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2 ALGEBRAIC LOGIC

INTRODUCTION

Algebraiclogic canbe dividedinto two mainparts.Part| studiesalgebrasvhich

arerelevantto logic(s),e.g.algebrasvhichwereobtainedrom logics(oneway or

another).SincePart| studiesalgebrasits methodsare,basically algebraic.One
could say that Part | belongsto “AlgebraCountry”. Continuingthis metaphor
Partll dealswith studyingandbuilding the bridgebetweenAlgebraCountryand
Logic Country Partll dealswith the methodologyof solvinglogic problemsby

(i) translatinghemto algebrathe procesof algebraization)(ii) solvingthealge-
braicproblem(this really belongsto Part ), and(iii) translatingheresultbackto

logic. Thereis anemphasisiereon step(iii), becausevithoutsuchamethodolog-
ical emphasi®necouldbetemptedo play the“enjoyablegames’(i) and(ii), and
thenforgetaboutthe “boring duty” of (iii). Of coursethisbridgecanalsobeused
backwards,to solve algebraicproblemswith logical methods.We will give some
simpleexampledfor thisin the presentvork.

Accordingly, the presentwork consistsof two parts,too. Parts| and Il of
the paperdealwith the correspondingartsof algebraidogic. More specifically
Part | dealswith the algebraictheoryin general,andwith algebrasof setsof se-
quencesor algebraof relations,in particular Part Il dealswith the methodology
of algebraizatiorof logics andlogical problems,equivalencetheoremsbetween
propertiesof logics andpropertiesof (classef) algebrasandin particular dis-
cussesoncreteresultsaboutlogics obtainedvia this methodologyof algebraiza-
tion. SincePart 1l dealswith generalconnectiondbetweenogics andalgebrasa
generabdefinitionof whatwe understandby alogic or logical systenis needed Of
course sucha definition hasto be broadenoughto be widely applicableandnar
row enoughto supportinterestingheoremsThefirst sectionof Part 1l is devoted
to finding sucha definition.

We needto make a disclaimerhere. Algebraiclogic, today is an extremely
broadsubject.We could not coverall of it. In Partll we managedo be broader
thanin Partl. Evenin Part Il we could not comeeven closeto discussingthe
importantresearchdirections,but the definitionsin Part 1l aregeneralenoughto
rendertheresultsapplicableto all thoselogicswhich W. Blok andD. Pigozzicall
algebraizablécf. e.g.[BP8Y, [FJ94). Mostof whatwe sayin Partll canbegener
alizedevenbeyondthis, e.g.to the equivalentiallogics of J. Czelalowski. Further
possibilitiesof generalizingPart 1l beyondalgebraizabléogicsarein recentworks
of Blok andPigozzi,andotherscf. e.g.[BP86],[P91], [CzP],[ABNPS],[Cz97] .

In Partl we hadto bemorerestrictive. We concentratedttentionto thosekinds
of algebraswvhich are connectedo the ideaof “relations” (oneway or another),
theideaof setsof pairs,or setsof triples, setsof sequencesr somethingelated
to these An importantomissionis thetheoryof BooleanAlgebraswith Operators
(BAQ’s). BAO's arerelatedto algebraof relations,andthey provide animpor-
tantunifying theoryof mary of the algebraswve discusshere. Anotherimportant



omissionis Category TheoreticLogic. Thatbranchof algebraiclogic is not (at
all) unrelatedto what we are discussinghere, but for variousreasonsve could
not include an appropriatediscussiorhere. In this connectionmore references
aregivenin the suney [N91]. Herewe mentiononly Makkai [Mk87], [MkR],
[Z], [MkP]. We could not cover polyadicalgebraseither However, their (basic)
theoryis analogougo that of cylindric algebraswvhich we do discussin detail.
Therearea few exceptionalpointswherethe two theorieswildly diverge,e.g.in
[NS9q it wasprovedthattheequationatheoryof representablpolyadicalgebras
is highly non-computabléwhile thatof cylindric algebrads recursvely enumer
able). We referthe readerto the survey paper[N91] andto [HMTII ] for modern
overviewsof polyadicalgebrasCf. also[ST], [PS],[AGMNS]. Furtherimportant
omissionsare: (i) the finitization problem(cf. [N91, beginningwith Remark2],
[S99, [Si93], [MNS97]); (ii) propositionalmodallogics of quantification,and
connectionswith the new researchdirection“Logic, Languageand Information”
(cf. [V95], [MV], [MPM], [AVBN97], [vBtM], [vB97]); (iii) relatvizationasa
methodologyfor turning negative resultsto positive (cf. [N96], [M93], [Ma95],
[Mi95], [MV], [AVBN9€]). Also therearestrongconnection$etweeralgebraic
logic andcomputersciencewe do notdiscusghesehere.

On the history: The inventionof Booleanalgebrasbelongsto the “prehistory”
of Partl. Algebrasof setsof sequencesin Partl) werestudiedby De Morgan,
Peirce,andSchiderin thelastcentury;andthe modernform of their theorywas
createdoy Tarskiandhis schoot. Thehistoryof Part 1l alsogoesbackto Tarski
andhisfollowers,but is, in generalmorerecent.For moreon historywe referto
[AH], [ABNPS], [BP914, [BP89, [HMTII ], [Ma91], [Pro92, [TG].

1Relationandcylindric algebrasvereintroducedoy Tarski, polyadicalgebrasvereintroducedby
Halmos,algebraf setsof finite sequencewerestudiedby Craig; for otherkinds of algebrasf sets
of sequencesf. e.g.[N91], [HMTII].
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6 ALGEBRAIC LOGIC

GETTINGACQUAINTED WITH THE SUBJECTOF PART I.

The algebraizatiorof classicalpropositionalogic, yielding Booleanalgebrag(in
shortBA’s), wasimmenselysuccessful Whathappenghenif we wantto extend
the original algebraizatioryielding BA's to other more complex logics, among
others say to predicatdogic (first—orderogic)? 2

Booleanalgebrascan be viewed as algebrasof unary relations. Indeed,the
elementof aBA aresubsetof asetU, i.e. unaryrelationsover U, andthe oper
ationsarethe naturaloperationon unaryrelations,e.g.intersectioncomplemen-
tation. The problemof extendingthis approacho predicatdogics boils down to
the problemof expandingthe naturalalgebrasof unaryrelationsto natural alge-
bras of relationsof higherranks i.e. of relationsin general. The reasonfor this
is, roughlyspeakingthefactthatthe basicbuilding blocksof predicatdogicsare
predicatesandthe meaningsf predicatesanbe relationsof arbitraryranks. 3
Indeedalreadyin the middle of thelastcentury whenDe Morganwantedto gen-
eralizealgebra®of propositionalogic in thedirectionof whatwe would call today
predicatdogic, heturnedto algebraf binaryrelations.* Thatwasprobablythe
beginningof the questfor algebra®f relationsin general Returningto this quest,
the new algebraswill, of coursehave moreoperationghanBA's, sincebetween
relationsin generalthereare morekinds of connectionghanbetweenunaryre-
lations(e.g.onerelationmight be the corverse,sometimesalledinverse of the
other).So,our algebrasn mostcasewill be Booleanalgebraswith somefurther
operations.

The framework for the questfor the naturalalgebrasof relationsis universal
algebra. Thereasorfor thisis thatuniversalalgebrais thefield which investigates
classe®f algebrasn generaltheirinterconnectiongheir fundamentaproperties
etc. Thereforeuniversalalgebracanprovide usfor our searchwith a“map anda
compass'to orientoursehes. Thereis a further goodreasonfor usinguniversal
algebra.Namely universalalgebrais not only a unifying framework, but it also
containgpowerful theories E.g.if weknow in advancesomegenerapropertieof
thekindsof algebrasve aregoingto investigatethenuniversalalgebracanreward
uswith a powerful machineryfor doing theseinvestigations.Among the special
classeof algebrasoncerningwhich universalalgebrahaspowerful theoriesare
the so called discriminatorvarietiesandthe arithmeticalvarieties At the same

2Thethingswe sayhereaboutpredicatdogic applyalsoto mostlogicshaving individual variables,
henceo all quantifiedogics. However, thepresenpapemeednotbe“predicatdogic centeredbecause
our considerationgpply alsoto mary propositionallogics, e.g.to LambekCalculus,propositional
dynamiclogic, arrow logics,mary-dimensionamodallogics. C.f. e.g.[MV], [vB96], [vBtM], [Mi95],
[TG].

3For moreonthis seePart |, sectionst, 7 of the presenpaper

4De Morganillustratedtheneedfor expandingthealgebraof unaryrelations(i.e. BA’s)to algebras
of relationsin generalthetopic of Part| of the presenpaper)by sayingthatthe scholasticsaftertwo
millenniaof Aristoteliantradition,werestill unableto prove thatif ahorseis ananimal,thenahorses
tail is ananimalstail. (“vg is atail of v1” is abinaryrelation.)
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time, algebra®riginatingfrom logic turn outto fall in oneof thesetwo cateories,
in mostcases.More concretelymorethanhalf of thesealgebrasarein discrimi-
natorvarietiesandalmostall arein arithmeticalones. Certainly all the algebras
studiedin the presenpaperarein arithmeticalvarieties. Therefore avarenes®f
theserecentpartsof universalalgebracanberewardingin algebraidogic. We will
not assumedamiliarity with thesetheoriesof universalalgebra,we will cite the
relevantdefinitionsandtheoremsvhenusingthem.®

Moreover, aswe alreadysaid,mostof our algebrasill be BA’swith somead-
ditional (extra-Boolean)perations.Whentheseoperationsare distributive over
theBooleanjoin, aswill bethe casemostoften,suchalgebrasarecalledBoolean
Algebraswith Operators,n shortBAQO’s. Many of our importantclassesf al-
gebraswill be discriminatorvarietiesof BAQ’s. The theoryof BAO's is well-
developed®

Let usreturnto our taskof moving from BA'’s of unaryrelationsto expanded
BA’s of relationsin general. What arethe elementsof a BA? They are setsof
“points”. Whatwill be the elementsof the expandednen algebras?Onething
aboutthemseemsdo be certain,they will be setsof sequencedjecauseelations
in generalresetsof sequencesThesesequencemaybejust pairsif therelation
is binary, they maybetriplesif therelationis ternary or they maybelonger— or
evenmoregenerakindsof sequences. So,onethingis clearatthis point,namely
that the elementsof our expandedBA'’s of relationswill be setsof sequences.
Indeed this appliesto all known algebraization®f predicatdogics or quantifier
logics.®

At this pointit might be usefulto point out thatthe mostobviousapproachto
studyingalgebraf relations)basedon the above obsenation (thatthe elements
of the algebraare setsof sequencedpadsto difficulties right at the start. ° So,
whatis the mostobvious approach?ConsidersomesetU; let <“U denotethe
setof all finite sequencesver U, and considerthe BA P(<“l{) (the powerset

5Somegoodintroductionsto universalalgebraanddiscriminatorvarietiesare[HMT, Chapter0],
[BS], [C65], [Gr], [MMT], [W].

6Distributivity of theextra-Boolearoperationsverjoin is usedn thetheoryto build awell-working
duality-theoryfor it (atom-structuresr Kripke-frames,complex algebras). This duality theoryis a
quite central part of algebraiclogic. Becauseof the limited size of the presentpaper we will not
dealwith this here. Somereferencesre Jonsson-arski[JT51], [HMT, section2.5], JonssonJ95],
Goldblatt[G90], [G91], VenemdV96],[VI7], [AGIN9S], [H97], [AGON].

"Thereis anotherconsideratiorpointingin the directionof sequencesNamely the semanticof
quantifierlogicsis definedvia satiskctionof formulasin models,whichin turnis definedvia evalua-
tionsof variables andtheseevaluationsaresequencest he meaningof aformulain a modelis the set
of thosesequencewhich satisfythe formulain thatmodel. So we arrive againat setsof sequences.
For moreonthis seePartll, section7 of the presenpaper

8As mentionecearlier this alsoappliesto the morecomplex propositionalogics, like e.g.mary-
dimensionamodallogic.

Swith furtherwork this approacttanbe turnedinto a fruitful approacho algebraizingogic, see
[N91, §7 (2—4) and the sectioncontainingFacts 2, 3 at the end of §4]; seealso [HMTII, §5.6.(A
suney).3, p. 265], andthe referencegherein. The approachoriginateswith Craig, but alreadythe
algebrasn Quine[Q36] consistof setsof finite sequences.
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of <“U concevedasa BA the standardvay). Now if we aregivenary finitary
relation,say R C U x U overU, thenR € P(<“U). SoP(<“U) containsall
relationsover U independenthof their ranks. Thereforeit might be a candidate
for beingthe universeof analgebraof relations. Beforethinking aboutwhatthe
new, socalledextra-Boolearoperation®on P (<«U) shouldbe,let ushave another
look at its Booleanstructure:If R is a binary relation, we would like to obtain
its complemen{U x U) \ R asaresultof applyinga Booleanoperationto R.
However, in our algebraP (<«“U), thecomplemenbdf R is not (U x U) \ R but
somethingnfinitely bigger



CHAPTER1

ALGEBRASOF BINARY RELATIONS

Theabovedifficulty with 7 (< U) motivatesour concentratindirst on thesim-
plestnontrivial case namelythatof thealgebrasof binary relations(BRA's). Ac-
tually, BRA’s will be strongenoughto be calleda truly first—order(asopposed
to propositional)algebraiclogic, namelythe logic capturedoy BRA's is strong
enoughto sene asavehiclefor settheoryandhencefor ordinarymetamathemat-
ics.t

Throughouthis paperP(U) denoteshepowersetof U, and3(U) denoteghe
Booleanalgebra(in shortBA) with universeP (U), for ary setU. ThusP(U) is
thesetof all subset®f U, and

whereU is the binary operationof taking union of two subset®f U, and— is the
unaryoperationof takingcomplemen{w.r.t. U) of asubsenf U. Then®B(U), as
well asary of its subalgebrass anaturalalgebra of unaryrelationson U, because
aunaryrelationonU is justasubsebf U, henceanelemeniof P(U).

A binary relationis a setof pairs. Thusthe usualset-theoretiqor in other
words, Boolean)operationsof union and complementatiorcan be performedon
binaryrelations.First we considertwo naturaloperationson binary relationsthat
usethe factthatwe have setsof pairs, namelyrelation-compositiorandrelation
corversion.Let R, S bebinaryrelations.Thentheir compositior? R o S andthe
corverseR~! of R aredefinedas®

Ro S = {{(a,b) : Ic(aRc andcSh)}
R ={(b,a) :{a,b) € R}.

1A very interestingclassof algebrasf relationswhich is halfway betweerBA’s andBRA's is the
classRCA3 of cylindric algebraf dimensior2. They will bediscussedtthebeginningof section2.

2This is denotedby R|S in partof the literature,e.g.in [HMTII]. Thereasorfor this is thatin
a large part of the literature, o is resered for the casewhen R and S arefunctionsandis written
backvards,i.e. whatwe denoteby R o S is denotedby S o R.

3Throughoutthis paperwe will usethe corventionthatif R is a binaryrelation,thena Rb means
that(a, b) € R.
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By a concetealgebra of binary relations a cBRA, we understandin algebra
whoseelementarebinaryrelationshaving agreatesbneamongthem,andwhose
operationsarethe Booleanones: union and complementatiorgw.r.t. this greatest
relation), relation-compositiorand relation corversion. Thusthe universeof a
cBRA is closedundertheseoperationse.g.the unionandrelationcompositionof
ary two elementof thealgebraarealsoin the universeof thealgebra.

Formally, acBRA is of theform
2 = <A7U7 - 9, 71)
where

A is asetof binaryrelationsand A hasabiggestelementy/,

U, —, 0, ! aretotal operationon A, which meanghat
{RUS,V-R,RoS,R~'} C AwheneerR,S € A.

An algebra of binary relations a BRA, is analgebraisomorphicto a concrete
algebraof binaryrelations.If 2 is aBRA, then1? denoteghe greatestelemeniof
2A, which we shallsometimegall the unit of 2.

Throughoutwe useabbreiationslike BRA alsofor denotingthecorresponding
classitself, e.g.BRA alsodenoteghe classof all BRA’s,andBA alsodenoteghe
classof all BA's.

Thesimilarity type,or languageof our BRA’s shouldcontaintwo binaryfunc-
tion symbolsfor U and o, and two unary function symbolsfor — and . In
this paper for simplicity andsuggestienesswe usethe symbolsU, o, —, ~1 for
these. We hope, this will causeno confusion®. Typical equationsholding in
BRAare(zUy)oz = (xo2)U(yoz), (xUy) ! = 27Uyt Inthe
literature Vv, + are often usedas function symbolsfor U, andlikewise , are
usedas function symbolsfor o, ~1. Using thesesymbols,the abore equations
lookas(zVy) z=(z2)V(yz2), (@Vy =z Vy ,or(z+y)z=
(z2)+W2), @@+y) =z +y .

So we will usethe symbolU alsoin abstractBooleanalgebras. Moreover,
in abstractBooleanalgebraswe alsowill use asderivedoperation:z y def

—(—z U —y). , ,1will denotetheorderingz y z Uy =y, smallest
elementandbiggestelementyespectiely. Thus is anequation.

4To understandiow (andwhy) thetheoryworks, it would beenoughto includeonly “o” as“extra-
Boolean”operation.Inclusionof corversionis motivatedby someof the applications.Cf. thediscus-
sionof B R belov Thm.1.9(this section).

SWhenseeing say*“ ;" thereademwill have to decidewhetherthis denotesaterm of BRA’s
built up from thevariables , , or whetherit denotesa set(theunionof thesets and .)
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Having afreshlook at our BRA’s with anabstractlgebraiceye, we noticethat
they shouldbeveryfamiliarfrom theabstractlgebraiditerature.Namely a BRA
2A consistsof two well known algebraicstructuresa Booleanalgebra{4, U, —)
andaninvolutedsemigroug 4, o, ~!) sharinghesameuniverse4. Thetwo struc-
turesareconnectedothatthey form anormalBooleanalgebra with opefators, in
shortanormalBAO, whichmeanshateachextra-Boolearoperatioris distributive
overU (additivity) andtakesthevalue wheneeratleastoneof theargumentss

(normality). Also —! is a Booleanisomorphismandz 1 o z, wherel is the
Booleanl, definesacomplementedosute opefation® on A. Thepropertiedisted
in this paragraphdefinea nice variety ARA containingBRA andis a reasonable
startingpoint for anaxiomaticstudyof thealgebrasf binaryrelations.’

DEFINITION 1.1 (ARA, an abstractapproximationof BRA) ARA is definedto
be the classof all algebras of the similarity type of BRA’s which validate the
following equations.

(1) TheBooleanaxioms®

rUy=yUwx,
zU((yUz)=(zUy)Uz,
——(zUy)U—(zU—y) ==z.

(2) Theaxiomsof involutedsemigoups,i.e.

(zoy)oz==zo(yo2),

(zoy)™t =y toa™l,

(3) Theaxiomsof normalBAO, i.e. °

6Closureoperationsare unaryfunctions , wherewe have anordering on . is
calleda closureoperationif it is orderpreservingjdempotentandincreasingj.e. if forall ,v €
we have and v v . Booleanorderingswith closure

operation®n themareoneof the centralconceptof abstractlgebrafor exampletopologicalspaces
or subalgebrasf analgebraareoftenrepresentedssuch. is calledacomplementedlosureoperation
if , i.e. thecomplemenbf a closedelements closed. For moreon theseseee.g.
[HMT, p.38].

"Most of thesepostulatesalreadyappeain De Morgan[D1864], andsincetheninvestigationsof
ARA'’s have beencarriedon for almost130years.

8Problem1.1in [HMT, p.245],originatingwith H. Robbins askswhetherthis is an axiomsystem
for BA. This problemhasrecentlybeensolved affirmatively (by the theoremprover programEQP
developedat ArgonneNational Laboratory USA). We will usethis axiom systemfor BA in Partll,
section7.1.

9We areomitting someaxiomsthatfollow from thealreadystatedones.E.g.herewe omit o
o] o] o]
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(xUy)oz=(xoz)U(yoz),

)
(zuy)t=2"tuyt,

oxr = 71:

(4) ! is a Booleanisomorphismand 1 o z is a complementedlosue
opeition,i.e.

~@ ) = (-a) T,
r louz,
—(loz)=1o0—(1loux).

If isasetof equationsthen ( ) denoteghe classof all algebraqof a
givensimilarity type)in which  holds. A class of algebrass calleda variety,
oranequationaklassif = ( ) forsomeset of equationsThefollowing
theoremis dueto A. Tarski.

THEOREM1.2 BRA isanequationaklass,.e. therisaset ofequationsud
thatBRA = ().

To prove the above theorem,we will usethe machineryof universalalgebra.
Firstwe provethatBRA is closedundertakingsubalgebraanddirectproducts If
isaclassof algebrasthen  denotesheclassof all subalgebrasf elementof
, , and denotethe classeof all algebrassomorphicto direct
productsjsomorphiccopies homomorphidmagesandultraproductof elements
of respectiely. 1° ThusBRA = cBRA.

LEMMA 1.3 BRA=  {(B(U xU),o,~ 1) : Uisaset.
Proof. Let V beabinaryrelation. We saythatV is anequivalenceelationif V/
is symmetricandtransitive,i.e.if V-1 = V andV oV C V. Thefieldof V is the

smallestsetU suchthatV CU x U,i.eU={ :(3)(, yeVor({, )€
V }. Thefollowing threestatement$ )—( ) will notbedifficult to check:

() If 2 € cBRA, then1® is anequialencerelation.

1ONotethat isdifferentfrom , , and in that , while etc. Forourreasons
for defining this way seethe remarkafterthe definitionof Alg in Partll, Def. 5.1. We will use
simplefactslike , , , etc.without mentioningthem.
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() If Visanequivalencerelation,then
def -1
(V) = (B(V),0,7") € cBRA

() Let beasetandfor all € letV beanequvalencerelation.
Assumethatthefieldsof the V'’s arepairwisedisjoint. Then

Vo= V)

Indeedtoseeg( ), let € cBRA andV L% ThenV € A4, henceV oV, V1 are
in Aaswell, hencel’ oV C V andV ! C V, becausd’ is thebiggestelemenbf
A.ButV—! C Visequialentto V! = V, henceV is anequialencerelation.
To shawv (), onehasto checkthatfor ary R,S C V alsoRo S C V and
R~ C V. ThesdollowfromV oV CV, V-1 CV.
Toshav (), wedefinethefunction :P( V) P(V') by letting

foral C V,

def
()=( V:e)
Thenit is easyto checkthatthis is therequiredisomorphism.

We arereadyto prove the lemma. First we shav thatBRA = BRA. By
definition,cBRA is closedundertaking subalgebrasso BRA is alsoclosedunder
takingsubalgebragbecaus8RA = cBRA). Let beaset,andlet?2 € cBRA
with unitV foreach € .WemayassumeéhattheV ’'shavedisjointfields. Then
A C (V)yso A € (V)= ( V)ecBRAby()-( ). Thisshovs
that 21 isisomorphicto acBRA, i.e.BRA is closedundertakingdirectproducts.

Now let2 € cBRA with greateselementl’. ThenV isanequialencerelation,
letU, € betheblocksofthisequivalenceelation.ThenU xU arealsoequi-
alencerelationswith pairwisedisjoint fields,andV is the union of these.Hence
by ( ) )wehaethat?2l C ((B(U x U),o,71) : U isablockof 1%).
This completeghe proof of Lemmal.3.

To formulateour next lemma,we needthe notionsof a subdireciproductanda
discriminatorterm.

Subdirecproductsof algebrasandsubdirectlyirreduciblealgebrasaredefined
in practicallyevery textbookon universalalgebracf. e.g.Gratzers book[Gr], or
[BS], [HMT], [MMT]. By asubdiectproductwe meana subalgebraf a product
suchthatthe projectionsof the productrestrictedo the subalgebraemainsurjec-
tivemappingsAn algebral is subdiectlyirr educibleif it is not (isomorphicto) a
subdireciproductof algebraglifferentfrom 2(. We notethatthe one-elemenalge-
brais not subdirectlyirreducible. By Birkhoff’s classicaltheorem every algebra
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is a subdirectproductof somesubdirectlyirreducibleones. Therefore the sub-
directly irreduciblealgebrasareoften regardedasthe basicbuilding blocksof all
theotheralgebraslin particular whenstudyinganalgebrég, it is oftenenoughto
studyits subdirectlyirreduciblebuilding blocks.For aclass of algebras, ( )
denotegheclassof subdirectlyirreduciblememberof . For =BA, (BA)
consistof the 2-elemenBooleanalgebraonly (up to isomorphisms).

