This
will contradict AxFin.

Assume there is an FTL observer, i.e. there are m,k € Ob, ph € Ph,
d € dir and p € "F such that £k and ph move in direction d as seen by m,
p € tr,,(k) Ntr,(ph) and speed,, (k) > speed,, (ph). Let such m, k,ph,d,p be
fixed. See Figure 18.

By AxLine and AxOpen, there are unique ¢, /¢, € Lines such that
try, (k) = £ Necd(m) and tr,, (ph) = £y Ned(m). Let such g, £, be fixed. Let
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P/

Figure 18: Hlustration for the proof of Theorem 5.

P be the plane that contains ¢ and /. P is vertical since k£ and ph move in
the same direction. Let ¢ € Lines be such that p € £ C P and speed(/) = 0.
We will show that £ is an observer line for m. Since /j is an observer line, we
can assume that ¢ # ). Since k is an FTL observer (w.r.t. m), speed (/) # 0.
Let a € ¢, and b € ¢ be such that p & {a,b} and speed(ab) = 0. Since k
moves faster than ph (as seen by m), ¢, N [a,b] = 0. Hence, by AxP1, for
any photon line ¢’ for m that passes through p, we have ¢/ N [a, b] = (. Thus,
by Lemma 4, ¢ = pb is an observer line for m.

Let h € Ob be such that tr,,(h) = £Ncd(m). Let P" be a plane such that
¢ C P" and any line contained in P’ has infinite speed. There is such a plane
by n > 2. Clearly, p € tri,(h) C P’. By Lemma 3, there is a photon ph’ such
that p € tr,,(ph’) € P’. Then, by AxLine and AxOpen, speed, (ph’) = oo
for this ph’. But this contradicts AxFin.

QED (Theorem 5)
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