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Abstract

Using a combinatorial theorem of Herwig on extending partial isomorphisms of
relational structures, we give a simple proof that certain classes of algebras, including
Crs, polyadic Crs, and WA, have the ‘finite base property’ and have decidable universal
theories, and that any finite algebra in each class is representable on a finite set.

1 Introduction

In this paper, we give a simple proof that certain classes K of algebras have the ‘finite base
property’. This will imply decidability of the universal theory of K, and that any finite
algebra in K is representable on a finite set. Examples of such K include the relativized
cylindric set algebras in dimension n (Crs,), polyadic Crs, and the weakly associative
relation algebras WA. Most of these results were first established in the paper [ABN2]; the
original proofs were substantially longer than the present one.

What is the finite base property?

Say that we are given a class K of concrete algebras. This is to say that the algebras in
K have the form A = (A4, f,g,...), where A is the domain of A, and f,g,... are functions
defined on A. However, the domain A is not merely an abstract set, but has intrinsic
structure; and f,g,... are defined in terms of this structure, uniformly over K. In fact, A
will typically be a subset of p(W), the power set of some set W of sequences of elements of
another set, U. All the sequences will have the same finite length, n, so in symbols we have
W C "U. The definitions of the functions f,g then utilise the form of the elements of A
as sets of sequences. For example, for a,b € A, f(a,b) might be a N b, while g(a) might be
the set of reverses of the sequences in a (the reverse of (so, ..., S,—1) being (sn—1,...,50)),
and so on.
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The sets W and U associated with A are not unique — any larger sets will do too —
but there will be unique smallest such sets for each .A. The smallest W, obtainable as the
union of all elements of A, is called the unit of A. The smallest U, obtainable as the set
of all elements occurring in sequences in the unit, is called the base of A.

The class K is now said to have the finite base property if any universal sentence in
the signature of K that is not valid in K is not valid in some A € K with finite base.
This property implies that a finite algebra (in finite similarity type) is isomorphic to one
with a finite base (by taking the negation of the diagram of the algebra as our universal
sentence: see the proof of theorem 4). It is formally stronger than what we may call the
‘finite algebra property’, which says that a non-valid universal sentence may be falsified in
some finite A € K (i.e., with finite domain). An algebra in K could be finite and yet have
infinite base.

Why is the finite base property of interest? For one thing, it suggests that K is in some
way a ‘nice’ class. For example, the algebras in K with finite base can often be enumerated
recursively — certainly, this is true for the classes K we consider here. So if the universal
theory ¥ of K is recursively axiomatisable, the finite base property implies decidability of
Y. (In fact, we will show that there is a recursive bound on the size of the base of the
algebra witnessing non-validity of a universal sentence ¢, in terms of the syntactic size of ¢.
This yields decidability of ¥ whether or not ¥ is known to be recursively axiomatisable.)
Notice that the finite algebra property is not sufficient in this regard, for as a finite algebra
can have infinite base, it is not clear that we can recursively enumerate all finite algebras
in K. For more information see [N92].

Further, given A = (p(W), f,9,...) € K, we may view W in a modal-logical way. We
consider the modal formulas formed using a (k-ary) connective fj; for each (k-ary) function
f of A. We evaluate them at sequences in W — so W is the set of possible worlds of our
model. The intended semantics is that if (inductively) the sets of sequences in W at which
formulas ¢1, ..., ¢ hold are ay,...,ax, respectively, then the formula fi;(¢p1,. .., @r) will
hold precisely at the sequences in f(a1,...,ar). If f happens to be ‘normal and completely
additive’ (in the current context, this means f(ai,...,ar) = Usca;ick f({51}, -+, {58})
for all aq,...,ax € W), the connective f; has a genuinely modal (_Kripke) semantics,
via the (k 4 1)-ary accessibility relation Ry defined in the following standard way: for all
S0,---,8k € W, R¢(so,...,sk) holds iff s € f({s1},...,{sk}). This justifies our calling the
logic ‘modal’, as many of the functions usually considered (including those in this paper)
are indeed normal and completely additive. The exceptions are the boolean operations (for
example, WV 0 = W, while U,, cw.s,c0 51 V s2 = 0) and, here, the counting quantifiers.

In this setting the modal formulas will correspond to algebraic terms, and validity of
formulas in W to validity of equations in A. So the logic is decidable iff the equational
theory of K is. The finite base property for equations only now corresponds to a strong
n-dimensional form of the modal finite model property familiar to modal logicians.

Modalizing the classes of algebras studied here yields variants of the n-variable fragment
of first-order logic, with semantics differing from the classical Tarskian view because W
need not be of the form "U. These ‘mutant’ logics are under intensive study at the present
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time, and we cite [ABN1, VM] as sources. They frequently have desirable properties that n-
variable first-order logic lacks (such as decidability, Craig interpolation, Beth definability).