We saythataclass of algebrashasa discriminatortermiff thereis aterm
(z,y,2, )inthelanguageof suchthatin everymembemnf wehave

oz, Ifz=y,
(mayaza )_ , |f.’l§':y

Theterm aboveis calledadiscriminatorterm Sometimednsteacbf thefour-ary

, theternarydiscriminatorterm (z,y,z2) = (z,y,z,x) isused.They areinter-

definablesince (z,y,z, ) = ( (z,9,2), (z,y, ), ). Therefore,t doesnot
matterwhich oneis used.Moreover, in classe®f algebrasvhich have a Boolean
algebrareduct,like our BRA’s or ARA’s, the discriminatorterm canbe replaced
with the socalledswitching term

1, ifz= |
c@= " =

By this we meanthatin sucha classof algebrasif (z,y,z, ) isadiscriminator
term,thenc(z) = (z, , ,1) is aswitchingterm, andvica versa,if ¢(z) is a
switchingterm,then (z,y,2, )= —c(z y) zUc(z y) Iisadiscriminator
term.Here,andlateron, denotesymmetricdifferencej.e. yd:Ef(x —y)uU
(—z y).

LEMMA 1.4  (BRA) = {{(PB(U x U),o, 1) : U is a nonemptyset and
(BRA) hasa discriminatorterm.

Proof. Let &' {{PBU x U),o,~1) : Uisanonemptyset. Let2A € BRA.
Thengl isisomorphido asubalgebraf (U xU ) for somesystem(U : € )
of sets,py Lemmal.3. If U = ,then (U x U) is the one-elemenalgebra
which canbe left out from ary product,sowe mayassumehateachU aboveis
nonempty But then®l is a subdireciproductof some , € whereeach s
asubalgebraf (U x U). Thisshavsthat (BRA) C

It is notdifficult to checkthat
c(x) E'1oz01

isaswitchingtermon (U x U) for all U. Henceit is aswitchingtermon  also.
Thus, hasadiscriminatorterm.
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Finally, if 20 hasadiscriminatorterm,then2( hasnonontrivial congruences,e.
2 is simple. This is a basicfactof discriminatortheory ! Clearly, ary simple
algebras subdirectlyirreducible,so € (BRA).

We saythat is a pseudo-axiomatizablelassif therearean expansion of
thelanguageof ,aset of first-orderformulasin this biggerlanguage anda
unaryrelationsymbolU of suchthat

?

where denoteghe classof all modelsof , and denoteghe operator
of takingreductdo thelanguageof —andrestrictingtheuniverseto U atthesame
time. In moredetail: Let  beamodelof thelanguage . Then denotes
thereductof  tothelanguageof , and denoteghe restrictionof the
model to theinterpretatiorV C  of Uin . l.e.while isamodel
of thebiggerlanguage is amodelof thesmallerlanguageof . If s

aclassof modelsof thelanguageof , then dzef{ N

It is known that pseudo-axiomatizablelassesare closedunderultraproducts,
thisis easyto show.

LEMMA 1.5  (BRA) is a pseudo-axiomatizabldass.

Proof. Theexpansion of thelanguageof BRA will bea mary-sortedfirst-order
languagewith threesorts: S, and R (for set, pairs, andrelations),two unary
functions , ; from to S (first and secondprojections),a binary relation
between andR (for “is anelementof”), andbinaryfunctionsu, o on R, unary
functions—, —! on R. Thevariablest, y, z areof sortS, thevariables , , are
of sort , andthevariables, b, c areof sort R. We alsoconsiderS, , R asunary
relations.}? SeeFigurel.1.

Theset of axiomsis asfollows: In thefollowing formulaswe will write in
infix mode like a. Alsowe will write commain placeof conjunction . There
arefree variablesin the elementsof |, validity of an openformulais meantin
suchaway thatall thefree variablesareuniversallyquantifiedat the beginning of
theformula. isdefinedto be{(1a), (1b), ,( )}, where

The“pair-axioms”are:

UThereasoris the following. Assumethat R is a nonidentitycongruencef . Wewill shav that
thenR . Let ,u € v besuchthat Rw, andleta,b € bearbitrary Then
a , ,a,b R ,v,a,b b, soaRb.

121t oneis not familiar with mary-sortedmodels, then one can think of the abave languageas
having S, , R asunaryrelationsymbols,ande.g. g asa binaryrelation. Thento our axiomswe

have to add statementdike ¢ , 0 S , 0, ;0
s o , . Thenthefactthatthevariable inthemary-sortedlanguagss of sortS
while thevariable isof sort meanghatonehasto replacee.g.theformula 0 with

S 0
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Figurel.1.

(la) @) ()=2 1()=y).

() ()= () 10)=1() =
Extensionalityof setsof pairs:

2 ( a b a=b
Thedefinitionsof theoperationsof cBRA:

(3a) aub) ( aor b).

(3b)

@d €@ @) a ()=10)10)= ()

Thereareatleasttwo elementsn therelationssort:

(4) (Jab)a=1b

Thisfinishesthedefinitionof . We will shav that
(BRA) =

Indeed,let A € (BRA), say2l is isomorphicto a subalgebraf (B(U x
U),o, ). We mayassumehat2 C (B(U x U),o, ). We definethethree-
sortedmodel  asfollows.

s €, Luxu, R ¥4

((7)): > 1(<a)): forall , €U,

(,) aiff{, Yea, foral , €U,a€ A,

def def def _ def _
aU b=aUb, — a= —a,a0 b=aob,a ! b=a!
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Thenit is easyto checkthat = and = 2. SeeFigurel.2.

.

Figurel.2.

Corverselylet besuchthat = . LetU %' 5 . Definetherelation

betweerl/ x U and asfollows:

(, )=z it (p)=,.10)=

By (1a),(1b)in then isabijectionbetweerl/ x U and . Thereforewe will
assumehat

UxU= and = (< ’ ))7 =1 (< ’ >)
We definenow thefunction : R P(U x U) as
(@={(,):(,) a}

SeeFigure1.3. Then is one-to-oneby (2) in . Axioms (3a)—(3d)in  say
that'3
) @u B= @u O,

(= a)=UxU)~ (a),
(ao b)= (a)o (b),
(

at )=( (a)"
This shavs that  is anisomorphismfrom into (B(U x U),o,1).
Finally, (4)in  impliesthatU is nonempty is nonempty

We now arereadyto applythefollowing theoremof universalalgebra(cf. e.g.
[BS, Thm.9.4(b,c)]).

THEOREM (universalalgebra) If hasa discriminatorterm,then

13 def € €



18 ALGEBRAIC LOGIC

Figurel.3.

is anequationalclass.

IndeedJet =  (BRA). Then = by Lemmal.4,and = by
Lemmal.5,thus = . Also, hasadiscriminatortermby Lemmal.4.
Thus is an equationaklassby the above theoremof universalalgebra.
But = = (BRA) = BRA by Lemmal.3,andwe aredone

with proving thatBRA is anequationatlass.
QED(Theoreml.2)

In universalalgebra,an equationaklass suchthat hasa discriminator
termis calleda discriminatorvariety. Sowe provedthatBRA is a discriminator
variety.

The above proof of Theoreml.2 usestechniqueghat canbe appliedin mary
casesn algebraidogic. E.g.thesesameaechniquesvork for cylindric andpolyadic
algebrasSeee.qg. Thms1.10,2.3. (B(U x U),o, !} is calledthefull BRA over
thesetU. By Lemmal.3we couldhave definedBRA as

BRA = {(BU x U),0,7 ') : Uisaset, oras
BRA = {{B(U x U),0, 1) : Uisanonemptyset
Set
BRAL" {(P(U x U),0, ") : U is anonemptyset

ThenBRA = BRA. 14 Thisfact,andtheclass BRA will beusedn Partl
(section 7.4)whentranslatingour algebraiaesultsto logic.

14Because , thisis abasictheoremin universalalgebra.Seee.g.[HMT, 0.3.12].
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In thefollowing, we will defineour classe®f algebraf relationsin this style.
Sowhendefiningnew kindsof algebras of relations,we will first definethe sim-
plestversion (e.g.the onewith top elementy x U x x U), andthentake all
subalgebrasof all directproductsof these

Let = BRA. Then,aswe have seenBRA = is a variety because

hasa discriminatortermand  is pseudo-axiomatizablet® In almostall our
cases, , where is the classof the correspondingetalgebraswill be pseudo-
axiomatizablebecause is definedto be a three-storystructurelike BRA, only
the operationson the third level will vary (andinsteadof U x U we may have
UxUx xU),andin mostcases will have adiscriminatorterm. 16

Theorem 1.2 indicatesthat BRA is indeeda promisingstartfor developinga
nice algebraizatiorof strongerogics (like e.g. quantifierlogics), or in the non-
logical perspectie, for developingan algebraictheory of relations. After Theo-
rem 1.2, thequestiorcomesup naturallywhethemve canstrengtherthe postulates
definingARA to obtainafinite set of equationglescribingthevarietyBRA, i.e.
suchthatBRA = () would bethecase.Theanswelis dueto J.D. Monk:

THEOREM1.6 BRA is not finitely axiomatizablei.e. for nofinite set  of first-
orderformulasis BRA = ().

Theideaof onepossibleproofis explainedin Remark2.9in section 2 herein.
Thisideais basedntheproofof Thm2.5whichis thereasorwhy it is postponed

to thatpartof the paper SeeMonk [M64], andalso[HMTII , 5.1.57,4.1.3],for the
original proof of Theoreml.6 (in slightly differentsettings).

Foraclass of algebrasletEq denotethesetof all equationsvalid in

THEOREML1.7 Eq(BRA) is recussivelyenumeable but not decidable

15We could have proved moredirectly, asfollows. An ultraproductof full BRA’s on
somesets isisomorphicto thefull BRA ontheultraproducofthe ’s,namelyif isanultrafilter
on ,and denoteg ,0, 1), then , andtheisomorphism
is givenby a ( v ) € ( ,u) €a € . Thereaderis invited to

checkthat is indeedanisomorphism. This methodalsois applicablein mary places. We chose
the methodof pseudo-axiomatizahiji for proving that is closedunderultraproductspecauseve
feel thatthis methodrevealsthe real cause:our concretealgebrasare usually pseudo-axiomatizable,
becauséconcrete”very muchmeanghis, i.e. “concrete”meanghatthereis someextra structurenot
codedin the operationswhich meanghatthis extra structuremay disappeawhentakingisomorphic

copies.
18Evenif  would not have a discriminatorterm, then would still be a quasi-variety i.e.
definableby equationalmplications,because will be pseudo-axiomatizablagnce , thus

will hold. It is a basictheoremof universalalgebrathat is a quasi-ariety iff
for some
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Proof. An equatiorholdsin BRA iff it holdsin ~ (BRA) by Lemmal.3. Let
bethefinite setof first-orderformulassuchthat  (BRA) = ( ), from
the proof of Lemmal.5. Thusanequationis valid in ~ (BRA) iff it is valid in
( ) (whenall the variablesof the original equationare consideredo be of
sort R). The consequencesf ary finite setof first-orderformulasis recursvely
enumerabldy the completenestgheoremof first-orderlogic. ThusEq(BRA) is
recursvely enumerabléandanenumeratioris givenby the presenproof).

The proof of undecidabilityof Eq(BRA) goesvia interpretingthe quasi-equa-
tional theoryof semigroupsnto Eq(BRA). Theproof consistf two steps:

( ) Anequationalmplication(i.e.aquasi-equatiohabouto is valid in all semi-
groupsiff it is valid in BRA.

() To ary equationalimplication thereis anequation in the languageof
BRA suchthatBRA = iff BRA = .

Proofof ( ): If istruein all semigroupsthenit is truein BRA because is asso-
ciativein BRA. If failsin asemigroupS, ), thentakethe Cayley-representation
of this semigroupthis is anembeddingf (S, ) into (P(S x S ), o) whichis a

reductof (S x S) € BRA. Thus failsin BRA.

Proof of ( ): Thereasonis that BRA is a discriminatorvariety, andin every
discriminatorvarietya quasi-equation is equivalentto anequation onthesub-
directlyirreducibles'’. Now, by BRA = (BRA) we havethatBRA =  iff
(BRA) = iff(by theabore) (BRA) = iff BRA =
Now ( ) and( ) abovegiveaninterpretatiorof thequasi-equationgalid in all
semigroupsnto the equationsralid in BRA. Sinceit is known thatthe formeris
undecidablewe alsohave thatthelatter, Eq(BRA), is undecidable.

The abore methodof proof for undecidabilityis alsowidely applicablein al-
gebraiclogic. The above proof e.g. is in [CM]. For morerefinedusesof this
technigqueseee.g.[Ma8(], [N854 (finite dimensionalpart) [KNSS], [KNSS2Z,
[AGiIN97, chapterll], [K97]. For more on (un)decidabilityin algebraiclogic
we referto the just quotedworks togethemwith Jipsen[Ji92], [Ma784, [HMTII ],
[N86], [N87], [N92], [MV], [Mi95], [N91].

We turn to determiningthe logic “capturedby” BRA. We notethatthe con-
nectionwith logic will bemuchmorelucid in the caseof cylindric (andpolyadic)
algebraof -aryrelations.

Let denotefirst orderlogic without equality and using only threevari-
ablesz,y, z, with countablymary binary relationsymbolsR ,R;, (soe.qg.

I"This is oneof the basicfactsof discriminatorvarieties.Assumethat is 1 1
0 o. Then 1 1 0 o canbechoserfor
where denotegheswitchingtermand denotesymmetricdifference.
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no ternaryrelationsymbols),andthe atomicformulasare R ( , ) with distinct
variables , (soatomicformulasoftheform R ( , ) arenotallowed).

THEOREM1.8 canbeinterpretedinto Eq(BRA). l.e. there is a recuisive
function mapping into the setof equationson the language of BRA sud
thatfor every €

isvalid  iff BRA= ()

Theoreml.8will beaconsequencef thefollowing, strongefTheoreml.9. We
statedTheoreml.8 becauseét statesthat canbe interpretednto Eq(BRA),

thusEq(BRA) is“at leastasstrong”as . SetTheorycanbeinterpretedn ,
thisis provedin Tarski-Gvant[TG, 4.6,pp.127-134]Thusthelogic capturedy
BRA is strongenoughto sene asa vehiclefor settheory andhencefor ordinary
mathematicsaswe mentionedat the beginningof this chapter*®

We cancharacteriz¢heexpressie powerof BRA in termsof . Thiswill be
statedandproved as Theoreml.9 belov. We needsomepreparationgor stating
Theoreml.9.

In the equationallanguageof BRA let us usethe variables , € , where

={,1, , }isthesetof naturalnumbersForarymodel ={( ,R ) .
of let denotethe evaluationof thevariables , € suchthat
( )=R forall €

Recallthat ( x )=(B( x ),o,7)e BRA.

If 2 is analgebra, is anevaluationof thevariables, is aterm,and isan
equationthen?l = denoteghatthe equation is truein thealgebraRl under
the evaluation of thevariablesand * denoteghe elementof A denotedby
theterm whenthevariablesareevaluatedaccordingo

Let , bedistinctelementf {z,y,2}. Then denoteshe setof those
elementof which containonly , asfreevariableslf € and isa
model,then  denoteghefollowing binaryrelationon

L ab)e x : = ab}

The following Theorem1.9 says'® that,in a way, the expressivepowerof BRA

is . We included(i) for its simple content,and (ii) statesa correspondence

betweenmeaningsof formulasin and denotationof termsin elementsof
BRA. For moreonthebackgrounddeasof this seePart|l of the presenpaper

18This alsogivesanotherprooffor undecidabilityof Eq BRA , becaus&etTheoryis undecidable.
19Thesestatementandproofsaresimplified versionsof thosein [TG]. Cf. also[HMTII, §5.3,4.3].
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THEOREM1.9 (the expressie power of Eq(BRA))

(i) Forany € thereis anequation sud thatfor all models of
= iff ( x )=
(ii) There are recursivefunctions : and

sudthatforany € andmodel

= () , and

for anyterm , setU, andevaluation ,

= ()
Proof. (i) follows from (ii), soit is enoughto prove (ii).

The translationfunction is not hardto give. Let , €
{z,y, 2} bedistinct,andlet bethethird variable,j.e.{ , , } ={z,y,2}. We
will simultaneouslyefinethefunctions  : asfollows:

(VER( ),

(HE ()
For the otherdirection,we wantto define,by simultaneousecursion,a term
( , , )foralldistinctvariables , € {z,y,z}and € suchthatfor all
models wehave
() {lebe x = = (a b= (,,)
Solet €

Casel. If isanatomicformula,then isR( )orR( )forsome € (by
€ ).

(R( ) ,)E . (R ) ,)E

Case2. If isadisjunctionof two formulas,say is Vv ,then , € ,and
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Case3d. If isanegationof anotheformula,then is  forsome € ,and
we define

Cased. If beginswith3 ,then is3 forsome € , andthenwe define

Caseb. Assumethat beginswith3 ,ie. is3 . Then € canbe
arbitrary It is easyto prove by inductionthatevery elementof is aBoolean
combinationof formulasin , and . Bring into disjunctve normal

foom ;v VvV whereeach is a conjunctionof formulaswith two free
variablesNow 3 is equivalentto

3 Jv v@3 ),

soby Case2 wemayassumehat is of form where € ,
etc.Nowd isequialentto

3 ( )
We now define
def
3 ( L L) (L) (o, L)
It is notdifficult to checkthatthesodefined ( , , ) satisfieurrequirement

()

Onecangetveryfarin doingalgebraidogic (for quantifieror predicatdogics)
via BRA’s. 20 As we have seenthe naturallogical counterparbf BRA's is clas-
sicalfirst-orderlogic restrictedto threeindividual variablesandwithout equality
As shavn in [TG, 5.3], this systemis an adequatdramework for building up

20I1f we wantto investigatenonclassicatjuantifierlogics, we canreplacethe Booleanreduct  of
{ ,o, ') € BRA with thealgebrage.g.Heyting algebraskorrespondingo the propositional
versionof thenonclassicalogic in question.
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settheoryandhencemetamathematics it. One canillustratemostof the main
resultsjdeasandproblemsof algebraidogic by usingonly BRA'’s.

We donotknow how farBRA’s canbesimplifiedwithoutlosingthisfeature.ln
thisconnectionanaturalcandidatevouldbetheclassB R of Booleansemigroups
of relationsdefinedas

B R= {(B(U x U),0) : Uisaset
Sowe requireonly oneextra-Boolearoperatiorn‘o”.

The questionis, how far B R could replaceBRA asthe simplest,“introduc-
tory” exampleof Tarskianalgebraiclogic. We conjecturethat the answerwill
be“veryfar”. B R is adiscriminatorvariety with a recursvely enumerabldout
not decidableequationakheory andit is not finitely axiomatizable.Thus Theo-
rems1.2—1.7remaintrueif BRA is replacedvith B R in them.?! We conjecture
that,following thelinesof [TG, 5.3], settheorycanbebuilt upin B R insteadof
BRA with basicallythe samepositive propertiege.g.finitely mary axioms)asthe
presentversion[TG] has?2. It would be niceto know if this conjectures true,
and,moregenerally to seea variantof algebraidogic elaboratedn the basisof
B R. We do not know what naturalfragmentof first-orderlogic with threevari-
ablescorresponds$o B R (if ary). It certainlyis difficult to simulatesubstitution
of individual variablesusingonly o. The corverseoperation,™!, is the algebraic
counterparbf substitutiorbecauseintuitively, R( , 1)1 = R( 1, ).Onecan
simulatequantificatiorby o, andit is easilyseerthato is strongethanquantifica-
tion but without — it is notclearexactlyhow muchstronger®. Curiouslyenough,
theseissuesarebetterunderstoodn the caseof cylindric algebrago be discussed
in section2.

If wewantto algebraizdirst-oerlogic with equality, we have to addanextra
constant , representinggequality to the operations. RRA denotesthe classof
algebrasembeddabl@to directproductsof algebraof theform

(BU xU),0,7 1, )
where = U={(, ): e€U}isaconstanbftheexpandedilgebral.e.
RRA = (PU x U),0,7, ):Uisaset

RRA abbreviatesrepresentableelation algebras. RRA’s have beeninvestigated
morethoroughlythanBRA'’s; actually Theoremsl.2,1.6 above wereprovedfirst
for RRA’s.

21The proofsof Theoremsl.2, 1.7 given herego throughfor B R with the obvious modifications.
Nonfiniteaxiomatizabilityof B R will follow from thelaterThm.s1.10,1.11.

22perhapshere[N85], [N86] canbe useful, becausen analogougaskwas carriedthroughthere.
Thelast12linesof Jonssor{J82,p. 276], seento bealsousefulhere.

23For applicationsin propositionaldynamiclogic, B R seemso be morerelevantthanBRA, be-
causehereconverse(of programsor actions)is notanessentiafeatureof thelogic.
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Let denotefirst-orderlogic with threeindividual variablesz, y, z, with
equality andwith infinitely mary binary relationsymbols.(Thusthe atomicfor-
mulasareR( ), = foraryvariables, € {z,y,z}andthelogicalconnec-
tivesarev, ,3z,3y,3z.)

THEOREM1.10(basicpropertiesof RRA)

() RRA is a nonfinitelyaxiomatizablediscriminatorvariety with a recursively
enumeablebut undecidableequationaltheory

(i) Thelogic captued by RRA is , i.e. there are recusive functions
,and sud that the “meanings” of
and ( ) aswell asthoseof and ( ) coincide i.e. for any model ,
€ with freevariablesz, y, term andevaluation of variables,

- () and = ()

Proof. Obviousmodificationsof theproofsof Theoremdl.2,1.7,1.8 prove Theo-
rem1.10,exceptfor nonfiniteaxiomatizabilityof RRA. For the proof of nonfinite
axiomatizabilityof RRA seeRemark2.9.

Theclasse®f algebraRRA,BRA, B R havelessoperationsn this order, they
form achainof subreductlassesNotethatEq( ) denoteghesetof all equations
in thelanguageof holdingin . Thus

Eq(B R) Eq(BRA) Eq(RRA)

Thenext theoremsaysthattheseclassesrefinitely axiomatizableverthebigger
ones.

THEOREM1.11 Let  denotethefollowing setof equations:

(zUy) t=ztuyl, (zoy)l=ylozl = =z
zo—(z7lo—y) y

z zo —(ylo—y) ((—y) oy

ThenEq(B R)U axiomatizeB8RA,andEq(B R)U U{ oz =z} axiom-
atizesRRA.

Theproofcanbefoundin Andréka-NemetifAN93].

Theoreml.11talks aboutinterconnectiondetweerthe operationsof RRA. It
says,in a way, that the sole causeof nonfinite axiomatizabilityof RRA is the
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operatiorv, it is sostrongthatthe otheroperations; ! and , arefinitely axioma-
tizablewith its help. Thisis in contrastvith thecaseof cylindric algebraof -ary
relations wherethe strengthof the operationsare“evenly distributed”.

The next figure, takenfrom [AN93] describecompletelythe interconnections
betweerthe operations>, ~*,  (in the presencef the Booleanoperations).On
Figure 1.4,all classesepresentelly thenodesarevarieties gxcepttheonesinside
abox (thoseareonly quasi-arieties) andtheclassednsideacircle arenotfinitely
axiomatizableexceptBA. 24

Mor e on the equationaltheoriesof RRA,BRA and B R:

Theoreml.2 saysthatthereis aset of equationsvhich definesBRA. Let
beanarbitrarysetof equationslefiningBRA. Whatdo we know about ? Theo-
reml.6saysthat is notfinite,andTheoreml.7 saysthat canbechoserto be
recursvely enumerableBy usingthefactthatBRA is adiscriminatorvariety and
thatEq(BRA) is recursvely enumerableandby usinganargumentof W. Craig,
onecanshav that canbe chosento be decidable?® , i.e. thereis a decidable
set definingBRA. On the otherhand,we know that hasto be complecin
thefollowing senseto ary number , mustcontainanequatiorthatusesmore
than variablesandall of the operationsymbolsU, —, o. Thereisan suchthat
—1 occursonly in finitely mary membersf , by Theoreml.11. Theanalogous
statementaretruefor B R, RRA. 28

Concretedecidablesets defining RRA are known in the literature,cf. e.g.
Monk [M69]. Lyndon[Ly] outlinesanothermrecipefor obtaininga differentsuch

. Hirsch—HodkinsorjHH] alsocontainssuchaset . Someof thesework for
B R,BRA. However, the structuresof these s areratherinvolved. 27 In this
connection,we note that the following is still one of the mostimportantopen
problemsof algebraidogic:

24N Pratt[Pr9q, the classRB  of representabl@ooleanmonoidsis obtainedfrom our B R’s
by adding asan extra distinguishecconstant. So the extra-Booleanoperationsof the RB s are
o, ,andthusB R’'sarethe -freesubreductefRB 's.All theresultsmentionecaborefor B R’s
carryovertoRB 's;e.g.RB isadiscriminatovariety hencethesimpleRB ’'sform auniversally
axiomatizableclass,Theoremsl.2, 1.6 above applyto RB . RRA,BRA,B R,RB ,BA all occur
asnodeson Figure 1.4.

25Theideais asfollows. Let  berecursvely enumerablesay , s for arecursve
function . For eachnumber , let denotethe conjunctionof  copiesof . SinceBRA isa
discriminatovariety thereis anequation whichis equivalentto in BRA. Moreover,
from we cancomputeback , seeanearlierfootnote.Then def s R
isequivalentto and isdecidableThedecisionprocedurdor isasfollows: Take ary equation

. Decidewhether is for some orno,andif yes,computethe . If wegetan , checkwhether

is the conjunctionof some say , copiesof anequation . If yes,compute andcheckwhether

is .If yes, isin , otherwisenot.

26The needof infinitely mary variablesin ary axiomsystenfor RRA wasprovedin Jonssor{J91],
theneedof all theoperatiorsymbols , o in additionis provedin Andréka[A94]. By Theoreml.11
thenthesameholdfor BRA,B R.

27Cf. [HMTII, pp.112-119]for anoverviaw.
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Figurel.4.

PROBLEM 1.12 Find simple, mathematicallytranspaent, decidablesets  of
equationsaxiomatizingB R, BRA, RRA. (A solutionfor this problemhasto be
consideably simplerthan, or at leastmarkedly differentfromthe ’s discussed
above)

Equationabxiomsystemdor algebra®f relationdikefor RRA, BRA,B R are
interestingnotonly becausef purelyaestheticaleasonshut alsobecaussuchan
axiom systemgivesan inferencesystemfor the correspondindogic. About this
logicalconnectionseee.g. Theorem$.4,5.5,6.3in Part|l.

SincetheclassefRRA, BRA, B R arenotfinitely axiomatizablefinitely axiom-
atizableapproximationsor “computationatores”areusedfor them.For BRA we
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cantake ARA assuchanapproximationFor RRA, thevarietyRA of relationalge-

bras definedby Tarski,is usedin theliteratureassuchanapproximationWe get

thedefinitionof RA from thedefinitionof ARA by replacing(4) with onestronger
equation(5), andby addingtheequation oz = =z.

DEFINITION 1.13(RA, anabstractpproximatiorof RRA) RA is definedto be
theclassof all algebrasof thesimilarity typeof RRA’swhich satisfytheequations
(1)-(3)fromthedefinitionof ARA, togetherwith (5), (6) below

() zho —(zoy)  —y

() ox =21

Equation(5) is equivalent,in the presencef the other RA-axioms?® with the
following socalledtriangle-rule(5’)

() z (yoz)= iff y (zozH= iff 2z (yloxz)=

Intuitively, (5") saysthatthethreewaysof telling thatnotriangle

exists,areequivalent.?® Thus,arelationalgebras aBooleamalgebraogethemwith
aninvolutedmonoidsharingthe sameuniverse ,andthe interconnectiorbetween
thetwo structuress thatthey form anormalBAO andthetrianglerule (57) holds.

Equation(6) saysthat is theneutralelemenbf the semigroupoperatiort'o”.
We notethatin algebraidogic thistranslateso thesocalledLeibnizlaw of equal-
ity in logic which saysthatequalscannotbe distinguished®.

28We notethat o , ! areusuallyomittedfrom the axiomatizationof RA, because
they follow from therestof theaxioms.
29In amorealgebraidanguage(5’) saysthatthe maps ao and a o areconjugates
of eachother andlikewise the maps oa and oa ! areconjugatesWe recallfrom
[JT51] thatin aBA thefunctions , areconjugatef eachothermeansthat iff
forall , .

30For moreonthis see[BP89, p.10].
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RA is a very strongcomputationatorefor RRA, almostall naturalequations
aboutRRA hold alsoin RA. 3! An RA whichis notin RRA is calleda nonrep-
resentableRA. Equationsholdingin RRA andnotin RA canbe obtainedfrom
eachfinite nonrepresentablBA by usingthat RA is a discriminatorvariety of
BAOQ’s, asfollows. Let 2l € RA — RRA befinite. Then2l cannotbe embedded
in ary RRA, andthis canbe expressedvith a universalformulabecausél is fi-
nite. Now usingthe switching function, this universalformula canbe codedas
anequation . Then doesnotholdin 20 € RA, while it holdsin RRA. Many
finite nonrepresentabRA’s areknown in theliterature.The smallestsuchhas16
elements®2 A sourcefor examplesof finite nonrepresentabRA’s s thesocalled
Lyndonalgebras.A finite Lyndonalgebra is a finite RA suchthat is anatom,
a~!=a,a0a=aU ,andaob = 1-(aUb) holdfor all otherdistinctatomsa, b.
Infinitely mary of the finite Lyndonalgebrasarenonrepresentabl@ndinfinitely
mary arerepresentable)Anotherway of gettingfinite nonrepresentabRA’sis to
“distorte” arepresentablene. Therearesomeknown methodslik e splitting and
dilating 33 with which we can obtain nonrepresentablRA’s from representable
ones.NonrepresentablRA’s arealmostasimportantasrepresentablenes.®*

Somespecialinterestingclasse®f RRA's turnoutto befinitely axiomatizable,
belon we list two suchclasses.Thesefinite axiomatizationgyive (non-standard)
finitary inferencesystemsfor , cf. Mikulas [Mi96], [Mi95]. The elegant,
purely algebraicproofsfor theitemsin the next theoremareexamplesfor signif-
icantapplicationsof algebrato logic, via connectionsbetweeralgebraandlogic
indicatedin Partll of this paper

THEOREM1.14 Let and denotethefollowingformulas,respectively

Jzy(z~lox y loy zloy=1)
zy(z = =y y z yloy )
Then RRA =RA for ={ }and ={ }.

For the proofsseeMaddux[Ma78], Tarski-Gvant[TG]. An RA in which istrue
is calledaquasi-pojectiveRA, ora RA, andanRA in which istrueis calleda
functionallydenseRA. 35 We canlook at Theoreml.14in two ways: ononehand

31In otherwords,only complicatecequationsandistinguishRRA andRA.

32This wasfoundby McKenzie[McK].

33For splitting in RA seeAndréka-Maddux-¥meti[AMN], for dilationin RA seeNémeti[N86],
Németi-Simor{NSi], Simon[Si97].

34E.g. one proof of nonfinite axiomatizabilityof RRA goesby finding infinitely mary nonrepre-
sentableRA’s whoseultraproductis representablelnvestigatingthe structureof possibleaxiom sys-
temsfor RRA oftenboils down to finding suitablenonrepresentabRA’s.

S5Thatary RA is representablés a theoremof Tarski, an elegantalgebraicproof was given by
Maddux[Ma78]. A different,illuminating proofis givenin Simon[Si96]. For logical applicationsof
thisareasee[TG]. Theproofthatevery functionallydenseRA is representables in Maddux[Ma78].
Seealso[AGMNS].
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it saysthattheclassof quasi-projectieRRA’sis finitely axiomatizablgéwhile RRA
is not), andon the otherhandit saysthatquasi-projectie RA’s arerepresentable
(while RA’sin generalrenot). (And the samefor functionallydenseRA’s.)



CHAPTER2

ALGEBRAS OF RELATIONSIN GENERAL

By this point we might have developedsomevaguepicture of how algebras
of binary relationsare introduced,investigatedetc. One might even sensethat
they give riseto a smooth,elegant, exciting and powerful theory However, our
original intentionwasto develop algebrasof relationsin general,which should
surelyincorporatenot only binarybut alsoternary andin general —aryrelations.

Let usseehow to generalizeour RRA’sandBRA’s to relationsof higherranks.
Letusfirstfix to beafinite ordinal. As we said,we would like thenew algebras
to be expansion®f RRA’s (andBRA'’s). However, definingcompositionof —ary
relationsfor is complicated . Thereforethefollowing sounddike a more
attractve idea: We single out the simplestbasicoperationson —ary relations,
andhopethat compositionwill be derivableasa term—functionfrom these. Let
us seehow we could generalizeour genericor full RRA's (B(U x U),o, 71, )
to relationsof rank . The olbvious partis that thesealgebraswill begin with
BUxUx xU), , ) where

:{<77 a>: GU}

is the —aryidentity relation. Again, is a constantjust asit wasin the RRA

caselet Udenotel xU x xU,e.g. U=U xU xU. Thenew operations
(besideghe Booleanonesand ) we will needarethe algebraiccounterpartof

guantificationd , for . So, we want an operationthat sendsthe relation
definedby R( , 1) to theonedefinedby 3 R( , 1), andsimilarly for 3 ;.

For R C U x U letDom(R) andRng R) denotetheusualdomainandrangeof R.

For = wedefine

¢ (R)=UxRngdR) and c¢;(R)=DomR)xU

Now
<‘B(U X U)JC €1, )
is thefull cylindric setalgebra of binaryrelationsover U, for shortthefull

Beforeturningseriouslyto —aryrelationswe needthefollowing:

1Composition for -ary relations is studied in Marx—Nemeti—Sain [MNS], Marx
[Ma95). The definition is o Ry, ,R (a1, ,a ) (a1, ,a 1, ) €
Ry (ala s @ 2, ,Q )ERZ < » 02, @ )ER

31
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CONVENTION2.1 Throughoutvewill pretendhatCartesianproductsandCar-
tesianpowes are associativesuch that U x U = U, andif eg.
RC UthenUXxRC U Rx U.

Thefull , i.e.thefull cylindric setalgebra of —aryrelations,is the natural
generalizatiorof asfollows. LetR C U. If RndR) = {(by b _1) :
(b by b _1) € Rforsomeb }, thenc (R) = U x Rng R) consideredasa
setof -tuples. Similarly, letDomR) = {(b6 b _):{(b b _b _1) €
R forsomeb _;},andletc _;(R) = Dom(R) x U. Generalizinghistoc with

arbitrary we obtain

c(R)=
{(b, ,b _1,a,b 1, b _1): (b, ,b ,1)eRanda€U}

¢ is oneof the mostnaturaloperationson relations. It simply forgetsthe -th
argumenbf therelation,or in otherwords,deleteghe -th column.However, since
deletingthe -th columnwould leave uswith an( — 1)-aryrelation,Dom(R) if

= —1,wereplacethe -th columnwith adummycolumni.e.inthe = -1
casewe represenDom(R) with the “pseudo —aryrelation” Dom(R) x U. The
“realrank” of anR C U is alwayseasyto recover, namelyitis (R) = {

: ¢ (R) = R}. Soc isthenaturaloperationof removing from the (real) rank
of arelation.

For example,ciamer Whenappliedto the “f ather mother child” relationgives
backthe “mother, child” relation codedas “anybody, mother child” (in which
the anybody argumentcarriesno informationi.e. is dummy). By a full we
understan@nalgebra

(U) = <§'B( U),C > yC 1, )

forsomesetU. Bya  weunderstan@subalgebraf afull with nonempty
2 pasesetU i.e.

& { (U) : U isanonemptyset

By arepresentableylindric algebraof —aryrelations(anR A ) weunderstand

asubalgebraf adirectproductof full 's (upto isomorphism)formally:
RA = {®B(U),c, ,c_1, ):Uisaset
NotethatR A = { (U):Uisaset = (full )= By the

sameargumentasin thecaseof BRA's,everyR A isdirectlyrepresentablasan
algebraof —aryrelations(with the greatestelationa disjoint union of Cartesian
spaces)R A is oneof the“leadingcandidatesfor beingthe naturalalgebraof
—aryrelations.

2Excludingthe emptybasesethereis not essentialit seneseasierapplicabilityin the secondpart
of thispaperin section7.
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Theabstractlgebraigictureis simple:anR A is aBA togethemwith clo-
sureoperationsandanextra constantAccordingly, an(abstractrylindric algebra
of dimension , a A , is definedasa normalBAO with  self-conjugatedcind
commutingclosureoperationsandwith a constantsatisfyingtwo equations.In
moredetail:

DEFINITION 2.2( A , anabstracapproximatiorof R A ) A isdefinedobe
theclassof all algebrasof thesimilarity typeof (U) which satisfythefollow-
ing equationdor all ,

(1) Theaxiomsfor normalBAO, i.e.
theBooleanaxioms,
¢ =, c@Uy=c@)uc(y

(2) Axiomsexpressinghatc 's are self-conjugatedommutingclosue operations,
i.e.

() x cxr=ccuz,
(i) y cx= iff cy =,
(i) cczx=ccax.

Becauseof the above axioms,the notation ¢ 2 = ¢ c z whee =
{1, , } malessenseWewill usethatnotationfromnowon. We will alsouse

thecorvention®that ={ ,1, , -1}

(3) Theconstant hasdomainl andsatisfieghe“Leibniz-law”, i.e.
() ¢ =1,
(i) c cxr=x wheneerz ¢ and =

An equivalentform of sayingthatc is self-conjugatetiis to saythatthe com-
plementof a closedelements closed.Thus,in theabove definition, (2)(ii) canbe
replacedvith

C —Cr=-—-Cx

3For moreon this seee.g.[HMT, Partl. pp. 31-32].
4l.e. thatit is the conjugateof itself, cf. thefootnoteto thetriangle-rule(5)’ in section 1.
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Note that (2)(ii) is an analogonof the trianglerule (5)’ in the definition of RA.
(3)(ii) expresseshatthe closureoperatorc is “discrete”, or is theidentity, when
relativizedto
def
= C y
= . Both(2)(ii) and(3)(ii) have equialentequationaforms,e.g.anequvalent
form of (3)(ii) is

c( x) = z when =
andanequialent(togethemith the otheraxioms)form of (2)(ii) is

c(x cy=cz cy

Connectionwith geometry: The namesin cylindric algebratheory comefrom
connectionwith geometry Namely an -ary relationis a setof -tuples,while
an -tupleis a point of the -dimensionakpace.E.qg.{a,b) is a pointin the -
dimensionalspacewith coordinatess and b, while (a, b, ¢) is a pointin the 3-
dimensionabpacewith coordinates, b ande. Thusabinaryrelationis asubsebf
the 2-dimensionaspacewhile an -ary relationis a subsebf the -dimensional
space Hencethename“cylindric algebraof dimension ”.

If Risasubsebfthe -dimensionakpacethenc (R) isthecylinderabore R
parallelto the -th axis,and is themaindiagonal Hencethe name"cylindric
algebra”. Theoperations and arecalled“cylindrifications and“diagonals
in A-theory and is usuallydenotecby  (for diagonal). Becauseof these
geometricalmeanings,also the operationsof R A areeasyto draw. This is
illustratedon Figure2.1,seealso Figure2.3.

How canwe draw the operation®f RRA? Corverseis easyto draw: the con-
verseof R isthemirrorimageof R w.r.t. thediagonal. However, relationcompo-
sition of two relationsR, S is notsoeasyto draw. SeeFigure 2.2.

Thuscylindric algebrag A’s) aresimplerthanrelationalgebrasRA’s in two
ways: A’s have only unaryoperations: , while the centraloperationof RA is
the binary compositionoperationo; and secondly cylindrifications are easyto
draw, while compositionis not soeasyto draw. Therearefurherconnectionsvith
geometrye.g.via projective planes We do not discusgheseherein,but cf. Monk
[M74], [Gi97], [NS97], [NS97, [AGIN97, Chaptenl].

Connectionbetween A’s and RA’s: A naturalquestioncomesup: canthese
“simple” A’srecapturéghe power of RA’s? This wasarequirementve expected
to meet,namelywe expectedthatthe theoryof -ary relationsshouldbe an ex-

tensionof thatof binaryrelations.Theansweilis thatR A with is strong
enoughto recaptureRRA, while R A is notstrongenough.n moredetail:
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Mirroring cannotbe expressedy the diagonalandthe cylindrificationsin the
plane(i.e. in 2-dimensionabpace)but it canbe expressedf we canmove outto
-dimensionabkpaceseeFigure 2.3.
Namely by letting

(z) E'e ( z)  and =UxUx{}

for somefixed e U, wehave
R_l = 1 1 C R

for R C . Here,weidentifiedthebinaryR C U x U with theternaryR x { },
andsimilarly for R—1. Compositionalsocanbe expressed:

RoS = c(lcR c09).

A morenaturalapproachis basedn identifying abinaryrelationR C U x U

with theternaryrelation

Dr(R) LR xU

we call Dr(R) the dummy representationf R asa ternaryrelation. ThenDr :
PUxU) PUxUxU);and
Dr(R~')= ;' Dr(R),
Dr(RoS)=c ('Dr(R) Dr(S)).
Soin asenseRRA’s form a kind of areductof R A s for . In more
detail: Let2l e A , . Therelation-algebrareduct 2 of 2 is definedas

def _
Ql:(‘RaQ[:UQ[J_Qlao: 17 Q(1>7

where
Ra2l = {a € A:c*a=aforall }
andif a,b € Ra2l, then
a ! gef 1 L a,
aob L c('a b
Now, Dr : (B(U x U),o, L, ) (U) is anisomorphisnfor

We define
A dzef{ A:Ae A} for

For C A, is definedsimilarly.
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ThenRRA = R A forall . Theclasses A ( ) form
achainbetweerRA andRRA, providing a “dimension-theory’for ® RA. In more
detail, A RA (Monk [M61]), A = RA (Maddux, [Ma78q),
RA A RRA (Monk [M61]), and®

RRA = { A } = A,

Investigatingthe connectionbetweenRRA (RA) andR A ( A) is aninterest-
ing subject.Someof thereferencesreMonk [M61], Maddux[Ma784, [Ma89],
[HMTII, 5.3], Németi—-SimorNSi], [Si96], [Si97], Hirsch—HodkinsorfHH97].
Recentlevelopmentsn theRA— A (—polyadicalgebrasgonnectiorarereported
in [Si97], [NSI].

ThustheansweilisthatR A s, , dorecapturghe power of RRA’s. (On
theotherhand,R A 'sdonot’.)

Connectionwith logic: Cylindric algebrashave avery closeandrich connection
with logic. This connectioris partly describedn [HMTII, 4.3],andin Examples
6, 8,9in section 7 herein.

Summingup this connectionvery briefly: R A-theory correspond$o model
theoryof first-orderlik e languagegor quantifierlogics),while abstract A-theory
correspondso their proof theory Individual A’s correspondo theoriesin such
logics,homomorphismbetween A’s correspondo interpretationdetweerthe-
ories,while isomorphisnof A’scorrespondso definitionalequivalenceof mod-
elsand/ortheories. A-theoretidermsandequationsorrespondo first-orderfor-
mulaschemasanequation isvalidin R A if its correspondindormulaschemas
valid, anequationatlerivationof correspondso a proofof theformula(schema)
correspondindo . More on this is written in section 7, Examples5,8,9. Here,
first-orderlik e languagesencompas$inite-variablefragmentsof first-orderlan-
guage(FOL for short),usualFOL, FOL with infinitary relationsymbolsbut with
finitary logical connectves,FOL consideredsa propositionaimulti-modallogic,
FOL with severalmodifiedsemanticetc.

Mostof theaboveis discussedh [HMTII, 4.3],especiallywhentakentogether
with [vB96]. Someotherreferencedllustratingtherich connectiorof A’swith
logic arethe following. In Monk [M93] the connectiorwith FOL is treated. In
[N87] andin [R] valid formula-schemasn [N90] modeltheoryof FOL with in-
finitary relationsymboils,in [N96] FOL with generalizedemanticsin [A], [SA]
algebraof sentencedn [Se89 andBiro-Shelah[BiSh] modeltheoreticnotions
like saturateduniversal,atomicmodelsareinvestigatedvith thehelpof A’s,re-
spectvely. [AvBN9€g], [vB96], [MV] connect A’swith modallogic, [S95, [SGY]

5As later in Thm. 2.14(ii), we will see,this is analogouso the chain CA
betweenCA andRCA .
6For thedefinitionof CA  seeDef. 2.12.
"For example EQRRA is undecidablewhile EQRCA, is decidableseeThm.1.10(i), Thm. 2.3(iii).
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use A’sfor searchindor a FOL with nicerbehaiour. Furtherreferencesn this
line aree.g.[vB97], [V954].

The connectionof A’s with logic alsosheddight on the above ways of ex-
pressingcompositionand corverseof binaryrelationsin  A. Namely R A is
thealgebraiccounterparbf first-orderlogic with  variablegseePart1l, example
6 in section 7), andin particular -variablefirst-orderformulasandtermsin the
languagef R A arein strongcorrespondenaosith eachother(seeCorollary5.5
in Partll). TheR A-termsin thedefinitionof anRA-reductarejustthetranscripts
of the 3-variableformulasdefining compositionand corversionof binary rela-
tions. (Ontheintuitive meaningof theterms  seetheremarkafterExample7 in
section7.)

At this pointwe canstatethe counterpartef Theoremsl.2—1.108

THEOREMZ2.3(basicpropertieof R A ) Let befinite.

() R A isadiscriminatorvariety with a recursivelyenumeable equational
theory

(i) R A is notaxiomatizablawith a finite setof equationsand its equational
theoryis undecidablef

(i) R A isaxiomatizablewith a finite setof equationsandits equationalthe-
ory is decidable Thesameis true for R A;. Any A satisfyingfor all

) 1

cr cz rT=cCc2z 1z, or

cx cqr—z c( cx— )
is representablé.

(iv) Thelogic captuedbyR A isfirst-orderlogic with equalityrestrictedto
individual variables.

Proof. The proof of (i) goesexactly asin the previous section,cf. the proofs of
Thm.s 1.2,1.7.: The subdirectlyirreduciblemembersof R A areexactly the
isomorphiccopiesof the nontrivial 's (i.e. thosewith nonemptybasesetU),
andaswitchingtermisc  z,i.e.in we have!?

1 ifz=

c z= .
if z =

8L. HenkinandA. TarskiprovedthatRCA s avariety J.D. Monk [M69] provedthatRCA is
not finitely axiomatizableL. Henkin gave a finite equationalaxiom systemfor RCA2, andD. Scott
provedthatEq RCA2 isdecidable.
9The abave quasi-equatiomndequatiorthenareequialentto the so-calledHenkin-equatior{see
[HMTII, 3.2.65]),whichwasfurthersimplifiedin VenemdgV91, §3.5.2]. Ontheintuitive meaningof
theseseethe paragraptprecedingrhm.7.8in this work.
10Recallthat sy s . Thus sy
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The proof of undecidabilityof BRA canbe adaptechere,too, by usingthe above
outlinedconnectiorbetweerRA and A. Namely the quasi-equationaheoryof
semigroupganbeinterpretedn R A , e.g.by usingtheterm

zy=c(lc x c y)
The proof for nonfinite axiomatizabilityof R A | will be discussedn
Remark2.9. The proof of thefirst partof (iii) canbe foundin [HMTII, 3.2.65,
4.2.9].1tis nothardto checkthatin all A ’'s,thequasi-equatioandtheequation
in (iii) areequivalentto eachother Also, theequationin (iii) is equialentto

() crx gz r+c( cx— )

whichisthenpreseredundertakingperfectextensiongbecaus@egation—occurs
onlyin front of a constant).Thusit is enoughto shav thatary simpleatomic2( €

A satisfying( ) is representableNow, ( ) impliesthatthereareno defectie
atomsin %, in the senseof [HMTII, 3.2.59],andthen2l € R A by [HMTII,
3.2.59].For (iv) seeexample6 in section 7 of Part|I.

More on thefine-structureof the equationatheoryof R A will besaidlater,
afterProblem2.11.