The finite base property can also be useful in obtaining other theorems. For example:
by the finite base property for cylindric-relativized set algebras (Crs,), any finite Crs, can
be obtained by relativizing a finite cylindric set algebra (Cs,). This was used by A. Simon
[S] to prove that every finite cylindric algebra of dimension 3 can be obtained by twisting
and relativization from a finite Cs3. The finite base property for our classes K also can be
seen as a combinatorial principle that we formalize roughly as ‘any finite pattern of n-ary
relations can be realized also with finite n-ary relations’.

We will prove the finite base property for several classes of algebras, including the
classes Crs, polyadic Crs, WA, and locally cubic n-dimensional relativized cylindric set
algebras augmented with substitution operators. For definitions of these see section 3
and example 22, or [HMT,Madd]; but they all fit the framework described above, varying
only in what functions are present and what properties of W are assumed. We actually
prove a single result (theorem 4) that gives most of these as corollaries, and then extend
it (theorem 23) to give the rest.

The proof of theorem 4 starts off similarly to modal filtration, which is entirely natural,
as the finite base property is analogous to the modal finite model property. However,
this does not necessarily yield an algebra whose elements are sets of sequences and with
the functions defined in terms of this internal structure. So our proof must involve more
work. The chief extra argument used is the following combinatorial theorem of Herwig.
Theorem 23 is proved similarly, using a stronger version (theorem 16 below, from [He2]),
and it establishes the finite base property for further classes of algebras, including the
weakly associative algebras — a new result, we believe.

THEOREM 1 (HERWIG, [HEL]) Let & be a finite structure in a finite relational language
L. There is a finite L-structure &7 O & such that any partial isomorphism of & is induced
by an automorphism of &*.

Herwig’s proof generalizes arguments of Hrushovski [Hr]. A primitive recursive upper
bound on the cardinality |&"| of the domain of &% in terms of £k = |&| and L may be
extracted from the proof. The existence of a recursive bound follows from the theorem
itself, as for each of the finitely many L-structures & with domain of size k, we may
enumerate all finite L-structures extending &, stopping when we find one with the property
of the theorem. Lascar has a simpler proof of theorem 1, which may give a better bound.
This will appear in a joint paper with Herwig, which places the result in the setting of free
groups.

We will also borrow an idea from [MM] when dealing with counting quantifiers.

The ideas presented here will also yield a completeness theorem for the associated modal
logic, without using ‘step-by-step’ arguments — see [VM,HHMMR)].

The layout of the paper is as follows. In section 2 we prove the finite base property
for a fairly general class of algebras, and in section 3 we use this result and the notion
of subreducts to get the property for more classes. In section 4 we extend the results of
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section 2 to classes such as WA. In the final section we discuss some of the implications of
these results.

Notation

Our notation is mostly standard, but the following list may help.

Sets. If X is a set, | X| denotes the cardinality of X, and pX the set of all subsets (the
power set) of X. Idx is the identity map on X. The ordinal n < w is identified
with {0,1,...,n —1}. If § : X — Y is a map, and X' C X, we write §[ X’ for the

restriction of 8 to X'.

Sequences. Let X be a set, and n < w. An (n-)sequence (or n-tuple) of elements of X is
a map from n into X. The set of all such sequences is denoted by " X. We use s,t,...
to denote sequences of elements, and Z, § to denote sequences (or tuples) of variables.
The length of Z is denoted by len(z). For i < n, the :th element of a sequence s is

written as s;, and we can write s as (So,...,8,-1). If 0 : n — n, then s oo is just
the composition of the maps o,s: so (s00); = sg;) foreachi <n. fa: X - Y
and s € "X, then sa denotes the sequence (soa,...,sn_1a) € Y. (Maps are often

written on the right.) Thus s o o is the sequence ‘rearranged’ according to o, while
sa is the sequence where the ‘letters’ occurring in s are replaced according to a.

T = {e,...,%-1} C n, where 10 < --- < 24_1, then for s € X, s[I' denotes
the sequence (s, ...,si,_,) € *X. s =r t will mean that s[(n \T) = ¢[(n \T), or
equivalently, s; = ¢; for allz € n \ T

Rng(s) denotes the range of s: i.e., Rng(s) = {s; : © <n}. The concatenation st of
sequences s € "X,t € ™X is the sequence u € "™ X given by
w — { S5, ifz<n
Y tise, fn<i<n+m.

Model theory. Classical model-theoretic (first-order) structures will be denoted by gothic
letters. The domain (or universe) of the structure & will be written as K; it is always
non-empty. A relational signature (or similarity type) is one with no function symbols
or constants. Apart from algebras (below), we will only consider relational structures
(structures in a relational signature), or at worst structures whose signature L has no
function symbols except possibly constants. If &is an L-structure and R is an m-ary
relation symbol in L, we write R* for the interpretation of R in &. So R®* C ™K. An
L-structure J is said to be a substructure of & — in symbols, 3 C & — if J C K and
3 R(s) iff & = R(s) for each R € L (m-ary) and s € ™J. If X C K, &[ X denotes
the substructure of & with domain X. We say that L-structures J, & are isomorphic
(written J = &) if there is a bijection between their domains that preserves all atomic
L-formulas in both directions.