How far did we getin obtainingalgebra®f relationsin generalbinary, ternary

, —ary, )? R A is asmoothandsatishctory algebraictheoryof -—ary
relations.So, canour theoryhandleall finitary relations?The answetis bothyes
andno. Namely since is anarbitraryfinite numberin a sensewe canhandle
all finitary relations. But, we cannothave themall in the samealgebraor in the
samevariety. For ary finite family of relations,we canpick suchthatthey are
allin R A . Butthis doesnotextendto infinite familiesof relations.To alleviate
this, we couldtry workingin thesystem(R A : € ) of varietiesinsteadof
usingjust one of these. To usethemall together we needa strongcoordination
betweerthem. This coordinationis easilyderivablefrom the embeddingunction
Dr sendingR to R x U for R C U definedabore. Let A C U) =
(P(U) )bea andlet bethe 1 generatedy the Dr imageof 2,
ie. C 1(U) = (B( 'U) )isgeneratedy {Dr(R) : R € A}. The
biggest®l yielding the same is calledthe —ary neat-eductof , formally
A= ( ). Then

()=fbe :c(®)=0}

Intuitively, ( ) is the algebraof —aryrelations“living in” the algebra
of + l-aryrelations. It is not hardto seethat :RA 11— RA
is a functor, in the category theoreticalsensefor every . Now, we canusethe
collectionof varietiesR A forall € , synchronizedia thefunctors{

€ ), asasinglemathematicaéntity containingall finitary relations.
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Anotherpossibilityis to insistthatwe wantall finitary relationsover U repre-
sentedaselement®f asinglealgebra.ln otherwords,this goalmeanghatinstead
of a systemof varietieswe wantto considera single variety thatin somesense
incorporatesll the original varietiestaken together Indeed,eachR A canbe
viewed asincorporatingall theR A ’sfor , sincethe latter canbe recov-
eredfrom R A by usingthe functors 1, _ etc. Soas increases,
R A getscloserandcloserto the variety we want. Indeed,we take the limit of
this sequence.Therearetwo ways of doing this, the naive way we will follow
hereandthe cateyory theoreticalay we only briefly mention. It is shavn in the
textbook Adamek—Herrlich—-Streas[AHS] thatthe systemor “diagram”

RA;A, - RA - RA —-RA,

is “convergent”in the category theoreticsensej.e. thatit hasalimit . Indeed,it
isthisclass of algebraghatwe will construcbelow in anaive way thatdoesnot
usecataory theoretictoolsor concepts.

Wefirstextendour Corvention2.1,statecatthebeginningof thepresensection
concerningassociatiity of Cartesiamproductsandpowers.In thesequel is the
smallestinfinite ordinal, aswell asthe setof all finite numbers,and“U is the
setof -sequenceeverU. Furthermore, U x “U = “U, andif R C U then
R x«U C “U, for . We will alsohave to distinguishthe constant of
R A fromthatof R A . Thereforewelet

L a, ,a):a€eU}

denotethe —aryidentity relationonU'.

How do we obtainan algebracontainingall finitary relationsover U? If R is
binary, but we wantto treatit togethemwith a 5—aryrelation,thenwe represeni?
byRxUxUxU = Rx Uina . Takingthisprocedureo thelimit, if wewant
to treat R togethemwith relationsof arbitraryhigh ranks,thenwe canrepresen?
with R x “U. This way we canembedall finitary relationsinto relationsof rank

, andrelationsof differentranksbecome‘comparable”and“compatible”1* We
still haven't obtainecdthedefinitionof ,’sfrom thatof 's becauseave do not
know whatto dowith theconstant . More specifically we wantto beableto use
theneatreductfunctor ,astheinverseof R R x“U for RC U, in order
to recover the original 'sfromthenew . This meansthatfor cC U
wewant  x “U tobeaderivedconstan(distinguisheclement)n ouralgebra.

n particularwe avoid the problemwe raninto at the endof the introductionto this partin con-

nectionwith the Booleanalgebra , becausee.g.the complemenf R is R
whereR denotes Rif Risan -aryrelation.Insteadof trying to tamethe Boolean-lile algebra
R R for some , we simply represent? by R which is an

elemenbf ( y 0y sy )
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Adding “ ={(a, ,a, ):a € U} asanextraconstandoesnotensurethis
ary more.Oneof the mostnaturalsolutionsis letting

=  ={e“U: = }

anddefiningafull , as

M(U) = <§B(wU)7C ’ ) <w »

wherethe  ’s areconstants.The price we hadto pay for replacingthe finite
bound ontheranksof relationswe cantreatwith theinfinite bound is thatwe
hadto breakup oursingleconstant to infinitely mary constants (, € ).

R A, is definedto consistof all subalgebrasf direct productsof full  ,’'s
(upto isomorphisms),

R A, = {PB“U),c, ) <,:Uisaset

Again, asit wasthe casewith BRA’sandR A ’'s, R A,’s aredirectly repre-
sentableasalgebrasvhoseelementsare —aryrelations.

The elementsof P(“U) areall the -ary relationsover U, and not only the
“representationsR x “U of finitary relationsR over U. Canwe actuallyrecover
thealgebrasf finitary relationsfrom thehugefull  ,’s?Let

R{U)={Rx“U:RC Uforsome € }

ThenR (U)

C P(¥U); morecverit is asubalgebraf thefull » () with
universeP(“U).

We will denotethissubalgebrdy (U) Now, weset

w =

' [ (U):Uisanonemptyset

Inasense, ., isthenarravestreasonablelassof algebra®f finitary relations!?

If R e R(U),then (R) ={ € :cR = R} isfinite, in shortR is
finite-dimensional We notethatthe corverseis not true, thereare R C “U with
(R) = ,yetR € R (U). Indeedfix € U andset

R={ €“U:{ : = }isfinite}

ThelettersR (and ) referto“finitaryrelations”.C s theabose mentionectateyory theoret-
ical limit . More precisely for this equalityto be literally true, whenforming the cateory theoretic
limit , insteadof the varietiesRCA  we have to startout from their subdirectlyirreduciblemem-
bers,whicharenothingbutC ’'s. SoC s thelimit of thesequenc€ ;, ,C , . Theclass
C  andits relationshipwith RCA was systematicallyinvestigatedn Andréka[A73], [AGN73,
[AGN77], [HMTAN], [HMTI]. In thefirstthreeworkstheclasswasdenotedoy or ,whileinthe
lasttwo by C , thelatterbeingthe standardotationtoday
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ThenRe R(U)if U , whilec R = R for all . ArelationR C “U is
calledregular if

( eR iff zeR) wheneer ,z € “U, (R)=z (R)

Thentheelementf R (U) areexactly thefinite-dimensionategularrelationson
U.

Now we turnto theconnectionbetweentheclasses ,, ., andR A,. In-
tuitively, theelementof , arealgebraf finitary relationswhile theelements
of  (aswell asthoseof R A,) arealgebraf -—aryrelations®.

THEOREMZ2.4 (basicpropertief R A,)

(i) R A, isavarietywith recuisivelyenumeableandundecidableaquational
theory

(i) Eq(R A,) = {Eq(R A ): € } lLeinthelanguaggeofR A ,the
sameequationsaretrueinR A andinR A,,.

(i) R A, = w = w = w- L.e. R A, is boththevari-
ety and quasi-varietygenematedby ,; the sameequationsand quasi-
equationsare truein  ,, andin , but ther is an infinitary quasi-
equationdistinguishing , and .

Proof. (ii) followsfrom [HMTII, 3.1.126].Recursie enumerabilityandundecid-
ability of EQ(R A,,) followsfrom (ii) andThm. 2.3 (for recursve enumerability
onealsohasto usethe proof of Thm. 2.3, namelythattherecursve enumerations
of Eq(R A ) giventhereare“uniform” in ). ThatR A, is a variety follows

e.g.from[HMTII, 3.1.103],(whereit is proveddirectlythatR A, is closedunder

takinghomomorphiadmages)R A, = » followsfrom [HMTII , 3.2.8,
3.2.10,2.6.52]. Toshav R A, = » considet* the following infinitary
quasi-equation:
{cz=2x: } 1T z=1
Then isvalidin » Whileitisnotvalidin R A,.
We note that » = R A,. Indeed,considerthe following universal
formula
- = — 1 ¢, where
- - 1 - - 1

13Thm. 2.4(i) is dueto L. Henkinand A. Tarski. For the restof the creditsin connectionwith
Thm2.4wereferthereaderto [HMT, I, Il] and[HMTAN].

14Anotherproof, exporting logical propertiesto algebrascanbe found at the endof Example9 in
section?.
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(Theintuitive contentof is thatif thereis a “subbase’of cardinality 3, then
thereareno subbasesf size2.)

R A, is not a discriminatorvariety, e.g. becausehere are subdirectlyirre-
duciblebut notsimpleR A,’s. But it is still anarithmeticalvariety of BAO’s,
from which mary propertiesof R A, follow by usingtheoremsof universalal-
gebra.lt isnottruethat (R A,) = , infactnointrinsic characterization
of (R A,)isknownl!® ThevarietyR A, is very well investigatedperhaps
themostdetailedstudyis in [HMTAN], [HMTII]. For morerecentresultsseee.g.
Goldblatt[G95], Monk [M93], Shelah[Sh], Seéry [Se8, [Se97, Hodkinson

[H97].

Thetheoremswvhich saythatBRA, RRA, andR A arenot finitely axiomati-
zable,carryoverto R A, too. However, to avoid triviality, insteadof non-finite
axiomatizabilitywe have to statesomethingstrongerbecaus® A, hasinfinitely
mary operationsandfinitely mary axiomscanspeakaboutonly finitely mary op-
erations. Taking this into account,whentrying to axiomatizeR A,,, onecould
still hopefor a finite “schema”(in somesense)f equationgreatingthe infin-
ity of theR A, -operationsuniformly. A possibleexamplefor a finite schemas
ccz=ccz(, € ). Thefollowingtheorem®impliesthatit will behardto
find sucha schemaandthatcertainkinds of schematareruledoutto begin with.

THEOREMZ2.5 (nonfiniteaxiomatizabilityof R A,) ThevarietyR A, isnotax-
iomatizableby anyset of univeisally quantifiedformulassud that  involves
only finitely manyvariables.

Proof. Plan: For all we will constructanalgebra?l suchthat
a) e€R A,
b) every —generatedubalgebraf isinR A,,.

This will prove the theorembecauseof the following. Assumethat is a set
of quantifierfreeformulassuchthat involvesatmost variables( a ( )

)andR A, = .Then isvalidinanalgebra iff isvalidinevery -
generatedubalgebraf |, because a ( ) and containsno quantifiers.
Thus2l = byb)andbyR A, = .Then?2l € R A, shovsthat does
notaxiomatizeR A,,.

Construction of 2l : Let befinite, andlet (U : ) beasystenof
pairwisedisjoint setseachof cardinality . Let

151t is known that RCA s a propersubclasof . More on this see[HMTII, 3.1.83-
3.1.88],[ANT].

18Monk [M69] provesthatRCA  cannotbe axiomatizedwith a finite numberof schemasf equa-
tionslike thosein thedefinitionof CA . See[HMTII, 4.1.7]. Thm.2.5,dueto Andréka,is a general-
izationof thatresultandcanbefoundin [A97] orin [M93].
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U= {U: € }, let

def
)

€ JU={ev“U:( € € U } bearbitrary

R={2e¢ U:{ € :z=1} },  andlet
A bethesubalgebraf (B(“U),c, ) . generatedytheelementR.

ThenR isanatomof 2 becausef thefollowing. For ary two sequences, z € R
thereis apermutation : U U of U taking toz andfixing R,i.e. o ==z
andR={ o : € R} (theohviouschoicefor ,interchanging andz for all

€ andleaving everythingelsefixed,works). If  is apermutatiorof U fixing
R, then fixesall the elementgeneratedy R becausehe operationf R A,
arepermutatiorinvariant. Thusif =a € A and € a RthenR C a, shoving
thatR is anatomof 2 .

We now “split Rinto + 1 new atomsR eachimitating R” obtaininga new,
biggeralgebra?l from ourold 2 . 1.e. we choosea largeralgebra2l suchthat(
satisfieghe conditionsbelon andis otherwisearbitrary

2A C A, theBooleanreductof 2 is aBooleanalgebra,

R areatomsof 2landc R = c¢ R for , ,

eachelemenbf 2 is aBooleanjoin of anelementof 2 andof someR 's
¢ distributesoverjoins, for ary e =c(zUy)=czUcy.

Notethatin 2 “U” is only anabstractlgebraicoperationandnot necessarilyset
theoreticalinion. It is easyto seethatsuchanextensior® of 20 exists. SeeFigure
2.4.

By theabove,we have constructeduralgebrakl  whichin thefollowing we will
denotgustby 2.

CONVENTION2.6 In this proof we usethe symbols , U denotingthe concete
opermationsof our setalgebras( ,’s)alsoasthecorrespondingbstiactalgebraic
operationsymbolgdenotinghemselveg ,’s). So,if x, y arevariablesymbols,
thenz yisaterm.Wehopecontet will helpin decidingwhetherz y is meant
to beatermor a conceteset. z — y is the Booleanterm (z  —y) denotingthe
setz N\ yin ,’s. It is especiallyimportantto notethat since for the algebra
2A constructedabove 24 € R A, wasnhot excluded the operationsdenotecby U,

, ¢ etc.in 2 are not assumedo be thereal, settheotetic ones. They are just
abstiact opemtionsdespiteof the notation“ U” etc. The Booleanorderingon 2
will bedenotedby
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CLAIM 27224 € R A,.

Proof. For , , = ,let (z)=c( z)and (z) =z. Lettheterm
bedefinedby
def
(z) = aq ¢z -
<
Let“U ={ze“U:{ € :z = }isfinite}. (“U isusuallycalledthe

weakCartesianspacedeterminecby U and .) Then,for our concretechoiceof
R,% = (R)= becausefthefollowing:

¢a ¢R = (Ux UxU 1x ) “U ,

¢ C¢R = UxU x ~ UxU 1x “u
C1 cR = ! U xU 1 X “U
Thenby U we have thatthereis no repetition—freesequencén ' U .
Thusl = (R) =
Then = (R) = by2 C2andR € A. Assumethat?2l € R A,. Then
thereis ahomomorphism : 2 € , suchthat (R) = ,forsome .By
(R) = ,thereis € (R).ByR ¢ R wehave (R)Cc (R ),sothereis
suchthat{ , 1, , Y€ (R),forall . These ’saredifferent

from eachothersincethe R ’saredisjointfrom eachother andsothe (R )'sare
disjointfrom eachother Considerthe sequence

Z:< » 1y ) ) 1, )

Thenz € ( (R)) is easilyseenasfollows. Obviouslyz € — | if
Further
( ,21, =z )€ cg ¢ (R),henceze ¢ ¢ (R)If

Thusz € ( (R)), acontradiction.

CLAIM 2.8 The -—genemtedsubalgbrasofarein R A,.

Proof. Let C A4, . Forall , define
R R iff ( € )R R
Then is anequialencerelationon {R : } which has blocksby
. Let denotethenumberof blocksof ,ie. = {R : }
. Define
={a€d:( , JJR R andR a R a)}

We now show that  is closedunderthe operationof 2L.: Let
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1) clearlyis closedunderthe Booleanoperations.
2) € since( )R

3) Clearly A C (sinceR isanatomof2), andc a € A foralla € A.
Thusc be (forallb € A).

Let C 2 bethesubalgebraf 2 with universe . By C ,itisenougho
shovthat € R A,.

We will defineanembedding : PEU),c, ) <o Let{y :
={ R ): }. Then{y : }is apartitionof Rin , i.e.they
arepairwisedisjointandsumupto R, cy = ¢ R for all and and

everyelemenbf isajoin of someelemenbf A andof somey 's. So, looks
like thealgebraon Figure 2.5.

First we definethe imagesof they 's. Let = {,1, , — 1} andlet
( ,+, ) beacommutatiegroup.For each let :U beabijection
suchthat ( )= . For define
R = zeR: ( (z): Y=,

where denoteghe grouptheoreticsumin ( ,+, ). Thenit is not difficult to
checkthatthe R 'saredisjointfrom eachotherand

cR =cR forall

for theconcretesettheoreticc ’s. Definefor all -1
R =R
R_, = R : -1

We arereadyto definetheembedding of .: Wedefineforall b €
0)=0b-R)U {R : ¥ b},

whereb — R is computedn 2, andsince(b — R) € A C P(“U), therestof the
operationsarethe concretesettheoreticones.Now it is not difficult to checkthat

isanembedding : PU),c, ) <« asfollows.
Clearly preseresu, —. (b) = impliesb = , hence is one-one.
( )= . Nowwecheckc (b)= (c b).

c b = ¢c —-R)U {R :y b}
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= cb-RU {cR:y b}
= ¢cb-RU {cy:y b}

= ¢ b—R)U {y :y b}
= c b,

wherethe operationsn thefirst two lines aresettheoreticwhile thosein the last
threelinesareunderstoodhn theabstractlgebral. (c b) = (c b—R)U {R :
Yy c b} = c b, since(3 )y cbiff R cb andR cbiff cb=
cb—R.

QED(Theorem2.5)

Remark2.9 belov describeghe modificationsneededor obtainingproofsfor
the analogougwith Thm. 2.5) non-finitizability theoremdor R A ) and
RRA.

REMARK 2.9 Here we outline the modificationsof the above proof of Theo-
rem2.5yielding proofsfor non-finiteaxiomatizabilityof R A andRRA.

Let be or . Analgebr&l similartoR A ’sis saidto berepresentablef
24 € R A . Thusrepresentabilitymeansthat2l is isomorphicto an algebra2l
whoseelementsare -—aryrelationsandwhosegreatestlements adisjointunion
of Cartesiarspaces.2l is calleda representatiorof 2f and sometimeghe iso-
morphism : A 2 toois calledtherepresentationf 2. By a homomorphic
representatiorwe understané homomorphismmapping®? into some . This
conceptecevesits importancdrom thesimplebut usefulfactthatrepresentability
of 21 is equivalentwith the existenceof aset  of homomorphiaepresentations
of & suchthat( nonzerar € A)(3 € ) (z) =

The intuitive idea of the above proof of Theorem2.5 wasthe following. We
found two differentways of “counting” the elementsof thedomain{ : €
R} of therelation R. This countingwas doneby looking only at the abstract,
i.e. isomorphisminvariantpropertiesof 2[. The two waysof countingwere: (1)
Looking atthe numberof the disjointselementsk belov R. This allowedusto
concludethatthedomainof R mustbebig. (2) Usingthe  ’'sexactlyasoneuses
equalityin first—orderogic to expresghata certainfinite setis smallerthansome

, we concludedhatthe domainof R mustbe small. (Thiswasdoneby theterm
(R) in theproofof Claim2.7.)

Wesstartecbutfroman2l € R A, in whichthecounting(2) saidthat*Dom(R)”
is small. Thenby splitting, we enlaged?( to 2, suchthatin this biggeralgebragl
the counting(1) saidthat“Dom(R)” is big. Thusin 2 thetwo countings(1) and
(2) contradicteachother ensuringl € R A,,.

This is how we constructednenonrepresentabl@gebra(? ). We wereable
to constructninfinite sequencef suchalgebrasn suchawaythatas increases,
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the contradictionbetween(1) and(2) becomesvealer andwealer. Actually, as

approachenfinity, the contradictionbetween(1) and(2) vanishes.Soin the
ultraproductof the®l ’s, (1) and(2) do not contradicteachotherary more,and
this ultraproductsin R A,,. In our constructiorthe conflict between(1) and(2)
becamewealer andwealer in the sensethatmoreandmore elementshadto be
inspectedor discovering this contradictiont’ This finishesthe intuitive ideaof
theproofof Theorem2.5.

Next we would like to repeathis prooffor R A in placeof R A,, with

. If wesimplyreplace everywherewith , theproofdoesnotgothrough
becaus¢hecountingin (2) needsanarbitrarilylargenumberof ~ 'sandwehave
only x mary.’® Sowe needanev methodfor doing (2). This amountsto
looking for anabstractlgebra?l togethemwith its elementR andconcludingthat
in any (homomorphicyepresentation : A € of A, thedomainU of

(R) mustbe of smallersizethana certain . (Thedifficulty is thatwe have to

be ableto repeatthis for arbitrarilylarge € .) We alsoneedto keepin mind
thatwe will wantto have a contradictiorwith (1), which meanghatwe will want
to split R. In orderto be ableto do this, we only needthat R remainan atom.
Therearemary naturalwaysfor ensuring(by abstracpropertiessmallnesof a
set. Perhapghe simplestway is the following. If we could “see” by looking at
2 “abstractly”thatU x U is aunionof fewerthan functions ( -1
eachof which is codedby an elementof 2, thenthe domainU of R mustbe
of smallercardinalitythan in anyrepresentationf 2. E.g.we cantake these
functions(the ’s)to be powersof asinglesuitablepermutation of U ; saylet

U = ,andlet betheusualsuccessomodulo . Let def — U. Then

C U. Weincludeinto our algebra? , besidesR, also asanew generator
element. It canbe checled that R remainsan atom (becauseno subsetof U
becamédefinable”). Now, similarly to thewaywe usedtheequation (R) = in
theproof of Claim 2.7, by studyingthe abstracpropertieof andR in thenew
21 we canconcludethatin any homomorphiaepresentation of 2 , the Cartesian
squareof thedomainof (R) is containedn the union of fewer than powers
of afunctioncodedby ( ). But thenthis domainmustbe of cardinality
(Exactlywhatwe provedin Claim 2.7 of the old proof. Sowe canprove our new
Claim 2.7.) After this modification,the whole proof goesthroughby replacing
all occurrencesf with .1° This completeghe outline of the proofthatR A
cannotbe axiomatizedwvith quantifierfreeformulasusingfinitely mary variables,
if

LetusturntotheRRA casej.e.to Theoremd..6,1.10. Theideais basicallythe

This allowed usto avoid ultraproductsn thefinal agument.We find it morenaturalto explainthe
intuitive ideain termsof ultraproductsyhichincidentallyhappendo betheway the original proof of
nonfinitizability went.

18ye canconstructthe algebras  asin the proof of Thm. 2.5 for 2 . Butfor the
contradictiorto vanish,weneed  for arbitrarilylarge
1%We need to beableto seeabstractlythatthe ’sarefunctions.This proofis workedoutin

detailin [A97, Thm.1].
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sameasin theaboreoutlinedR A caseExactlyasintheR A caseheretoowe
usetwo countingprinciples(1), (2) andconstructilgebra®l in which(1) and(2)
contradicteachother Againwe wanta controllablecontradictionsuchthatas
approachemfinity thecontradictiornvanishesHerewe haveto take alessobvious
principlefor countingin (2), becausén RRA, functionsinterferewith splitting?®
elementsk = U x U;. E.g.we canusecoloringsof thefull graphU x U with
finitely mary colorswithout monochromatidriangles,andthenapply Ramsg’s
theorem.Thismeanghatwe arrangd/ x U to beadisjointunionof symmetric

relations , , suchthat = U (symmetricmeans = ~!)and
( o ) = . Toensuresplittability of R wealsoarrangghat o

wheneer {, , } 1, ,, . We let our 2l be generatedn this case
by{ , , ,R}. All thesepropertieofthe ’swereabstract, 'equational”

ones?! Thisensureghatin every representatioof 2 , thedomainU of R must
befinite (by Ramsg’'stheorem)We split Rinto  mary R 'sobtaining from2(
aswedidintheR A,, R A casedefore.Therestof the proofgoesthroughas
beforewith replacing (or ) everywhereby 2, exceptfor the following change.
In the RRA casewe have to look at the ultraproductof the2( ’sandobsere that
it is representablésincethecontradictiorbetween1) and(2) disappearedsboth
countinggivesuscontinuummary elements)Thereforethisproofgivesonly non-
finite axiomatizabilityof RRA (i.e. Monk’s theorem)without proving (Jonssors
resultsaying)thatinfinitely mary variablesareneeded.For the latter, onehasto
fine-tunethe constructiorsomemore??

In sectionl, Theoreml.6 leadsto Problem1.12in a naturalway. Exactlythe
sameway our preseniTheoren.5leadsto thefollowing importantopenproblem.

PROBLEM 2.10 Find simple, mathematicallytranspaent, decidablesets  of
equationsaxiomatizingR A,. TheR A version of this problemis
openandinteresting too.

The R A versionis stronglyrelatedto Problem1.12in section 1. On the
otherhand,the presentR A, versionhasa logical counterpartcf. e.g.[HMTII ,
Proh4.16,p.180]. Thisis oneof thecentralproblemsof AlgebraicLogic, cf. [HMTII ,
Prob4.1], Henkin—-Monk[HM74, Proh5], etc. For stronglyrelatedresults(or for
partialsolutions)see[HMTII , pp.112-119][V91], [V95], [Si9]], [Si93], [HH].

20gplitting in RA is defined andthe conditionsfor splittability aredescribedin [AMdN].

21|n fact, it is anopenproblemin RA-theory(seee.g.[AMN, sectionon openproblems]whether
therearesuchconcreteelations ¢, onsomeset ¢ or not. Whatwe shoulddo hereis that
we statethesepropertiesabstractlyon someabstractrelations o, , . Theonly differencefrom
thepreviousproofwill thenbethatwe donotknow whether € RRA. Butthisdoesnotmatter what
we needis that € RRA and € RRA.

22This is donein [AN90], wherewe useprojectire geometriegor the purpose®f countingin (2).
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PROBLEM 2.11 Is there a finite shemaaxiomatizableguasi-variety sud that
Eq( ) = Eq(R A,), i.e. thevariety geneatedby is R A,? Thesamefor
R A for . L.e. is there a finitely axiomatizablequasi-variety C R A

sudhthatR A = ?

This problemis relatedto the existenceof weaklysoundHilbert-styleinference
systemdor first-orderlogic, seePartll, Thm.6.5andOpenProblem7.2.

On the structur e of the equational axiomatizationsof R A ,R A,:

Let beanarbitrarysetof equationsxiomatizingR A . AsintheRRA-case,

mustbeinfinite, butit canbechoserto bedecidable UnliketheRRA-casehere
every operationrsymbolhasto occurinfinitely mary timesin  (in theRRA-case,
only the Booleansando hadto occurinfinitely mary times). A similar statement
istruefor R A, in placeof R A . For moreon this seeFigure 3.1and[A97],
[A94]. Concretedecidablesets areknown, seee.qg.[HMTII, pp.112-119]cf.
also[V91], [V95], [Si9]], [Si93], [HHI7]. However, it would beimportantto find
choicesof  with moreperspicuoustructuresseeProblem?2.10.

Let usturn to the relationshipbetweenR A, andits abstractapproximation

A.. Theseinvestigationsyield information on proof theoreticalpropertiesof

first-orderlogic and of somerelatedlogics. SeeExamplest, 8, 9 in section 7,
especiallytheorems7.4-7.7.

DEFINITION 2.12( A,, anabstractpproximatioofR A,) A A, is a nor-
malBAO of thesamesimilaritytypeasR A, in whichthec 'sareself-conjugated
commutingclosule operations,andin which theconstants  satisfythe follow-
ing equations:

(3) Forall , ,

e =1¢ = i =,, =1, - , and

(i) cx =z wheneer z and =

TotreatR A, A andR A,, A, inaunifiedmannerwereplace in the

definitionsof R A, and A, with an arbitrary but fixed ordinal , obtaining
R A, A (here = and = areof coursepermitted)’®

23This generalizatiowill alsobeusefulin algebraizingrariousquantifierlogicsdifferentfrom clas-
sicalfirst-orderogic.
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If = , thenthenewly definedR A and A areonly definitionally
equialentwith the previously definedones,becausén Def. 2.2we hadonly one
constant in placeof thepresent x —mary constants . This definitional
equialencsis givenby

= and =c
<

Sincedefinitionalequivalences a very closeconnectiorbetweerclasse®f alge-
bras,wedid notgivenev namesforR A and A .

DEFINITION 2.13 (Locally finite, dimension-complemented\’s, and neat-le-
ducts)Let , beanyordinals.

(YLetle A ,z€A Then (2)E{ e :cz=az}.

Lde A :(zed) (z)isfinite)}

c ae A :(zed)( ~ (2)isinfinite)}

(ii) Assume and20 € A .Then

Qld:ef{.’ll'EAZ (m)g }1 Qld:ef< Ql,CQI, 2[) < -

Intheabove ¢, # denotethecorrespondingpemtionsof 2. It canbecheded
that A€ A .

AL wiae A

The elementsf and c¢ arecalledlocally finite anddimension—comple-
mented A ’'srespectiely. 2 is calledthe -neatreductof 2(. We notethat

c ={%e A :(z€ed)( ~ ()= )}

THEOREM2.14 (Relationshipg* between , ¢ , A andR A )

24The classes CA wereintroducedby Henkin,andMonk [M61] proved thatthey arevari-
eties. Thm. 2.14(i) is dueto J. D. Monk. The equalitiesin (ii) aredueto L. Henkin[H55], while the
inequalityin (ii) wasprovedby J.D. Monk [M69].
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() R A, = w = wand c, CR A,. lLe therisnounivesal
formuladistinguishinqR A, from ,,andevery c, isrepresentableThe
samehold for all in placeof

(i) RA = A o= | A 1 € } = A
forall andforall finite . A is avarietyforall and

Proof. The positive statementdollow from [HMTII, 3.2.10,2.6.32(ii), 2.6.50,
2.6.523.2.11].Theneggative statementarealsoprovedin [HMTII ] takentogether

with [HMTAN].

The above theoremgivesinformationon the proof theory of first orderlogic
(FOL) andonits -variablefragment . Intuitively, it says(in several different
forms) that the importantfeatureof FOL is not that eachformula involvesonly
finitely mary variablesput thatgivenary formula, thereareinfinitely mary vari-
ablesit doesnotinvolve 2°.

Basedon the abore theorem,an inferencesystemis given both for FOL and

which usesthefinite-schemaxiomatizatiorof A togethemwith asupplyof
variableswhich do not occurin our original formulas?® I.e. thesevariablescan
occurin a proof, but notin thefinal formulawe wantto prove.

25The earlier mentionedtheoremsayingthat quasi-projectie RA’s are representablealso speaks
aboutthis phenomenonthe projectionsareusedfor codingtogethetthe alreadyinvolved variables so
thatwe getonemore“unused”variable. This ideacomesthroughclearlyin [Si96]. The sameideais
usedfor proving finite schemaxiomatizability(i.e. completenessf thecorrespondindpgic) in [S95],
[SGy]. Thesamedeais usedfor obtaininganunorthodoxcompletenestheoremin [Si91].

26Cf. e.g.[HMTII, p.157],[N96], [AGN77, Thm. 3.15]and[Si91]. Cf. alsosection7 herein.
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CHAPTER3

ALGEBRASFORLOGICSWITHOUT IDENTITY

WestartfromR A , andwouldliketo consideiits “natural” -freereducts If
we simplyomit (or ), thenwe losenot only identity (or equality),but also
our ability to “algebraize”substitutionof individual variabledlik e
in thelogic to be algebraized Therefore beforedroppingthe  ’s, we first add
ourtermfunctions (z) =c ( z)for = , (x) =z Now,

def

R {<('B( U),C, ) < :Uisaset}

R  ’sarecalledrepresentablsubstitution-cylindri@algebrascf. [N91], [AGMNS].
They arethesimplestkind in the family of polyadic-stylealgebrasThetheoryof
R is analogouswith thatof R A , in particular if , thenR is not
finitely axiomatizablegf. [ST].

Let betheoperatowhichto ary cylindric-typealgebre®l = (4,U, —,c,

) < associatetheR  -typealgebra

(9’[) (j:ef<A7U7_7c7 ) <

where isthederivedoperatiorof 2 definedabove. Now, R = R A .
Thefinitely axiomatizableapproximation  of R A is definedanalogously

def A

‘s arecalledsubstitution-cylindrialgebras.
THEOREM3.1 is a finite shemaaxiomatizablevariety containingR

For the simple setof axioms,and for informationon the proof we refer the
readerto [AGMNS]. Cf. also[N91, 8].

The theory of the pair ,R is almostcompletelyanalogouswith that
of A ,R A . Theconnectionbetween -theoryandfirst orderlogic with-
outequalityis analogousvith theconnectiorbetween A -theoryandlogic with
equality In particular the logic counterparof the algebraicoperation is the

57
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“substitution-modality” , cf. Partll, section7. Thelogics and are
introducedn section7, example7. Let  and denotethefragmentof these
logics obtainedby droppingtheconnectve , . Thenthe A ,R A pairis
strongly connectedo while the ,R pair is completelyanalogously

connectedo . Moreontheconnectiorbetween  andlogic canbefoundin
[SN], [MV], [V95a], [vB96], [N91].

Theclasses A ,R A and ,R introducedsofar constitutethe hearts
of the following two “worlds”: the algebraiccounterparof logics with equality
(the “cylindric world”), andthe algebraiccounterparbf logics without equality
(the“polyadic world”). In bothworlds onecanintroducenaturalextra operations
like e.g. cardinalityquantifiersgeneralizeaylindrifications,but whatdetermines
the mostbasictheoremgremainingtrue for the expandedalgebrasyemainsthe

A -structureor the -structure. Thereforeit seemgeasonabléo pay some-

what more attention(say asa default)to A and thanto their versions
enrichedwith extraoperators?
'swith extraoperatorglikee.g. , )arediscusseih theliteratureunder

thenamesquasi-polyadicalgebrag A ’s)andpolyadicalgebragespectiely.?
Themostimportantextra operator  is asubstitutionoperatodike (  corre-

spondgo thelogical connectve ,  in section7, Example7). Let C U.
Then o
[
()=, » , ) €}
l.e., ; interchanges and ; in asequence. For , , is defined

completelyanalogouslyNow, R A ’'saredefinedto beR  ’senrichedwith
the 's(, ):

R AL (P(U),c, , ) < :Uisaset

Theabstractlass A approximatindR A isdefinedby finitely mary axiom-
schemesnalogouslyo thedefinitionof A or , cf. [N91], [ST], [AGMNS].

PolyadicalgebragR A and A ) areobtainedromR and by adding
infinitary substitutionsandinfinitary cylindrificationsdenotedas ,c , for
and C . Forthetheoryof thesealgebrasve referto [Ha62, [HMTII ],
[N91]. Cf. also[NS94.

We notethatthetheoryof  A’sseemso bevery stronglyanalogousvith that
of 's. (However, in certainstudies,e.g. wheninvestigatingthe connection
betweerRA’'sand A’s, A’senrichedwiththe ’splayaveryilluminatingrole

10f course,no suchrule is valid in general. Actually, pushingthe aboave considerationgurtheg
C ’sseemto be at the heartof CA -theory too, thereforethey could be consideredasthe core of
(or basisfor) the algebraizationsf quantifierlogicsin general.This unified perspectie for algebraic
logic hasnotbeenelaboratedet.
2 A’s, A’s,andtheirversionswith equalitylike A’s, originatewith P. Halmos(cf. [Ha62).
C’'soriginatewith C. Pinter cf. e.g.[AGMNS] or [N91].
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(cf. [NSIi]). Thelatteralgebrasarecalled A’s with equality or A’s. Cf.
e.g.[HMTII] for theirtheory)

For lack of space we do not discussfurther the theory of 's with extra
operatorglike A’s, A’s,etc).

The next figure, taken from [A97] describeghe interconnectionbetweerthe
operationsc, , and (in the presenceof the Booleanoperations).(On
thefigure, , aredenotedas , ,respectiely.) OnFigure3.1,nodesrep-
resentclassef algebrasof relationswherethe units are Cartesianspaces U
( ), andthe operationsarethosealongthe pathleadingto the node. A
broken edgebetweerntwo nodesmeanghatthe seconcclassis finitely axiomati-
zableoverthefirst one,a bold edgemeanson-finiteaxiomatizabilityover, anda
normalline meanghatit is unknavn (to the authors)whetherfinite or non-finite
axiomatizabilityholds.
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INTRODUCTIONTO PART I

Let us startby putting the subjectmatterof the presentpart (i.e. Part Il of the
presenpaper)into perspectie.

Theideaof solvingproblemsin logic by first translatinghemto algebrathen
usingthewell developedmethodologyof algebrdor solvingthem,andthentrans-
lating the solutionbackto logic, goesbackto Leibnitz andPascal. Paperson the
history of Logic (e.g.Anellis—HousefAH], Maddux[Ma91]) point out thatthis
methodwasfruitfully appliedin thel th centurynotonly to propositionalogics
but alsoto quantifierlogics (De Morgan,Peirce etc.appliedit to quantifierlogics
too). The numberof applicationsgrewn ever since. (Thoughsomeof thesere-
mainedunnoticedg.g.the celebrateKripke—Lemmorcompletenestheoremfor
modallogic w.r.t. Kripke modelswasfirst provedby JonssomandTarskiin 1948
usingalgebraidogic.)

For brevity, we will referto the abose methodor procedureas“applying Alge-
braicLogic (AL) to Logic”. Thisexpressiommight be someavhatmisleadingsince
AL itself happengo bea partof logic, andwe do notintendto dery this. We will
usethe expressionall the sameandhope,the readerwill not misunderstandur
intention.

In items(i) and(ii) belon we describewo of the mainmotivationsfor applying
AL to Logic.

(i) Thisis the moreobviousone: Whenworking with a relatively new kind of
problem,it oftenprovedto beusefulto “transform”theprobleminto awell under
stoodandstreamlinedareaof mathematicssolve the problemthereandtranslate
the resultback. Examplesinclude the methodof LaplaceTransformin solving
differentialequationga centraltool in ElectricalEngineering)®

In the presenipartwe definethe algebraiccounterparidlg( ) of alogic  to-
gethemwith thealgebraiccounterparflg ( ) of thesemantical-modeheoretical
ingredientof . Thenwe prove equivalencetheoremswhichto essentialogical
propertiesof  associateaturalandwell investigatedpropertiesof Alg( ) such
thatif we wantto decidewhether hasa certainproperty we will know whatto
askfrom our algebraiciarcolleagueaboutAlg( ). The samedevicesaresuitable
for findingoutwhatonehasto changen if wewantto haveavariantof having
a desirableproperty(which lacks). To illustratetheseapplicationswe include
several examples(which dealwith variousconcretedogics)in section 7. For all
this, first we have to definewhatwe understandy alogic in generalbecause

3At this pointwe shoulddispellamisunderstandingn certaincirclesof logiciansthereseemso be
abeliefthat AL appliesonly to syntacticaproblemsof logic andthatsemanticahndmodel-theoretic
problemsarenot treatedby AL or atleastnot in their original modeltheoreticform. Nothingcanbe
asfar from the truth asthis belief, ase.g.looking into the presentpart(i.e. Part Il) shouldreveal. A
variantof this beliefis thatthe mainbulk of AL is aboutofferring a cheappseudssemanticgo Logics
asa substitutefor intuitive, modeltheoreticsemanticsAgain, thisis very far from beingtrue.
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otherwisat isimpossibleto definee.g.thefunctionAlg associatin@classAlg( )
of algebrado eachlogic ).

(i) With therapidly growing variety of applicationsof logic (in diverseareas
likecomputeisciencelinguistics,Al, law, physicsgtc.)thereis agrowing number
of new logicsto beinvestigatedln this situationAL offersusatool for economy
andatool for unificationin variousways. Oneof theseis thatAlg( ) is always
aclassof algebrasthereforewe canapply the samemachinerynamelyuniversal
algebrato studyall thenew logics. In otherwords,we bring all thevariouslogics
to akind of “normal form” wherethey canbe studied,comparedandeven com-
binedby uniform methodsMoreover, for mostchoicesof , Alg( ) tendsto ap-
pearin the same‘area” of universalalgebrahencespecializedhowerful methods
lendthemselesto studying . Thereis afairly well understoodmap” available
for the landscapef universalalgebra. By usingour algebraizatiorprocessand
equialencetheoremsyve canprojectthis “map” backto the (far lessunderstood)
landscapef possibldogics.

In section 7, we will illustratethe above outlined“applicationof AL to logic”
by usingthe AL-resultsof Part |, asfollows. In Part |, we studiedvariousdis-
tinguishedclassesf algebrasjike e.g.R A . Here, after studyingthe bridge
( Alg( ) etc.) betweenthe world of logics andthat of algebraswe look
up thosedistinguishedogicsto which the distinguishedalgebraf Part| belong.
E.g.wewill findacertainlogic =~ forwhichR A = Alg( ). Thenwewill use
resultsin Partl aboutR A to establistpropertieof . Forthis,wewill usethe
“equivalencetheorems’establishedn section 6 (of Part1l). BesidesR A and

, asimilar procedurewill be appliedto otherdistinguishedtlasse®f algebras
(from Partl) andotherdistinguishedogics.

The approachreportednereis part of a broader joint approachwith W. Blok
andD. Pigozzioutlinedin [ABNPS]. The presenpartcontainsonly a somevhat
specializedversionof that generalapproach,n orderto suit the specialneeds
of the presentwork. Besides|[ABNPS], we refer to [BP89, [BP91], [Cz97,
[P91], [FI94, [FI91, [PH, [CzP],aswell as|ANSK], [HMTII, sectionss.6,4.3],
[AKNS], [NA], [M96], [H96], [Mi95] for themoregenerabpproachTheseman-
tic aspecbf this approactgoesbackto e.g.JAN75], [AGN77], [AS].






CHAPTER4

GENERALFRAMEWORK FORSTUDYING LOGICS

DEFINITION 4.1(logic) Byalogic wemeananorderedquadruple

= =),

7 ? ?

whete (i)—(iv) belowhold.

() (calledthesetof formulasof ) isa setoffinite! sequence&alledwords)
oversomeset (calledthealphabetof ).

(i)  (calledtheprovability relationof ) is arelationbetweersetsof formulas
and formulas,thatis, C P( ) x . Following traditior?, insteadof
“(, Ye " wewrite® ”

(iii) is a clas$ (calledtheclassof modelsof ).

(iv) = (calledthevalidity relation) is arelationbetween and thatis, = C
x . Insteadof*( , )€ =" wewrite® = "

If isalogic,thenby , , , = wedenoteits correspondingparts.

Intuitively, is the collectionof “texts” or “sentences’r “formulas” thatcan
be“said”inthelanguage . For C and € ,theintuitivemeaningof
isthat is provable(or derivable)from with the syntacticinferencesystem(or

1with this we excludeinfinitary languagesike R . This exclusionis not necessaryall
the methodsgo throughwith somemaodifications.Actually, occasionallywe will look into properties
of thefinite variablefragment of infinitary logic, becausét naturallyadmitsapplicationof our
methodsandplaysanessentiafole in finite model-theoryandin theoreticakomputerscience.

2This traditionis usedfor all binaryrelations:if R is abinaryrelation,theninsteadof (a, b) € R
we sometimesvrite a R b.

3Althoughit is notautomaticallypermittedn the“mostofficial” versionof settheory(ZF), we may
assumehatfor ary fourclasses 1, , thetuple( 1, , ) existsandisagainaclass.This
doesnotleadto settheoreticaparadors. Whatoneshouldavoid is assuminghatthe collectionof all
classesvould (exist and)form a classagain(andvariantsof this). For moreon this cf. [HMT, p.34,
first 10lines],[HMT, p.25],[AHS, §2, pp.5-8],0r almostary work on abstractmodeltheory

65
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deductve mechanismpf . In all importantcases, is subjectto certain(well-
known) conditionslike and U{ } imply forary C
and , € .Theclass of modelsis understoodn thespirit of modeltheory:
Themodels € of arethoughtof as“possibleervironments”or “possible
interpretations’dr “possibleworlds”, cf. Allén[Al]. Hereapossibleworld is not
the sameasthe technicaldevicescalledpossibleworldsin a Kripke model. The
validity relationtells uswhich texts are“true” in which possibleervironmentsor
worlds or models)underwhat conditions.Usually and aredefinedby what
arecalledgrammarsn mathematicainguistics.( , ) togethemwith thegrammar
definingthemis calledthesyntacticalpart of ,while( , =) isthesemantical
part or modeltheoetical partof 4.

As abinaryrelationbetween and , = inducesaGalois-connectiobetween
and , andin particular it defineswo closureoperatorspneon  andoneon
. Next, we collectsomeof therelevantdefinitions.

DEFINITION 4.2 (theory models,consequences)

(i) Let € and C .Then

- iff (e ) € ) =

Wewill write. = inplaceof = { }andsimilarlywhen ={ }.
() d:ef{ € : = }, thetheoryof ,and
( )d:ef{ € : =}, theclassof modelsof

(i) Semanticatonsequencevalid formulas:Let U{ } C . Then
= iff ()=,

is a semanticatonsequencef
= iff = . Inthiscasewesaythat isa valid formulaof

4Cf. Sectionsl4, 15 of Gabbay{GabJ for moreintuitive motivation on how andwhy theseparts
arehighlightedin alogic.

At this point a naturalobjectionsuggeststself: Why is an arbitraryclass? Why did we not
assumdlike in Barwise-FefermafBF]) that is a classof first order structuresor of algebraic
systems?The answeris (i)-(ii) belov. (i) In institutionstheorythey do the samewhat we do and
for the samereasons. Cf. the subsectiorfConnectionswith the literature” at the very end of the
presensection.(ii) We aredevelopinga generaktheory andwe do notknow in advancewhatkinds of
structureswill bethemodelsof our . E.g.they maybe classicafirst ordermodelsthey mayor may
nothave atopologicalstructuretoo, they maybepropositionaKripke-modelsthey mayhave infinitary
relationsonthem(cf. [HMT, §4.3]), they maybemodelsof intensionalogic in the senseof Montague
etc. Therefore at the very beginning, we do not wantto commit ourseheson exactly whatkinds of
mathematicabbjectswill the elementof be. (iii) All the same duringthe developmentof our
theory we will imposesomestructureon (but only gradually).This structure-imposingrocesss
carriedevenfurtherin [ABNPS], cf. e.g.“concretesemanticabystems’therein.
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(iii) Axiomatizableclassef models:
() iscalledtheaxiomatizabléhull of . isaxiomatizableff
= ( )forsome C . Inthiscasewealsosaythat describes
or defines

(iv) Provability, or derivability:
iff , in this casewe saythat is provableor derivablein
If ,thenwesaythat is provablefrom (in ).

If there is no danger of confusion,we will omit the subscript from = ,
etc.

REMARK and arethetwo closure opemtorsinducedby =. The
semanticatonsequenceelation = is a binary relationbetweer?( ) and ,
justlike is. Totreat and = uniformly in someplacesa logical systenis
definedto be ( ) whee C P( ) x . E.g Blok-Pigozzi{BP89] uses
this definition. In this notion, canmeaneitherthederivability relationor the
semanticaktonsequenceelation . Connectiondetweerour conceptionof a
logic andtheliterature will bediscussedt theendof this section.

Thedefinitionof alogic in Def. 4.1is very broad. Actually, it is too broadfor
proving interestingheoremsaboutlogics. Now we will definea subclas®f logics
whichwewill call algebraizablesemanticalogics Thenotionof analgebraizable
logicis broadenoughto coveraverylargepartof thelogicsinvestigatedn thelit-
erature®. Ontheotherhand theclassof algebraizabléogicsis narrov enoughfor
proving interestingheoremsaboutsuchlogics,thatis, we will beableto establish
typicallogical factsthathold for mostlogicsstudiedin theliterature.

Below, in Definitions4.3—4.10we collectsomecommonfeaturesof logics.

We will discusgheusualextraassumptionsneusuallymakesaboutalogic
in thefollowing order First we discusgassumption®n) the distinguishedarts
of  beginningwith andendingwith . Thenin Def. 4.10,we will discuss
(assumption®n) how thesepartsare put together Often, what we call “extra
assumptionsherewill alsoimply “extra structure”.

Theset of formulasis usuallydefinedby fixing aset  of logical connec-
tivesandaset of atomicformulas:

SMoreover, in Remark4.11we will indicatehow to extendthe methodsof the presentwork from
algebraizabléogicsto abroaderclasscalledprotoalgebraisemanticalogics. Thelatteris reallybroad
enoughto cover mostlogicsin theliterature.
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DEFINITION 4.3( hasconnectves) (i) Assumethat two sets, and are
given,sudithateveryelementf  hasafiniterank. Then denoteghe
smallestset  satisfying(1),(2) below:

(1) ,and

(2) for every and ofrank ,
Notethat is the univeiseof theword-algebra of type  genertedby

(i) We saythat s givenby if . In this casewe
saythat is the setof atomicformulasor atomicpropositionsof , and is
the setof logical connectvesof . s also calledthe vocalulary of 6. The

word-algebrageneatedby andusingthelogical connectivesf  asalgebraic

operationsis denotedoy , andis calledtheformulaalgebraof . Notethat
def

whee for all
and -ary connective
(i) We saythat hasconnectesif is givenby for some
In this caseusuallywe assumehat is giventogetherwith

Next we turnto inferencesystems . Inferencesystemgqusuallydenotedas

) aresyntacticaldevicesservingto recapturgor at leastto approximate}he se-

manticalconsequenceelationof thelogic . Theideais thefollowing. Suppose
. This meanghat,in thelogic , theassumptionsollectedin  semanti-

cally imply theconclusion . (In ary possibleworld or model of wheneer
isvalidin ,thenalso isvalidin .) Thenwewouldliketobeabletorepro-
ducethis relationshipbetween and by purely syntactical,finitistic” means.
Thatis, by applyingsomeformal rulesof inference(andsomeaxiomsof thelogic
) wewould like to beableto derive from by using“paperandpencil” only.
In particular sucha derivationwill alwaysbeafinite stringof symbols.If we can

dothis, thatwill bedenotedoy

Inferencesystemsareusuallygiven by axiomsandinferencerules. Theseax-
ioms andrulesuseformula-scheme placeof concreteformulas. A formula-
schemas justlike aformula,theonly differences thatit is built up from formula-
variables(i.e. metavariablesrangingover formulas)in placeof atomicformulas.

DEFINITION 4.4 (formula-schemdlilbert-styleinferencesystem) (i) Assumehat
is givenby . Wewill call formula-variables and will

6Sometimesjnformally, s also calledthe set of “propositionalvariables”. Here one should
emphasizéhatthe connotation®f thisnamearemisleading.
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denotethe setof all formula-variablesij.e. . Theelementof
are called formula-schemesand will denotethe setof formula-

schemesf . l.e def . Aninstanceof a formula-styemes obtained
by substitutingormulasfor theformulavariablesin it. Aformula-stiemes called
valid if all of its instancesare valid.

(ii) Aninference-ruldor is a pair , wher every
is aformulaschemeof . Thisinferencerule will be denoteday

An instanceof an inferencerule is obtainedby substitutingformulasfor the
formula variablesin the formula schemesoccurring in the rule. An inference
rule is called valid if for all instances

of it. Valid inferencerules are also called admissiblerulesor
strongly soundrulesin theliterature.

(iii) A Hilbert-style inferencesystem(or calculug for is a pair
whee isafinitesetof formula-shiemesnd  is afinite setof inferencerules
for

(iv) A Hilbert-style inferencesystem definesa provability or
derivability relation asfollows. Assume . Wesaythat is -
derivable (or -provable from iff ther is a finite sequence of

formulas(an -proofof from )sudtthat is andfor every
or
is aninstanceof an axiomscheme(an axiomfor short)of  or

there are , and there is an inferencerule of sud that
is aninstanceof thisrule.

We write if is -provablefrom . Now . We say
that is givenby . Throughoutweidentify with ,e.g. wesaythat
is an axiomof

Next, we turn to the semantics of . Usually validity of formulas
in models,i.e. is definedindirectly by first definingsomethingmore basic,
namelythe meaningsor denotation®f formulas(andof otherkinds of syntactic
entitiesbelongingto the language)n models. The ideais that the meaningof
somesyntacticentity (like a noun-phrasepr a sentenceneednot always be a
truth value. Thereforefirst we definea so-calledmeaningfunctionwhich to each
syntacticentity andeachmodel associatesomesemanti@ntity
calledthemeaningof in . After knowing whatthe syntacticentitiesmeanin
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themodels,onemaybeableto deriveinformationaboutwhich sentencearetrue
or valid in which models.

DEFINITION 4.5 (meaningfunction, is compositional)(i) Let beanyfunc-
tion mapping into a class;andlet uscall themeaningof in

. For afixed , thefunction mapping to the setof meanings
is definedby letting for all

def

We saythat is a meaning-functiorfor , if validity of a formuladepends
onlyonits meaningi.e. if belowholds:

iff

(i) Assumehat hasconnectivesWe saythat the meaning-function is
compositionalf the meaningf formulasare built up fromthe meaningof their
subformulasi.e. if the conditionbelowis satisfiedfor all ,
and -ary connective

This condition saysexactly that is a homomorphisnon the formula
algebra. We saythat is compositionalf it hasconnectivegnda compositional
meaning-functiofw.r.t. theconnectivesf ). Thispropertyis traditionally called
Frege’s principle of compositionality.

(iii) Fromnowon,byalogic weundeistanda logic with a meaning-function,

i.e. , whee is a meaning-functiorfor the restof
Ontheingredientof alogic: Let bealogic. Then,usingthe
terminologyof Frege,CarnapMontagueasin [vBtM], representsheinten-

sional (or denotationalaspectof semanticsyhile  representshe extensional

"We usethe word “meaning” in the senseFrege used“intension” or “sense”. It is importantto
emphasiz¢hat“meaning”is muchmoregenerathan“extension”or truthvalue(thoughfor somelogics
the two may coincide). Furtherdenotation(e.g. in Partee[Pa]) canbe identified with what we call
“meaning”. As an example,let be RichardMontagues intensionallogic. Then is
exactlywhatMontaguecallstheintensionof in . Seealso[Pa, pp. 1-18]on meaning(s)lt seems
thatwe areusingtheword “meaning”in the samesenseasJanssetiJa pp. 419-470]does.Whatwe
call themeaningfunction is calledameaningassignmenin [Ja,p. 423].
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(or truth-valueoriented)aspecof semanticsin . Thereforethoseapproacheto

generallogicsin which is repressedseemto be extensionallyoriented(cf.

e.g.institutionstheorye.g. in Gabbay{Ga94 p. 359]), while the onesemphasiz-
ing (e.g. Andréka-SairfAS], [HMTII ], Epstein[E], Sain[S79) seemto be

intensions-oriente¢br senseor denotation®riented).

In mary logicswe haveaderivedconnectve  andaformuladenotedas
which establisha strongconnectiorbetween and , namely

() iff , and

(i) iff
In theselogicsthereis a strongconnectiorbetween andthe kernel
of themeaningfunction , hamelythe kernelof and

arerecoverablefrom eachother® Wewill saythat hasthefilter-property
iff therearederivedconnectvesthatgeneralizéhe above situation.

DEFINITION 4.6( hasthefilter-property) (i) A -ary derived connectve is a

formula-stheme using the formulavariables only. If
areformulasthen denotesheinstanceof when

wereplace by , respectively

(ii) Wesaythat hasthefilter-propertyiff there are derivedconnectives

and (unary) and , (binary) ( ) of

with thefollowing properties:For all andfor all

1)

)

In the caseof classicalogic, we canchoosdheabove derivedconnectvessuch
that is“ 7, is ,and is“True”.

Finally, mostlogics have somesubstitution-inarianceproperties. In this re-
spectwe usuallyexpectalogic to be substitutionain the senseof Def. 4.7 below.
If it is not, thenwe rathertreatit asa “theory” of a substitutionalogic. For such
examplesseesection 7 (Examplespr [AKNS].

8If isafunction,then .
9Thealgebraiccounterparbf “derived connectie” is “term function”. If  is binary thenwe will
write in placeof
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DEFINITION 4.7( hasthesubstitutionproperty) (i) By a substitution we un-

derstanda function (we will “substitute” with ).

If ,then = — denoteghe formulawe obtainfrom after simulta-

neouslysubstituting for everyoccurrenceof , for all in . In other

words, — ~ def , whee is the (unique)extensionof toa
10

homomorphism

(i)  hasthe(syntactic)substitutiorproperty(or is substitutiongliff for any
formula andsubstitution

implies

This meanghat a formulaof s valid iff the correspondingormula schemeof
is valid (whee we getthe correspondingormulasdemeby substitutingatomic

formulas with formulavariables ).
(i)  hasthe semanticabubstitutionpropertyiff for any model and
substitution thereis anothermodel sud that
for all

Intuitively, themodel s thesubstitutedrersionof  along .

Thesemanticasubstitutiorpropertysaysthattheatomicformulascanhave the
meaningof arny otherformulas. (This statementvill be madeprecisein Propo-
sition 5.2.) Exampleswherewe have anddo not have this propertyaregivenin
section 7. We statethe next propositionwithoutits simpleproof.

PROPOSITIONA4.8 If alogic hasthefilter-propertyandthe semanticabubsti-
tution property thenit hasthe syntacticsubstitutionproperty too.

Thus, a “fully-fledged” logic sometimess givenas
. Often, notall partsof alogic aregiven.
Sometimesve haveonly andwearesearchindor a“semantics”

for it suchthate.g. is completet! Or, evenmoreoften, we
have andwe aresearchingor a provability relation suchthat
would be complete.Sometimes is calleda “deductive

logic” (or syntacticone),while is calleda “ semantidogic” (cf.
e.g. [ABNPS]). (Though,oneshouldkeepin mind that is a“deductive
logic” in this sense.Fromnow onwe will oftenomit somepartsof alogic. Most

10sycha uniqueextensionexists because is the word-algebrageneratedy |, i.e., in algebraic
terms,it is freely generatedby
1lcompletenessf alogic will bedefinedin Def. 6.1in section 6.
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oftenwewill dealwith andwewill saythat
is alogic or morecarefully, asemanticalogic. Mostof thenotionsaremeaningful
forit, e.g.that is compositionaktc.

DEFINITION 4.9 (Algebraizablesemanticallogic, structurallogic) Let
bealogic in theabovesense

We saythat is structuralif is compositionaland has the semantical
substitutiorproperty

We saythat is analgebraizablé? semanticalogic if s structural and
hasthefilter-property

In mostcasestheset of atomicformulasis aparametein thedefinitionof the
logic . Namely isafixedbutarbitraryset.Soin asense, isafunctionof
andwe couldwrite  (insteadof ) to makethis explicit. Mostoftenthe choice
of  hasonly limited influenceon the behaiour of . However, we will have to
remembetthat is a freely chosenparametebecauseén certaininvestigations,
thechoiceof doesinfluencethebehaiour of

DEFINITION 4.10 (Generalogic, algebraizablgeneralogic)
(i) A generalogic is a function(or indexedfamily)

def

is aset
whee for eath set is a logic in the above
sense
(i) Wesaythat hasconnectvesiff therisaset  of connectivesud that
for everyset is the setof connective®f in the senseof Def. 4.3and
is the setof atomicformulas'® of | i.e. forall . Sometimes

is calledthevocatulary of

(iii)  is compositionalf it hasconnectiveand  is compositionafor alll

(iv)  hasthe filter-propertyiff there are derived connectives ,
, (commonfor all possiblechoicesof ) sud that
hasthefilter-propertywith thesefor all

12Thedefinitionof algebraizabilityoriginateswith Blok andPigozzi,cf. e.g.[BP89.

13we are making simplificationsnow. It is not necessaryo have in for all sets . What
is neededor our investigationss thatfor all cardinality therebea suchthatthe setof atomic
formulasof hascardinalityatleast .
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(v) hasthesubstitutionpropertyiff for all , ,and ,

implies

(vi) hasthesemanticasubstitutiorpropertyiff for all sets ,
and thereis sud that

(vii)  is an algebraizablegenerallogic iff  is compositionalhasthe filter-
property and hasbothsubstitutiorproperties, is structuralif it is compositional
andhasthe semanticakubstitutiorproperty

(viii) Thenotionsof a formula-stieme valid formula-s©ieme valid rule, and
Hilbert-styleinferencesystenfor a generl logic are the obviousgenearlizations
of their versionsgivenfor (non-geneal) logics |, cf. e.qg. Def. 4.4.

(ix) By a fully fledgedgeneralogic weundeistanda function
is a set

sud that for eact set is a fully fledged
logic i.e. is a deductivdogic, is a semanticalogic, and

. ltems(ii)—(vii) aboveextendto thefully fledgedcasethe natural way.

REMARK 4.11 Wenotethat isanalgebraizablegenerl logiciff  isanalge-
braizablesemanticalogic for all , the connectivesndthe derivedconnectives
for thefilter-propertyare thesamefor all , andthe conditionbelowholdsfor all

Intuitively, this conditionsaysthat  is thenatural restrictionof

REMARK 4.12 Thetheoriesof semanticalogics andde-
ductivelogics are bestwhendevelopedn a parallel fashion,cf. e.q.
[ABNPS. Throughoutthis remarkweassumehat s structuml (cf. Def4.9).

We called  algebraizableiff it hasthefilter property An analogousdefini-
tion for algebraizability of ~ wasgivenin the papess of Blok and Pigozzi,cf.
[BP89. Ther arewealer propertiesof  studiedin the BlokandPigozzipapeis
which propertiesalreadyenableoneto apply(at leastpart of) themethodolgy of
algebraic logic to thelogicsin question.
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Logicswith thesepropertiesare called“pr otoalgebraic”, “equivalential”, and
“weakly algebraizable”** (Theee are other sud propertiesin the literature, but
the wealest one facilitating application of our methodolgy seemso be being
protoalgebraic.) Asweimplied, the propertiesof beingprotoalgebraic and equiv-
alential naturally extendto semanticalogics.

We call a semanticallogic protoalgebraidff there is a set

of derivedconnectivesud that

and

for all ,and .

is calledequialentialiff thereis asin  above but sud that Condition
(1) in Def4.6holdsfor this and

is called weakly algebraizablaff it is protoalgebraic and there are sets

and asin Def4.6(2).
Clearly, if is both equivalentialand weaklyalgebraizable then s in-
finitely algebraizable wheee “infinitely” meanghat maybeinfinite setsof

derivedconnectives(If they arefinite, then s algebraizable) To keeptherest
of this discussiorshort, we concentate on protoalgebraic and equivalential(but
all whatwe saycanbeextendedo weaklyalgebraizable too).

We notethatif  is protoalgebraic (or equivalential) thensois its deductive

counterpart in the senseof e.g. [CzP]. Moreover, is protoalge-
braic/equivalentialin the senseof [CzP] iff there is a semanticalogic  sud
that and s protoalgebraic/equivalentialyespectivelyFor the

methodof proving sud equivalenceheoemswe refer to Font-Jansana[FJ94]
and[ABNPS. We alsonotethat

protoalgebraic  equivalential  algebraizable

for semanticallogics (the sameappliesto deductiveones,too). The madinery
(algebraizationprocessgquivalencaheoemsetc) developedn the presentwork
doesxtendto protoalgebraic andequivalentiasemanticalogics(fromalgebraiz-
ableones).Cf. e.g. Hoogland[H96], Hoogland-Madaész[HoM] for part of this
extension. For brevity, in this work we presentthe above mentionedmadinery
for the caseof algebraizablelogics only, at the sametime inviting the interested
readerto extendthis madineryto the protoalgebraic and/orequivalentialcases,
too.

Connectionswith the literatur e: Whatwe call a fully fledgedlogic
was called® a “formalism” in Tarski-Gvant [TG, p.16 (section1.6)],
an“axiomatic systemwith semantics " in Aczel[Ac, p.265](here

14Cf. Czelakowski-Pigozzi[CzP].
15A differenceis thatthe intensionalpart is suppresseth mostof the quotedworksbut it is
notsuppresseih e.g. Epstein[E].
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coincideswith our ), anda “logic Sign " in Marti-Oliet—
Mesguer[MOM]. More precisely the latter correspondgo our fully fledged
generalogics(cf. thesubitembelow).
Whatwe call a semantidogic wascalleda “semanticalsystem”in [ABNPS],
a “semanticalsystem " in Aczel [Ac, p.265]; and our generallogic
correspondso aninstitution Sign in Marti-Oliet—
Meseyuer[MOM, p.358](thelatterwill beelaboratedelow).

Connectionwith institutions: Institutionstheory(e.g. [MOM]) emphasizethe
categyory theoreticaspectof a generallogic (which aredown-
played here), and suppressehe intensionalaspectsepresentedy . To
seethat sucha generallogic is a categgory whoseobjectsarethe logics , let
Sign occursasa setof atomicformulasin be fixed'. (We know
thataccordingo our corventions Sign  all sets, but let usabstractway from
this, andjust assumehat Signis a fixed properclass.) Let Sign Next
we definewhata logic morphism is. A logic morphismis a pair
suchthat is a homomorphisnof the formula-algebras
and “makes everything commute”, e.g.

27 Now, if is sucha logic morphism,then is called
asignatue morphism Let Sign bethe catayory of thesesignature-morphism&@s
arrovs, andSignitself is the classof objects).

LetLog bethecatagyoryoflogics  andlogic morphisms occurring
in . Thenthereis a functor Sign Log sending to . This s
almosttheinstitutionwe arelooking for. Thereis oneingredientmissing,though.
Namely is notonly anarbitraryclass but is a categyoryin all theapplications
weknow of. Thiscateyorycharacteof is de-emphasizeith thepresenpaper
butit doesshav upin thetheorylater, cf. e.g.the categyory of concretesemantical
systemsn [ABNPS]. So, let us assumehateach is a catggory. Thenour
functor above inducestwo functors Sign  Fmla and Sign
Cat , whereFmla is the category of formula-algebragof theform ), andfor
each ,

while

for themorphisms of Sign. Now thetuple
Sign
is calledaninstitution where

Sign

18whatwe call hereaset  of atomicformulasis calleda signaturen institutionstheory
17 meaningfunctionsarealsopresentthen shouldinducea function onthe meaningssuch
that , cf. [ABNPS].
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At this point onecanseethatto a generallogic thereis an equialentinsti-
tution , andcorverselyto aninstitution thereis a generallogic such
thatthe two canbe recoveredfrom eachother (Herewe assumedhatin
themodelsstill form a category.) Thereforejnstitutionsandgeneralogicscanbe
studiedinterchangeablydependingon the kind of mathematicatools (universal
algebraor categories)onewantsto usel®

In institutionstheory our “ " is denotedby “© ", exactly becausdhere

is suppressedndthereforemeaningsrereplacedy truthvalues.So,when
thetheoryis appliedto e.g. first-orderlogic, thenattentionhasto berestrictedto
sentenceg=closedformulas)becauseneaningf openformulasaremorecom-
plex objectsthanjusttruthvalues.

We do not treatherethe differentnotionsof equivalenceof logics, morphisms
actingbetweerlogics,concretesemanticalogics, cf. e.g.[ABNPS]. Also, we do
nottreathereinterpretabilitybetweerogics,andcombininglogics,[Gah], [Gab],
[JKE], [ABNPS]. Theseareimportantandvery interestingsubjects.

For therestof this work, oneof the mostimportantdefinitionsof section 4 is
thatof analgebraizablgeneralogic. It is summarizedn Remark4.11.

18To male this statemenhundredpercentrue, oneshouldincludetheintensionalaspect into
institutionsandmale into a cateoryin generalogics. We do notseewhy onewould notdo these
amendments.






CHAPTERS

THE PROCESSOF ALGEBRAIZATION

The algebraiccounterparbf classicalsententialogic is thevariety  of
BooleanalgebrasWhy is this soimportant?The answetdies in the generalexpe-
riencethatsometimest is easierto solve a problemconcerning by translating
itto ,solvingthealgebraigproblem,andthentranslatingthe resultbackto
(thansolvingit directlyin ).

In thissectionwe extendapplicabilityof  to  toapplicabilityof algebran
generalo logicsin general We will introducea standardranslatiormethodfrom
logic to algebrawhichto eachlogic associatea classAlg of algebras (Of

course Alg will be .) Further this translationmethodwill tell ushow to
find thealgebraiqquestioncorrespondingo alogical question f thelogical ques-
tionis about , thenits algebraicequivalentwill beaboutAlg . For example,

if wewantto decidewhether hasthepropertycalledCraig’s interpolationprop-
erty, thenit is sufficientto decidewhetherAlg hasthe so calledamalgamation
property (for which thereare powerful methodsin the literatureof algebra). If
thelogical questionconcernconnectionbetweerseverallogics, saybetween
and , thenthe algebraicquestionwill be aboutconnectiondbetweenAlg
andAlg . (Thelatterarequite oftensimpler henceeasietto investigate.)This
“pbridge” alsoenablesus to solve algebraicproblemsby logical methods(for an
exampleseesection 7).

DEFINITION 5.1 (meaningalgebraAlg , Alg) Let be a
compositionalogic with

(i) Firstweturn everymodelinto analgebra. Compositionalityof means
that we can definean algebra of type on the set of
meanings.Thisalgebra is , it will be calledthe meaningalgebraof
andit will bedenotecby . In more detail, to anylogical connective of

arity wecandefinea -aryfunction onthemeaningsn by settingfor all
formulas

def

(Wecouldsaythat  is themeaningof thelogical connective.) Then
def

79
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(i) Alg denotegheclassof all meaning-algbrasof ,i.e.
AIg def
(iii) Let . Thenfor every
def

Then isanequivalenceelation,whichis a congruencen by composition-
ality of . denoteghefactoralgebra of |, factorizedby . It is called
theLindenbaum-arskialgebraof . Now

AIg def

Thus,Alg  istheclassofisomorphiccopiesof theLindenbaum-arskialgebras
of

(iv) Let isaset beagenesnl logic. Then
Alg e Alg is a set
and
Alg  *" Alg is a set
REMARK In thedefinitionof Alg above it isimportantthatAlg isnot
anabstiact classin thesensdhatit is notclosedunderisomorphismsThereason
for definingAlg in sud awayis thatsinceAlg is theclassof algebraic

counterpartsof the modelsof , we needthesealgebras as concrete algebras
andreplacingthemwith theirisomorphiccopieswouldleadto lossof information
(aboutsemantic-modeheoletic mattes). Seee.g. the algebraic characterization
of theweakBethdefinability property Theoem®6.12in thenext section.

For alogic , let def . Thatis, is theclass

of “meaning-homomorpisms”of thelogic  (or equivalently, theunarymeaning-
functionsinducedby the modelsof ). If is analgebraand is a classof
algebrasthen denoteghe classof all homomorphisms

where
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PROPOSITIONS.2 (characterizatiowof structurallogics) Let and beacom-
positionallogic anda compositionabenearl logic, respectivelyThen(i)—(ii) be-
low hold.

(i) hasthesemanticsubstitutionpropertyiff
Alg , iff
for someclass of algebras.

(i)  hasthesemanticsubstitutionpropertyiff
Alg ,forall ,iff
,forall ,for some .

Proof. To prove thefirst equivalencein (i), assuméahat hasthe semanticsub-
stitution property and for some . We want to

shaw that for some . For each let
be suchthat , and let be definedsuchthat
for all . By the semanticakubstitutionpropertyof , there
is suchthatfor all . Thenfor all ,
, iL.e. and agreeon . Since is
generatedby , this implies that . The otherdirection of the first
part of (i) is trivial: Let and . We have to shav that

, Which s true by Alg
To prove the equivalenceof the secondand third statementsn (i), assumehat
. We want to shav that Alg .
Notice first that implies that Alg . Solet
, Alg . Then for some , by Alg
Thus by .
Theproofof (ii) is completelyanalogousywe omit it.

THEOREMS5.3(connectiorbetweermlg andAlg)

(i) Let beacompositionalogic. Then

Alg Alg

(ii) Let beastructural generl logic. Then

Alg Alg
Proof. Proofof (i): Firstwe shav Alg Alg . Let Alg ,
say . Set . Then , SO is
isomorphicto . To shav theotherdirection,let Alg ,say for

some . Thenthereis a subset suchthat (this
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holdsbecause is aset). Thuswe mayassumehat is aset.We define
for all
def
This is a sounddefinition by the definition of . It is not difficult to checkthat
is one-to-oneand a homomorphismso ,
shaving that Alg . Since  isaclosureoperatoywe aredonewith
proving (i).
Proofof (ii): Firstwe notethat,by (i), Alg Alg for ary set
thusAlg Alg holds.
We aregoingto prove  Alg Alg . Let Alg , say
foraset andalgebras Alg . Let beary onto
homomorphisnfe.g.we cantakefor thehomomorphiextensionof theidentity
mapping ). For each let denotethe projectionfunctiononto
,andlet %' . Then Alg . By Propositions.2 (ii)
then for some . Let . Thenit is easyto
checkthat iff for all . Thus isisomorphicto

Alg , andwearedone.

We notethatwe alsoprovedthatfor structurallogics

Alg Alg

Now we turn to proving thatthe equationsvalid in Alg correspondo the
validformula-schemesf , andthequasi-equationgalidin Alg  correspondo
thevalidrulesof . Herewewill usethefilter-property If  is algebraizablethen
theequationabndquasi-equationdheoriesof Alg  recaptureghevaliditiesand
thesemanticatonsequenceelation  of |, respectiely. Thus,whenalogic
is given,it is interestingo investigatehe equationahndquasi-equationaheories
of Alg . Notethatby Theoremb.3above,Alg  andAlg have thesame
equationabndquasi-equationaheories.

First we notethatformulasandformula-schemearetermsin the languageof

Alg . Henceif , then is an equationin the languageof
Alg  whereweconsidetheformula-variables asalgebraiovariablegranging
over the elementsof the algebras).Similarly, if , then is also

an equationin thelanguageof Alg  , wherewe considerthe elementsf as
algebraicvariables.

THEOREMS.4 (valid rulesof andquasi-equationsf Alg ) Let beacom-
positional logic with filter-property Let be asin the definition of
filter-property Then(i)—(ii) belowhold.
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(i) Arule of isvalid (or admissible) iff
Alg for eath
(ii) Aquasi-equation (with variables

from )isvalidin Alg iff

therules

arevalidin for all

Proof. Assume that is a valid rule of of the form

. Let denotethe quasi-equatiorssociatedo it in (i). We want
to shaw that isvalidin Alg . By Theoremb.3it is enoughto prove thatit
is valid in Alg . Let Alg , andlet be an evaluation
of thevariablesn suchthatthe hypothesigartof istruein underthe

evaluation , i.e. assuméhat

We wantto shov

By Alg , thereis suchthat . Forary

take suchthat andlet be the
instanceof ourrule byreplacingeach with . Thenfor each and

we have that andthe samefor , i.e.

. (Here denotegshehomomorphiaxtensionof to .) Then
by the filter-propertyof , andby our assumption( ), we have for
all . Since is avalid rule, and
is aninstanceof it, thisimplies . Thenby thefilter-propertyagain,

,i.e. andwe aredone.

Corversely assumeéhatthe quasi-equatiois valid in Alg  , andwe wantto
shav thatthe rule is valid. Let be an instanceof the rule
thatwe got by substituting to theformulavariables , for all . Assume

and . We wantto shav . By the
filter-propertywe have . Let
be a homomorphisnsuchthat for all . Then
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andthe samefor , thus( ) above holdswith
Thus , sincethe quasi-equatiois valid in Alg
i.e. , for all . By thefilter-propertythen
aswasto beshown.
We omit the proofof (ii). It is analogougo theabove proofof (i).

COROLLARY 5.5 (Valid formula-schemesjalidities,andEq Alg )

(i) Let beacompositionalogic with filter-property Let beasin
thedefinitionof thefilter-property Thenfor everyformula-s©ieme of

is a valid formula-stiemeof iff

Alg for all

(ii) Assuméurtherthat isalgebraizable Thenfor anyformulas
of ,

iff
Alg for eath
iff

Alg for eath

(iif) Thesetofvalid formula-shemesf is decidablgrecusivelyenumeable)
iff Eq Alg is decidablgrecursivelyenumeable). Thesetof valid (admissible)
rulesof is decidableg(recussivelyenumeable)iff the quasi-equationatheoryof
Alg is decidablg(recussivelyenumeable).

(iv) Statement§) and(ii) aboveholdfor geneal logics in placeof

We saythatthe validity problemof thelogic is decidableff the setof valid
formulasof is decidable.If isaset is agenerallogic, thenthe
validity problemof is decidableff it is decidablegfor | for all

COROLLARY 5.6 Let beanalgebraizablelogic with or analgebraiz-
ablegeneal logic. Thenthevalidity problemof is decidableiff Eq Alg is
decidable



CHAPTERG

EQUIVALENCE THEOREMS

In this partwe give algebraiccharacterizationsf somelogical properties.In
thenext sectionwe will applythesetheoremgo somewell known logics. Instead
of giving theproofsof thetheoremsn this sectionwe will referto wherethey can
befound. Firstwe characterizeompletenesandcompactnesproperties.

DEFINITION 6.1 (complete soundinferencesystems)Let

bealogic, andlet

is weaklycompletefor  iff ead valid formulais derivablg i.e. iff

is finitely completefor  iff consequencesf finite setsare derivable i.e.
iff 1

is strongly completefor iff any semanticalconsequence derivable
(notonly consequenced finite sets),.e. iff

is weaklysoundfor iff derivableformulasare valid, i.e. iff

is stronglysoundfor  iff derivableconsequencesevalid consequences,
i.e. iff

denoteghat is afinite subsebf

85
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is strongly completeand soundfor iff the derivability and semantic
consequenceelationscoincide i.e. iff

iff
Let bea Hilbert-styleinferencesystem\We saythat is (weakly
finitely, strongly)completdor  if thederivabilityrelation givenby is
sudfor .Wesaythat is (weaklyfinitely, strongly)completdor a genearl logic
isaset if issudforall . Weuseananalogousterminolay

for thesoundnesproperties.

The next theoremis a characterizatiorof existenceof strongly completeand
soundHilbert-styleinferencesystemdor generallogics. It is provedin [AKNS,
Thm.3.2.21].A class is a quasi-varietyiff it canbe axiomatizedwith a setof
quasi-equationd.e. equationalmplications.Seea footnotein sectionl.

THEOREMG6.2 Assumehat is analgebraizablegenerl logic. Thenthereis a
strongly completeand soundHilbert-styleinferencesystenfor  iff Alg is a
finitely axiomatizablejuasi-variety

In Theorem6.3 below we give a sufficientandnecessargonditionfor analge-
braizablesemantidogic to have afinitely completeHilbert-styleinferencesystem.
Its proofcanbefoundin [AKNS, Thm.3.2.3].

THEOREMG6.3 Assuméhat is an algebraizablesemantidogic and is
finite?. Thenthere s a finitely completeand strongly soundHilbert-styleinference
systenfor iff Alg  genesmtesa finitely axiomatizablejuasi-variety

The following theoremis a characterizatiorof existenceof weakly complete
andstronglysoundHilbert-styleinferencesystemsit is [AKNS, Thm.3.2.4].

THEOREMG6.4 Assumehat is an algebraizablesemantidogic and is
finite. Thenthere is a weakly completeand strongly soundHilbert-style infer-
encesysterfor  iff ther is a finitely axiomatizablequasi-variety sud that
Alg Alg . Thesamas truefor algebraizablegeneal logics.

20necaneliminatethe assumptiorof beingfinite. Thenthefinitary characteof a Hilbert-
style inferencesystemhasto be ensuredn a more subtleway. Also, “finitely axiomatizablequasi-
variety” mustbereplacedy “finite-schemaaxiomatizablequasi-ariety” in theseconctlausecf. e.g.
Monk [M69], or Németi[N91].
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The following theorem,dueto J. Madai&sz,is a characterizatiomf existence
of weakly completeand weakly soundHilbert-styleinferencesystems.Suchan
inference-systens sometimesalleda Gabbay-stylenferencesystem. Its rules
arenotnecessarilyalid, but theformula-schemethey derive (from theemptyset

of premisesyhouldbevalid. 3

THEOREMG6.5 Assuméhat is an algebraizablegeneal logic and is
finite. Assumehat Alg - S . Then

thereis a weaklycompleteand weaklysoundHilbert-styleinferencesystenfor
iff there is a finitely axiomatizableguasi-variety sud that Alg 4,

DEFINITION 6.6 (compactness)

is satisfiabilitycompactiff a set hasa modelwheneer all of its finite
subsets havemodelsj.e.

is consequenceompacif a consequencef is alwaysa consequencef
afinite subset alreadyi.e. iff

A geneal logic is a set is (satisfiability consequencejompact
if is sud for all

We notethatin general,consequenceompactnesandsatisfiabilitycompact-
nessareindependenproperties,j.e. neitherof themimpliesthe other However,
for algebraizablegenerallogics, consequenceompactnesmplies satisfiability

3Cf. e.g.[Mi95], [MV], [Si91]. We notethatmary Gabbay-styleulesareevenmore“liberal” than
not beingstronglysoundin thatin additiontheir form doesnot satisfyDef. 4.4 (ii). (It is notknown
yet which of thesetwo libertiesis responsibleor their behaiour. Our feeling is that non-strongly
soundnesis themoreessential.)r heseextremelyliberal (Gabbay-style)nferencesystemsorrespond
to classes Alg suchthat is finitely axiomatizedby  -formulas(of a certainform) and
Alg . An examplefor such is the classof rectangularlydensecylindric algebras,
the representatiottheoremof which (JAGMNS]) was usedin [Mi95] for obtaininga weakly-sound
completenestheoremfor (whichwill bedefinedin section 7). Cf. alsothe openproblembelav

[Mi95, Thm.1.3.11p.27).

“Here, andfor aset of formulas,” ~ denotes
. Wedonotknow whetherthecondition* Alg " is neededor this
theorem.lt is not neededor direction“  ”. In the otherdirection,we canalwaysobtaina weakly

completeandweakly sound* ", butthis maynot be completelyHilbert-style(this is moreinto
the“Gabbay-\énema-Simon-Mikals” direction).
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compactnessAlso, if we have somekind of negation, thenthe two notionsof
compactnessoincide?® In all our examplesin section 7, thetwo notionsof com-
pactnesgoincide.

Ournext theorencharacterizesonsequenceompactnessf algebraizablgen-
erallogics. For aproofsee[AKNS, Thm.3.2.20]or [ANSK, Cor.3.10].

THEOREMG.7 (characterizatioof compactnesspssumehat isanalgebraiz-
able geneal logic. Then is consequenceompactiff Alg is closedunder
takingultraproductsi.e. iff Alg Alg

Now we turn to characterizatiomf somedefinability properties.Beth’s defin-
ability propertiesof logicsweredefinede.g.in Barwise-FefermafBF]. Herewe
give the definitionsin theframawork of the presenpaper

DEFINITION 6.8 (implicit definition,explicit definition) Let isaset be
ageneal logic. Let be setswith ,andlet def
A set of formulasdefines implicitly in  iffa -modelcanbe

extendedoa -modelof at mostoneway;i.e. iff

defines implicitly in in thestrongsenssff, in addition,any -model
thatin principle can,indeedcanbeextendedoa -modelof ,i.e. iff

defines implicitlyin and

defines explicitly in  iff anyelemenbf hasan“explicit definition”
thatworksin all modelsof , i.e. iff

SMore onthis canbefoundin [AKNS],[ANSK].
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defines local-explicitlyin  iff theabovedefinitioncanvaryfrommodel
to model,i.e. iff

DEFINITION 6.9 (Bethdefinabilityproperties)Let bea geneal logic.

hasthe (strong)Beth definability propertyiff for all and asin
Def. 6.8,
( defines implicitly in defines explicitly in ).
hasthe local Beth definability propertyiff for all and asin
Def 6.8,
( defines implicitly in defines local-explicitly in ).
hasthe weak Beth definability property iff for all and asin
Def. 6.8,
( defines implicitly in  in the strong sense defines explicitly
in ).

DEFINITION 6.10(patchwork propertyof models) Let  be a geneal logic.
hasthe patchwork propertyof modelsff
for all sets , andmodels , ,

and

and
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Recallthatif is aclassof algebrasthenby a morphismof we understand

atriple , Where and is @ homomorphism.A
morphism is an epimorphisnof  iff for every andevery pair
of homomorphismsve have implies . Typical

examplesof epimorphismarethe surjections.But for certainchoicesof there
areepimorphism®f which arenot surjective. Suchis thecaseg.g.,when is
theclassof distributive lattices.

Let betwo classe®f algebras.Let be a morphismof
issaidtobe -extensibleiff for everyalgebra andevery homomorphism
thereexists some and suchthat and

. It is importantto emphasizéierethat is a concretesubalgebraf
andnotonly is embeddabléto

THEOREMG6.11 (characterizationf Bethproperties)® Let beanalgebraizable
geneal logic which hasthe patchworkpropertyof models.

(i) hasthe Bethdefinabilitypropertyiff all the epimorphism®f Alg are
surjective

(i)  hasthelocal Bethdefinabilitypropertyiff all theepimorphismsfAlg

are surjective
(i)  hastheweakBethdefinabilitypropertyiff everyAlg -extensibleepi-
morphisnof Alg is surjective

In the formulationof Thm. 6.11(ii),(iii) above,it wasimportantthatAlg
is notanabstractlassin the sensehatit is not closedunderisomorphismssince
thedefinitionof -extensibility stronglydifferentiatessomorphicalgebras.

If isaclassof algebrasthenmax denotesheclassof all -maximalele-
mentsof

def
max

We notethate.g.max istheclassof all full S.

6Theproofof (i) is in Nemeti[N82] andin HooglandH96]. A lessgeneralersionof (i) is proved
in [HMTII, Thm.5.6.10]. Part (ii) is dueto J. Mada&sz. An early versionof (iii) is in Sain[S90,
andthe full versionis provedin [H96]. Thefinite Beth propertyis obtainedfrom the Beth property
by restricting to befinite. The emphasisn [N82] and[HMTII] wason thefinite Beth property E.
Hooglandand J. Madaéasz[HoM] extendedthe characterizatiomf Thm.6.11(i)to the broader(than
algebraizableglassof equialentiallogics.
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We will usethenotionsof “reflective subcatgory”, and“limits of diagramsof
algebrasasin Mac Lane[MacL]. We will not recall these. Throughout,by a
reflectve subcatgory we understand full andisomorphisntlosedone.

The weak Beth propertywas introducedin Friedman[Fr] (cf. referencef
[BF]) andhasbeeninvestigatedsincethen,cf. e.g.[BF] pp.73-76689-716.

THEOREMG6.12(characterizationf weakBethproperty) ’ Let beanalgebraiz-
ablegeneal logic which hasthepatchworkpropertyof models. Assumehatevery
elemenbf Alg canbeextendedo a maximalelemenbf Alg , i.e. that
Alg maxAlg . Thenconditions(i)—(iii) beloware equivalent.

(i) bhastheweakBethdefinabilityproperty

(i) Alg is the smallestfull reflectivesubcatgory of Alg containing
maxAlg

(iii) maxAlg genertesAlg by taking limits of diagramsof algebras.
l.e. there is no limit-closedproper subclassepaating thesetwo classeof
algebras.

Now we turnto characterizingCraig's interpolationproperties.

DEFINITION 6.13(interpolationporperties)Let bealogic
with connectives.For ead formula let denotethe setof atomic
formulasoccurringin . Let  bea binary connectiveof

hasthe -interpolationpropertyiff

for all sud that theris sud that
and

hasthe -interpolationpropertyiff

for all sud that theris sud that
and and

"Thisis dueto I. Sain,J. Madaész,andl. Németi. For the origins of this characterizationf weak
Bethpropertysee[S90,p.223andon].
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Next we recall from the literaturethe amalgamatiorand superamalgamation
propertief classe®f algebraslet beaclassof algebrasWe saythat has
theamalgamatiorpropertyiff any two algebrasn  canbejointly embeddedhto
athird elemenbf suchthatwe canrequiresomepartsof themto goto thesame

place.l.e.for ary with , thereare andinjective
homomorphismgembeddings) , suchthat
By a partially ordered algebra we meana structure where is an

algebraand is a partial orderingon the universe of . A class of par
tially orderedalgebrashasthe supeamalgamatiorpropertyiff any two algebras
as above can be embeddedn a third one suchthat only the necessaryoinci-

dencesandorderingwould hold, i.e. if for ary , andfor ary em-

beddings and thereexist an and embed-

dings and suchthat andfor
and

DEFINITION 6.14 Let beacompositionalogic. Wesaythat hasadeduction
theoreniff thereis a binary derivedconnective sud thatfor all ,

iff

Sudha iscalledadeductionterm

THEOREMG6.15(characterizatioof interpolationproperties)®
Let beanalgebraizablesemantidogic.

(i) Assumé¢hat isconsequenceompactndusualconjunction isin
Assumdhat hasa deductiontheoem. Then hasthe -interpolation
propertyiff Alg  hastheamalgamatiomproperty

(i) Assumehat Alg consistsof normal . Assumehat Alg is al-
gebraizedvia the usualBooleanbiconditional | i.e. in thefilter-property

is . Let denotethe usualBooleanimplicationterm. Then has
the -interpolationpropertyiff Alg hasthe supeamalgamation

property

8Theproof of (i) is in Czelalowski [Cz, Thm.3]. The proofof (ii) is in Mada&asz[M96], [M97].
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The above is only a sampleof the equivalencetheoremsin algebraiclogic.
Otherkinds of investigationsareconnectingdeductionpropertyof alogic ~ with
Alg having equationallydefinableprincipal congruencegEDPC) [BP893-
[BP89q, [BP97]; theoremsonnectinge.g.atomicity of the formula-algebraf
with Godel'sincompletenespropertyof  ([N85], [N86]), theoremsconnecting
logicalmeaningdo neat-reductsf formula-algebrag/A], [SA]), etc.






CHAPTERY

EXAMPLESAND APPLICATIONS

In this sectionwe give someapplicationsfor the previous theorems.Most of
the logics we usearewell-known, but we recall their definitionsfor illustrating
how they are specialcasef the conceptdefinedherein,andalsofor fixing our
notation. More andalsodifferentkinds of examplesaregivenin [AKNS], [NA],
[ANSK].

1. Classicalsententiallogic isaset.

Below, we oftenwill omittheindex
The setof logical connectvesis , isbinary, isunary Let
beary set. Thusthe setof formulasof is .

A modelof sententialogic is a functionassigning0 (false)or 1 (true)to

eachatomicproposition . Thustheclass of modelsof is ,theset
of all functionsmapping to . (Recallthat )
We canextendarny model to the set of all formulas: for all
we let
if
if
if
otherwise
Now, the meaningof in s , l.e. ,and is
validin , iff
Welet % and isaset.

By this,we havedefined .Wearegoingtoshavthat isanalgebraizable
generalogic with Alg

That is compositionatomesmmediatelyfrom the definition. Let 2 denote
the 2-elemenBooleanalgebrawith universe2. Then 2 for all

95
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, . ThusAlg 2 , andit canbe seenfrom the definitionthat
ary homomorphism 2 is a meaning-functiorof somemodel(namely
that of ), thus 2 . Thushby Proposition5.2,
hasthe semanticakubstitutionproperty so is structural. Then Alg

2 by Theorem5.3 (and also Alg 's of cardinality

"). It canbeseenthat  hasthefilter-propertywith ,

def def def def
, and

def for afixed
Thus is analgebraizablgeneralogic with Alg , Alg
2.

By Theorem6.7, is compactpecause . By Theoren6.2,
hasastronglycompleteandsoundHilbert-styleinferencesystembecause isa
finitely axiomatizablejuasi-ariety Moreover, the proofof Thm.6.2(in [AKNS])
constructsucha Hilbert-styleinferencesystem(givenary axiomatizatiorof ).
We give heretheinferencesystemwe getfrom the proof.

In the next inferencesystem,we will use and asformula-variables,
andwewill use and asderivedconnectves.
Theaxiomsare:

Therulesareasfollows:

It is easyto checkthat  hasthe patchvork property hasthe Beth prop-
erty by Theorem6.11,becausepimorphismaresurjectvein . Thus  has
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the weak Beth property so by Theorem6.12, 2 generates by limits, since
maxAlg Alg 2.

A deductionterm for is def . Since hassu-

peramalgamatiorf,heorem6.15impliesthat  hastheinterpolationproperties.

The validity problemof is decidable the setof admissiblerules of is
decidable the setof valid formula-schemesf is decidableby Theorem5.4
andCorollary5.5,becaus¢he quasi-equationgheoryof  is decidable.

2. Sententiallogic in a slightly differ entform,

Thesetof connectves thusthesetof formulasarejustlikein thepreviouscase.
Themodelsaredifferent.Let beaset.

def is anon-emptysetand

Thusamodel is anon-emptysettogethemwith anassignmenassign-

ing asubsef  to each . Let beamodel. Wecall the

setof possiblesituationgor statespr worlds)of . Forarny formula , wedefine
, whichwereadas" istruein at ", asfollows:

iff , for
iff ,

iff ( and ).

Wesaythat isvalidin if for all

The abore amountsto sayingthat the meaning-function is the homo-
morphic extensionof into the algebra , 1.e.
,and

iff ,
iff
Now, is defined. It is compositional, Alg def

isanon-emptyset “the classof all non-trivial setBoolean
algebras”and
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Thus is algebraizableAlg , Alg . By Theo-
remb5.4, it hasthe samesemanticabonsequenceeslation , sameadmissible
rules,samevalid formula-schemeandsamevalid formulasas

3. Modal logic S5.

The setof connectvesis , binary, unary Theclassof models
is the sameasfor . The“meaningof " is asfollows:
iff ( for some ).

Thisis the sameassayingthat

,  wherefor ary set

if
otherwise

Therestof the definitionof S5goesthe sameway asin the caseof above.

It canbechecledthatS5hasthefilter propertywith thesameermsassentential
logic

ThusS5is analgebraizablgeneralogic with Alg S5
is anonemptyset , Alg S5

A deductiortermfor S5is

ThereforeS5is decidablecompacthasastronglycompleteandsoundHilbert-
style inferencesystem,and hasthe Beth and interpolationpropertiesby Theo-
rems5.4,6.7,6.2,6.11,6.15,because is adecidablefinitely axiomatizable
variety having the superamalgamatigoroperty seeThm.2.3(ii).

4. Arr ow logic

The field of Arrow Logics grew out of applicationareasin Logic, Language
andComputationandplaysanimportantrole there,cf. e.g.vanBenthen{vB96],
[vB914d, andthe proceeding®f the Arrow Logic dayatthe conferencélLogic at
Work” (Dec.1992 Amsterdam).Thesearrow logics go backto the investigations
in Tarski-Gvant[TG]. Tarskidefinedin 1951 basically to give the first
exampleof anundecidablgropositionalogic.
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The setof connectvesof is , binary, unary The
modelsareasin S5 exceptthatwerequirethattheelementof  beall pairsover
someset |, i.e.

def
© for some and

Thedefinitionof is asin thepreviouscase andwe definethemeanings
of and as

iff  ( and for some ),

iff

This amountgto sayingthatthe meaningof is relationcomposition,andthe
meaningof  isrelationcorversion,.e.

Otherwiseaverythingis the sameasbefore,e.g. iff

Now, is an algebraizablgyenerallogic with  Alg ,
Alg

Thus, by our equivalencetheoremsin section 6 and by our algebraictheo-
remson in section 1, we obtainthat is undecidablecompacthasno
finitely completeandstronglysoundHilbert-styleinferencesystem.Sincein
epimorphismarenot surjectve !, doesnot have the Bethproperty

A deductiortermfor is
Since doesnot have the amalgamatiorproperty by Theorem 6.15
doesnothave theinterpolationproperty

We canadd“equality” to , Obtaining asfollows. Weadd tothe
setof connectvesasa zero-aryconnectve, andwe defineits meaningasfor ary
model

1Seethemethodsn Sain[S94.
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Then is an algebraizablegenerallogic with  Alg ,
Alg . Justasin the previouscasesve getpropertieof
by usingthetheoremsbout statedn sectionl1, andtheequialenceheorems
statedn section 6.

5. First-order logic with  variables,with substituted atomic formulas,

def

Let , let , our setof variables.Let beary set(our
relationsymbols).Theset of atomicformulasof thelogic def is
def
The setof connectvesis , binary, unary
and zero-ary? Thisdefinesheset of formulasof . Theclassof

modelsis theusualone,

def is anonemptysetand

for all

Let beamodel. Thenwe define asbefore:Let and
. Wecall anevaluationof the variables.Becausef the tradition, we
will write in placeof

iff ,
iff ,
iff  ( for some suchthat and
differ atmostat .)
and areasbefore.
iff ( for all ).
We definé
def

Wedefine ,and % isaset.
Now, is compositionaland hasthefilter property But it is not structural

(andthenit is not semanticallystructuraleither)asthefollowing exampleshows.

Let

def def

and
°Noticethat is notanatomicformulabut rathera zero-arylogical connectie.
3In theliterature, is calledtherelationdefinedby inthemodel . Thus

is thealgebraof -variabledefinablerelationsin
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Thenit canbechecledthat
but

Anotherexampleis thefollowing. Let

def def

and
Thenit canbechecledthat
but

Thelogic  is notstructuralbecaus¢he meaningf theatomicformulasare
notindependentf eachother:assoonaswe know themeaningof ,
thiswill determinehe meaningof where arearbi-
trary variables.It would be naturalto treatonly asanatomicfor-
mula. Thenwewouldlik eto obtainthesubstitutecitomicformulas
as“complex”, built-up formulas.We will achievethisin two differentways.In the
first casewe will useTarski's obsenationthatsubstitutioncanbe expressedvith
quantifiersand equality* andin the secondcasewe will introducesubstitutions
explicitly aslogical connectves®.

6. First-order logic with  variables, structural version® |, for and
for anyordinal.

Thisis exactly lik e the previousexample exceptthatwe keepasatomicformu-
lasonly . Sincethe orderof the variablesis fixedin our
atomicformulas,we will simplywrite in placeof . Thesetof
connectves,the classof models,andthe meaningfunctionareexactly asbefore,
theonly differencds thatnow thesetof atomicformulasis itself. When isan

infinite ordinal,everythingis analogougthen standdor ).
Notation: isaset ,
Then, is compositionaland ,S0  hasthese-

mantic substitutionpropertyby Proposition5.2. hasthe filter property(with

4C.f. Tarski[T51], [T65].

5For moredetailsee[BP89, AppendixC], and[HMTII, 4.3].

6Thisis calledafull restrictedfirst-orderlanguagen [HMTII, 4.3]. “Restricted’refersto thefact
thatwe keepatomicformulasonly with afixed sequencef variablesand“full” refersto thefactthat
thearity (or rank) of eachrelationsymbolis . Thislogic is investigatedn [BP89, AppendixC], too.
Most of whatwe sayin this example,canbe generalizedo theinfinitary version of studied
in finite modeltheory seeExamplell herein.
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as ), so s analgebraizablegenerallogic. It is
easyto checkthatAlg istheclassof  -generated 's,soAlg
. ThusAlg by Thm.5.3(ii), since . Using
Alg andAlg , we begin to apply the theoremsn sec-
tions2,6to

is compactfor all by Thm.6.7,because by Thm.2.3.
Forfinite ,adeductiortermfor s .

THEOREMY7.1 Let . Theee is no weakly completeand strongly sound
Hilbert-styleinferencesystenfor . Asa contrast,there are strongly complete
andsoundHilbert-styleinferencesystemg$or ,

Proof. For , this follows from Thm.6.4,because is a nonfinitely ax-
iomatizablevariety(by Thms.2.32.4,2.5). For , thisfollowsfrom Thm.6.2,
because , is afinitely axiomatizablejuasi-ariety (by Thm.2.3).

Soonwewill giveastronglysoundandcompleteinferencesystem for

Theabove nggative resultcanbe meaningfullygeneralizedo mostknown vari-
ants” of without equality andthe infinitary version of  studied
e.g.in finite modeltheory(e.g.[EF], [O]). SeeExamplell herein.

The proof of Thm. 7.1 above is a typical exampleof applyingalgebraicdogic
to logic. Thereareanalogougheoremgusingthe same‘generalmethodology”).
An exampleis provided by the positive resultsgiving completenestheoremsor
relativizedversionsof  cf. e.g.[AvBN97] or [N96]. Differentkindsof positive
resultsrelevantto Theorem7.1 abovearein [S95, [SGY].

OPENPROBLEM 7.2 Is there a weaklycompleteandweaklysoundHilbert-style
inferencesystenfor ?

By Thm.6.5,0penProblem7.2aboveis equivalentto Problem2.11(i.e. whether
for somefinitely axiomatizablequasi-ariety ), because

, where . Actually, in the presentase
a positive answerwould imply the existenceof a strongly completeand weakly
sound” " for , becausdlg is avariety.

“e.g.to of Examples5.
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Next we turn to investigatinginferencesystemssuggestedby the connections

between , , and , for (seeThm.2.14).We will define
two provability relations, and for . (Ofthese, isgivenby aHilbert-
styleinferencesystemwhile is not.)

In thefollowing we will heavily usethat (whichis sobecaus¢he
atomicformulasof and areidentified).

DEFINITION 7.3 (provability relations  and for )8
(i) Firstwedefine  which will be givenby the Hilbert-styleinferencesystem
. In theformula-shemebelowwewill use asformula-variables

(insteadof ),and , arederivedconnectives:
def
def

Recallthat are logical connectives$or

consistof thefollowing formula-shemesf  : For alll

. a propositionaltautology ®, i.e. a valid formula-shemef

, if

8 , in aslightly differentform, is definedin [HMTII, p. 157],andalsoin [N86], [N92], [N95],
[BP89, AppendixC], [CzF. In [BP8Y, is denotedby . Onecouldgetthe definition of
by mechanicallytranslatingthe -axioms,aswe did with the ~ -axiomsin Examplel, andthen
polishingthe soobtainedaxiomsandrules.
9To keep finite for , we replacethe infinitely mary shemesherewith , where
is astronglycompleteandsoundHilbert-styleinferencesystenfor . Suchsystems
areknown, cf. e.g.[ABNPS].
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consistsof the rules Modus Ponens and Generalization for
, whee and are, respectively:
and —
Now isthederivabilityrelationgivenby (for ).
(i) To define , let . Let consistof the following
formulas:
if and
Now the inferencesystem is definedto be “
restrictedto ", i.e.
def
Thus,in an -proof, in addition to the instancesof , we also can use
, for , f , thenwesaythat” is provable

with  variables;or“ is -variableprovable”.

It is nothardto checkthatboth  and arestronglysoundfor , and
is givenby aHilbert-styleinferencesystem(if  is finite).

Therefore from Thm.7.1we canconcludethatthereareinfinitely mary valid

-formulaswhicharenot -provablejie.  isincompletefor  (in arather
strongway). Onthe otherhand,we will seebelow that is stronglycomplete
for

We aregoingto prove thattheinferencesystem is thelogical equivalentof
thealgebraicaxiomsystemdefiningthe variety

Any formula canbeidentifiedwith atermin thealgebraidanguageof
suchthattheelement®f areconsidereds(algebraicyariablesassuming

thatwe identify the operation®f with theconnectvesof . Hence is
anequationin thelanguageof (for ). We write for
Also, meany set )
THEOREMY7.4 Let , anyordinal, anyset. Then(i)—(iii) belowhold
for all

() iff

(i) iff

(iii) iff
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Proof. (i)—(iii) areprovedin [HMTII] asCor. 4.3.26,Thm. 4.3.25,and Thm.
4.3.17 respectiely. Seealso04.3.57,4.3.59therein.To checkthat  of [HMTII]
is the sameasour , it sufiicesto checkthatin the proof of 4.3.22,only the
axiomsof our areused.

Now we arereadyto statethelogical corollariesof Thm.2.14(ii).

COROLLARY 7.5

0] is stronglycompletefor , for all
(i) is notevenweaklycompletdor |, if
(iii) Let . Then iff for some
(iv) For all there are valid -variable formulaswhich cannotbe

provedwith  variables. For eacth valid -variableformula thereis an
sudthat is -variableprovable

Proof. (i): Weakcompletenessf follows immediatelyfrom Thm. 7.4,
Thm.2.14 . For , thenstrongcompletenesfol-
lows, because is compactandhasa deductiontheorem.For , isstill
compactput it doesnot have a deductiontheorem.However, is strongly
completefor by [HMTII, 4.3.23(ii)].

(ii)—(iv) follow from Thm. 7.4 and Thm. 2.14. E.g.,assume . Then

iff iff (by )

iff iff (by thedefinitionof ) for some

We notethatCorollary 7.5 speaksalsoaboutusualfirst-orderlogic, becausan
-variableformulais validin  iff it is valid in usualfirst-orderlogic (andevery
firstorderformula hasanormalform  whichisin , for some ).

To investigatdurtherthe provability relations , how we compareheir
“deductive pawers”. Resultsin cylindric algebratheoryyield thefollowing.

THEOREMY7.6 (thedeductve powersof )
(i) Forany , ,i.e. thereisan -variableformula
sud that
but
(i) If , then for all ,i.e. therisa sud
that

and
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(i) for all

(iv) If or , thenfor any -variable iff , forall
f , then for all

Proof. (i) follows from Thm 7.4 and[HMT, 2.6.14],asfollows. Let
. Thenthereis anequation in the languageof suchthat and
, by [HMT, 2.6.14].We mayassumehat is of form , andthen
Thm.7.4(i) finishesthe proof.
Similarly, (iv) followsfrom Thm.7.4and[HMT, 2.6.8,2.6.9],andfrom
if

(i) followsfrom (Thm.7.4(ii) and) forall ,
whichis anunpublishedesultof Don Pigozzi.
(iii) followsfrom , See[HMT, 2.6.42,
3.2.65]
OPENPROBLEM 7.7 Is it true that wheneer
? l.e. istherea -variableformula for all sudthat isnot
provablewith  variablesbut it is provablewith variables?

Theaboveis Problem2.12in [HMT]. Resultsin this directionareprovede.g.
in Maddux[Ma83], [Ma914, Andréka[A97]. The presenstatusof this problem
is summarizedn [A97, Remark3].

REMARK is a (structural) derivability relation for in the senseof
[BP89, i.e. for any and , then
Thisfollows from Thm.7.4(ii). Thm.7.4(ii) alsoimpliesthat for

can be givenby someHilbert-styleinferencesystem ; while

with cannotbe givenwith suc. Thelatter is so because

is a finitely axiomatizablevariety while , is not finitely ax-

iomatizable(see[A97, Thm. 2.3]), andthenonecan usethe presentlydiscussed
“methoday of algebraization”, cf. Thm.6.3to infer the aboveinformation.

is stronglycompletefor , but the -proofsuseformulasthat
arenotin . Differentkinds of completeinferencesystemdsor , wherethe
proofsuseonly  -formulas,arein [Si9]], [V91], [MV, 5.5.1],[Mi95], [Mi96].
A commonfeatureof the latter inferencesystemss that they are not strongly
sound.(Thisis naturalto expectbecausdy Thm. 7.1 therecannotexist strongly
soundandcompleteHilbert-styleinferencesystemgor  if )



7.EXAMPLES AND APPLICATIONS 107

Now weturnto . If ,then isstronglycompletfor by Thm.7.4,
becausehen . is not completefor  (but is). We will
shaw thatif we addarule or axiomexpressing

Dom Dom Rng

(andthesameor Rng ), thenwe getastronglycompleteHilbert-styleinference
systemfor . Namely considetthefollowing formula-shemandrule for ,

THEOREM?7.8 Both and are strongly
completdor

Proof. Thisfollowsfrom Thm.7.4andThm. 2.3(iii).

Now we turn to checkingwhat Theorems5.11 and6.15sayaboutdefinability

andinterpolationpropertieof . hasthe patchvork propertyof models.

So for doesnothavethelocal Bethdefinabilitypropertyby Thm.6.11,
becausepimorphismsarenot surjectve in (see[KMPT]+[M97a, T.7.4.(i)],
for see[ACN], for see[N88], [S90, Thm. 10]).

It is provedin [KSS] that  doesnot have the weak Beth property andwe
conjecturehatthis extendsto , while  hastheweakBeth property
It is provedin [KSS] that for , hasthe weaklocal Beth property By
Thm.6.15, doesnothavetheinterpolationpropertyfor all , since

doesnot have the amalgamatiomproperty(see[KMPT], thisis aresultof Comer
[C069).
Further definability and interpolationresultsfor (both and
) arein Madaiasz[M97b]. Thatpaperis devotedto solvingproblemsfrom
Pigozzi[P72.

Summingup:
is equivalentto sententialogic
is equivalentto S5,

. Ourcharacterizatiotheoremsn section6 andthecorrespondinglgebraic
theoremsn section?2 givethefollowingpropertiefor :  isdecidableijt hasa
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stronglycompleteandsoundHilbert-styleinferencesystemwhich canbeobtained
from the equationalaxiomatizationof . hasthe finite model property
The algebraicversionof this is statedin [HMTII, 3.2.66]. It doesnot have the
Beth (definability) property, andit doesnot have theinterpolationproperty We
conjecturghat  hastheweakBethproperty

for . The characterizatiortheoremsand the corresponding
algebraictheoremggive the following propertiesof is undecidable,
doesnot have a stronglysoundandcompleteHilbert-styleinferencesystem.lt is
openwhetherit hasa weakly soundandweakly completeHilbert-styleinference
systemgcf. Problem2.11andTheoremb.4.  hasneitherthe Beth propertynor
theinterpolationproperty

: Thisis called“Finitary logic of infinitary relations”. Model theoreticre-
sults(usingAL) arein Németi[N9Q].

7. First-order logic with  variables with substitutions, with and without
equality, vl )

Firstwe define . Thesetof connectvesis .
, binary, zero-ary andtherestunary Everythingis asin
thepreviousexample we only haveto give themeaning®f thelogicalconnectves
.Let beamodel,andrecalll® theoperations mapping
to . Now

By this,wehavedefined . Itisnothardtocheckthat isanalgebraizable
generalogic.

Thetheoryof quasi-polyadi@lgebras  'sisanalogousvith thatof cylindric
algebras.Exactly ascylindric algebrasarethe algebraiccounterpart®f quanti-
fier logicswith equality 's arethe algebraiccounterpart®f quantifierlogics
withoutequality cf. section3 herein. and denotetheclasse®f rep-
resentable  ’'sof dimension andquasi-polyadicsetalgebraqof dimension

) respectiely asintroducede.g. in [N91] andin section3 herein. Analogously

and denotethe sameclassedut with equality
Now, Alg , Alg
10 sends to andleaves everything elsefixed, and interchanges and andleaves

everythingelsefixed.
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If we omit equalityfrom the setof connectves,thenwe getthe equality-free
version of thelogic. Thisis alsoanalgebraizablgeneralogic with Alg
, Alg

Weturnto shaving how to retrieve substitutecditomicformulas
in , .Hereweassume

First we treatthe case . Sincea finite mappingcan always be written as
a productof 'sand 's, we obtainthatfor arny sequence of
variableghereis asequence of “substitutions”suchthatfor all
models andrelationsymbols

(Herethefirst meaning-functions takenfrom , while the secondonefrom
.) Thisshavsthatin ~ we do have our substitutecatomicformulasbackas
“complex” formulas.(Ontheotherhand theexpressiepowverof  isnotbigger
thanthatof , becausef thefollowing. It canbeprovedwith asimpleinduction

thatthe meaningof theformula is the sameasthatof theformulawe get
from byinterchanging and in it everywhere(in theconnectves  also),
andthemeaningof theformula coincideswith thatof theformulawe get

from byreplacing everywherdtit with .Here isaformulaof )

Now we shov how to get substitutedatomic formulasbackin by using
Tarski's obsenationthatsubstitutioncanbe expressedvith quantifiersandequal-
ity. By theabove, it is enoughto expresghemeaningof theformulas and

, for . Solet beamodeland anevaluationof the variablesin

. Thenit canbechecledthat

andif , , then

Thusto express we needoneextrafreevariable.We cangetthise.g.by
treating asthefollowing theoryof

andthentreattheatomicformula of  astheatomicformula
of . For moreonthissee[HMTII, 4.3],[BP89.
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8. First-order logic, ranked ! version,

Thesetof connectvesis , binary,
unary and zero-ary (Thisis thesameasthatof .)
Let beaset(thesetof relation-symbols)andlet be a function
(therank-function istherankof ). Firstwe definethelogic
Ouratomicformulaswill be for . Wedonotinclude

into the setof atomicformulasfor the samereasomasin our
previousexamples:becauséhey would immediatelymake our logic unstructural.
However, thesesubstitutecatomicformulaswill be presenin our logic as(com-
plex) formulas,becaus¢hey canbeexpressedby quantifiersandequality(seeour

previousremarkon this). Sincethe sequence of variableds de-
terminedby , we will justwrite in placeof . (This will
be corvenientalsowhenwe will compareour presentogic with .) Thusthe
setof atomicformulasis . Thentheformula-algebra of hasuniverse
The modelsare where is a -ary relationon
for all . lLe.
for all

Validity andthemeanindgunctionarepracticallythesameasthoseof , therefore
we only give heretheconcisealgebraiadefinition:Let  beamodel.

,and

is ahomomorphism.

iff
Now
is afunctioninto
Let . Then is compositionalandhasthe filter-property Also
we have that
Alg and Alg
Thesecondstatements provedin [HMTII , 4.3.28(iii)].
But is not substitutional,even is not substitutionalif . An
exampleis: Let bean -aryrelationsymbolin andlet denotethe formula
. Then
while

U1Thesearecalledordinarylanguagesn [HMTII, 4.3].
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It is easyto seethat is compact.Since , thislogic shaws that
the conditionof structuralityin Theorem6.7is necessary

We canextendour inferencesystem  of the non-ranked logic to geta
completeonefor , asfollows.

For ary rank-function , let denotethe setof the following
formulas:
if and
( is a straightforward modificationof .) Then isdefinedas

def

Now, providesacompletanferencesystenfor therankedversionof first-order
logic e

THEOREMY7.9(Godel's completenestheorem) For every formula  of
wehave

iff
Proof. Thisis a corollaryof Thm. 7.4(ii) and (Thm'’s
2.14(i), 2.4(iii)), asfollows. Let ' . Then
by Thm. 7.4(i) andRng . Assume . Then , hence
by ,l.e.

At this point we shouldemphasizehattherearevalid schemes?  of

suchthatalthough , we have . Thisis sobecausghereis no difference
betweenthe schemdanguageof and , andalsothe valid scheme®f
and  coincideby Cor5.5, becauseEq Eq , andthe

-provableand  -provableschemagoincide?s.

How it is possiblethat thereis an  -unprovable valid formula-scheme ?
This meansthatthougheachinstanceof in is -provable(becausef
Thm.7.9),these -proofsvaryform instanceo instance We cannotgive a “uni-
form” —prooffor theseinstancesin spiteof therebeinga uniform“cause” of
their validity.

12t is aformulaschemaof (cf. Def.4.4),thenby -derivability of we understandhe
naturalextensionof Def.4.4to a mixed languageconsistingof both -formulasandschemesl.e. in a
deriation of , isbuilt upfromatomicformulas of andformula-ariables
(usingtheconnecties  of ).
13This not quite trivial, but canbe proved with  -theoreticmethods,e.g. one canuse[HMT,
2.5.26].
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Theoren?.14(i)stating canbeusedto overcomeschema-incom-
pletenes®f . Using this theorem,onecanobtainenrichedinferencesystems
by addingbrandnew variables to the languageand new ax-

iomspostulatingthe effectsof thefactthat doesnotoccurin theold formulas.
Roughly theseaxiomssaythat

if and
if is aformula-variable.

Thesednferencesystemsarestronglycompletefor theformula-schemasf
Thesecompletenestheoremgbasedonthe -representationesult)areproved
in [AGN77, [HMTII, 4.3].

The reasonfor not being substitutionalis that the atomic formulas
cannottake the meaningsf any formula, becausen atomicformulahasa fixed
finite rank,while formulascanhave meaning®of arbitrarily largefinite ranks.This
will bereparedn our next example.

9. First-order logic, rank-fr ee# (or type-less)version,

The setof connectvesareasin the previouscase.Let  be a set(of relation
symbols).Thenthe setof atomicformulasof is ,asbefore.

The modelswill be different(astheinformation is missing): We
only know that denotesafinitary relation,we do notknow whatits arity is. The
actualarity will be givenby the model. I.e., the modelsare
where is anarbitraryfinitary relationon  for all ,

Validity andthe meaningfunction arethe sameasin the previous case the only
differencds that

for some
Let denotethe systemof theselogics. Now this generallogic is struc-
tural, since
Thus is analgebraizablgeneralogic with
Alg and Alg

14Rank-fredfirst-orderlogic wasintroducedn Henkin-Tarski[HT], andelaboratedn moredetailin
[A73], [AGN77,sec.lV]. Seealso[HMTII, sectiord.3]. A nice proofsystentor thislogic is givenin
Simon[Si91].
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ThusTheorent.7saysthat is notcompacbecause
by Thm. 2.4(iii). Or vice versa,onecanprove the algebraictheorem
by shaving that is notcompactasfollows: is notcom-

pactbecausghe set of formulas,where isary
relationsymbol, is not satisfiablewhile all of its finite subsetsare. Thus Theo-
rem6.7 saysthat becausdlg

Thm.6.4admitsageneralizatioto logicslike above. Thenwe obtainthe
following corollaryof this generalizedesultandof Thm.2.5(sayingthat is

notfinite schemaaxiomatizable).

COROLLARY 7.10 Assumehat definesa strongly soundand weakly
completeinferencesystem for . Then mustinvolvean infinite
setof formula-variables..e. is not finite-shyemaaxiomatizable Thesame

appliesfor  in placeof

Improved versionsof this negative resultarein [A97] whereit is provedthat
hasto be extremely comple, too, besidesinvolving infinitely mary
formula-variables.Positive resultskind of side-steppingorollary 7.10above are
in [S95, [S97], [SGY]. Thesepresentexpansionsof with furtherlogical
connectves,suchthatthenew becomedinite schemaxiomatizable.

At this pointthereademight have theimpressiorthatCorollary 7.10seemso
contradictGodelscompletenestheorem.However, Godelstheoremholdsfor the
rankedversion of first orderlogic but notfor . Theessentiatliffer-
encebetweerthesetwo logicsis that is not structural(substitutional) No
structuralersionof first orderlogic is known for which Godel'scompletenesthe-
oremwould hold. More precisely the only suchversionsarethelogics presented
in [SGy] etc. cited above. The presentlydiscussedssueis highly relevantto the
propositionalmodal versionsof first orderlogic, cf. e.g. van Benthem[vB97],
[vB96], [vBtM], [V95al, [MV].

Now we briefly compareourthreeversionsof FOL: non-ranlked , theranked
version , andthe rank-freeone, . The sameformula-schemeare
valid in them,andthey have the sameadmissiblerulesby Theorem5.4, because
the samequasi-equationare true in their algebraizedorms by

Alg . Also, this setof admissibleformula-schemess recursvely
enumerableandthe validity problemin theselogicsis not decidable by Theo-
rem2.4, Theorem5.4,Corollary 5.6.

As a contrast,herewe will give a logic which hasa decidablevalidity prob-
lem andat the sametime the setof valid formula-schemeis not evenrecursvely
enumerable.
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10. Equality logic, monadiclogic.

First we treatequalitylogic . This is the sameasfirst-orderlogic with
variablesand with no atomicformulas,i.e. det Therefore this is not a
generallogic. Notice thatthe setof formulasis non-emptybecause is
a zero-arylogical connectve. A modelis justaset andthe meaning-algebra

of thismodelis the subalgebraf generatedy
. Thesearecalledthe minimal cylindric setalgebras andtheir
classis denotecby , while def .
isanalgebraizablsemantidogic with Alg andAlg

. (issubstitutionabecauséts setof atomicformulasis empty)

It is well known thatthe validity problemof  is decidablejt hasthe finite
model property and it admitsan elimination-of-quantifiergheorem. (Seee.g.
[M64a].)

However, the setof valid formula-schemesf  is not evenrecursvely enu-
merable.This is soby Corollary 5.5, becausdeq is not recursvely enu-
merablet®

More generally considemow rankedfirst-orderlogics . Ranledfirst-order

logic  with variables, canbedefinedanalogouslyor . Let
. If everyrelationsymbolis unary i.e. if ,then iscalled
a monadiclogic. Let denotemonadiclogic with relationsymbols |, i.e.
def
where

is acompositionalogic with filter-property It is not substitutional.

It is known thatthe validity problemof monadiclogicsis alsodecidablethey
have thefinite modelproperty andthey admiteliminationof quantifiers (Seealso
[M644d.)

Let . If isinfinite, thenthe valid scheme®f arenotrecursvely
enumerable.lf is not monadic,thenthe valid schemeof arerecursvely
enumerabldandthe validities becomeundecidable).(If , thenthe setof

valid schemef is decidable.) Theseare provedin [N87] by showing that
theequationatheoriesof the correspondinglasse®f algebrasarenotrecursvely
enumerabléandusingTheorenb.4). Thelogicalimplicationsandthereasondor
this behaviour arealsoexplainedcarefullyin [N87].

11. Infinitary version of the finite variable fragments
Let beaninfinite cardinal. is obtainedfrom by adding -ary con-

junctionto thelogicalconnectves.Moreformally, let  bethesetof formulasof
.Let  bethesmallesisetsatisfying — below.

15This wasproved by M. Rubin,andindependentlyy |. Nemeti,see[N87].
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is closedundertheconnectvesof
, forary

Themodelsof arethesameasthoseof , and
generalizationsf thedefinitiongivenfor . Then

,  aretheobvious

def def

and is aset
is obtainedfrom by remaoving all conditionsof the form “
Thatis, isacardinal , etc. and (with )
arenotlogicsin the senseof Def .4.1 becausehey involve infinitely long strings
of symbols. All the same, is an interestingmathematicaktructurewhose
studyis motivatedby studyinglogics. Most propertiesof logics make sensefor
the “pseudo-logic” , too. Studyingmathematicastructuredike ,

seemsgo be usefulfor obtaininga betterunderstandingf logics (in the senseof
Def. 4.1).

Most of the resultsobtainedfor  via the methodsof algebraicogic canbe
pushedhroughfor by thesamekindsof algebraiamethodsIn particular by
stretchingthe algebraicmethodswhich leadto Theorem7.1, onecanobtainthe
following. Thenotionsof formulaschemainferencesystemaxiomschemarule
schemacanbegeneralizedo the naturalway. Hereinwe do notgointo the
detailsof this.

COROLLARY 7.11 Assume is a strongly soundandweaklycompleteprovabil-

ity relationfor or for ( ). Then isnotdefinablebya Hilbert-style
inferencesystem.Moreover, any schema axiomatizing mustinvolve
infinitely manyformulavariables(cf. Def.4.4for axiomatizing .)

The next table summarizeghe algebraiccounterpartf someof the distin-
guishedogics.



Logic

Alg Alg

substitutional,
compact

sententialogic

S5
modallogic

arrow logic

-var. FOL
with substituted
atomicfmlas

structural
-var. FOL

finitary FOL of
-aryrel!s

ranked FOL

rank-freeFOL

Table7.1.
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