A partial isomorphism of & is a partial one-to-one map o on K such that for each
atomic L-formula ¢(zo, ..., Zm-1) and s € ™(dom(a)), & E ¢(s) © ¢(sa). Note that
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partial isomorphisms will be written as acting on the right. An automorphism of &
is a partial isomorphism of & that is a permutation of K (a bijection : K — K). The
set Aut(8) of all automorphisms of & forms a group under composition and inverse
of permutations, with identity element Idk.

Algebras. These are structures whose signature has no relation symbols, but only function
symbols and constants. They play a different role from the classical structures here,
so we will write them differently, as A, B, ..., with domains A, B, .... Note that the
domain of an algebra may have pertinent intrinsic structure, as we saw. If u is an
assignment of variables to elements of the domain of A, we write 7(4%) for the value
of the term 7 in A under this assignment. So 7(4%) ¢ A. If 7 has no variables, we
may write 7% instead. In the same way, if f is a function symbol of the signature
of A, we write f4 for its interpretation in A4 as a function on A. For terms 7,0, we
write A = 7 = ofu] if 7(A%) = g(Au),

Up to isomorphism there is a unique algebra in any signature with domain of size 1.

Conventions. n will be the algebra dimension; z, 7 will denote ordinals < n; o will denote
a map : n — n; and I’ will denote a subset of n.

2 Proving the finite base property

We wish to prove the finite base property for various classes of algebras, which are defined
in section 3 below. Rather than prove many similar theorems, we will show that the
following class C of algebras has the finite base property, and then derive the particular
results as corollaries using the notion of subreducts (definition 9). Some classes (such as
WA) that do not succumb to this will be dealt with later, in theorem 23.

Recall that n, the dimension, is fixed throughout and satisfies 2 < n < w.

2.1 Definitions

DEFINITION 2 Define C to be the class of all algebras A of the following form. The
signature or vocabulary of 4 consists of the following function symbols:

binary: - (used in infix form)

unary: —, ¢(r), Sy, and e,, foreach I' C n, 0 : n — n, r < w. We may write c; instead of
C({i}) for 2 < m.

constant symbols: 0,1, and d,;, for each 7,7 < n.

The domain or universe of A is a subset A of (W), where W C "U for some arbitrary
set U. It is mandatory that A contains the interpretations of the constant symbols and is
closed under the interpretations of the function symbols. These are:
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e ‘’is interpreted as intersection, and ‘—’ as complement relative to W (that is, a-b =

aNband —a =W \a,for all a,b € A).
e 0 and 1 are interpreted as ) and W, respectively. W is called the unit of the algebra.
e d,; is interpreted as the ‘diagonal’ {s € W : s; = s;}.

e s, is interpreted as substitution via the map o: for each a € A, s?a = {s € W :
soo € a}.

e ¢ is interpreted as cylindrification along all components in I': for each a € A,
C'('%‘)G,Z{SEW:SEthOI'SOIIletEG,}.

e ¢, is a counting quantifier. For each r < w, e,a is interpreted as W if |a| > 7, and ()
otherwise, for each a € A. That is, e*a = {s € W : |a| > r}. The e, are sometimes
called ‘graded modalities’.

See the previous section for notation used here. Thus, A has the form
<A7 v T 07 17 d'ij; So, C(F); er>i,j<n, on—n, I'Cn, r<w-

DEFINITION 3 The base of an algebra A € C is the smallest set U such that 1# C "U.

2.2 Finite base property for C

THEOREM 4 Any universal sentence that 1s not valid in C is falsifiable in an algebra A € C
with finite base. In fact, from the universal sentence we can compute an upper bound for
the size of this finite base.

Hence, the universal theory of C is decidable; and if C' is the class of reducts of algebras
in C to any finite signature, then any finite algebra in C' is isomorphic to an algebra in C'
with finite base.

PROOF.

Let 7 be any finite set of terms in the language of C that is closed under
taking subterms, let A € C, and let u be an assignment of the variables in 7
to elements of 4. We will construct an algebra B € C with finite base and an
assignment v of the same variables to elements of B such that for all 7,0 € 7,

(%) AE=1=0fu] iff BET=0[.

This will imply the first part of theorem 4 because of the following. Let
VZ1 be a universal sentence that is not valid in C, where 1 is quantifier-free.
Let 7 be the set of terms occurring in %, and let A € C and u be such that
A £ ¢p[u]. Take B € C with finite base and v for which () holds. Then clearly,
B [~ ¢[v], and so Vzi fails in a member of C with finite base.
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So let 7, A and u as above be given. We may assume that 1 € 7. Let the
base of A be U, and let @ be an arbitrary finite subset of U. (We will use @
to handle the counting operations e,; in this we borrow an idea from [MM]. So
at the moment @) is arbitrary, but later we will make a restriction on it.)

Form a first-order relational signature 7 as follows. For each term 7 € 7,
7 contains a relation symbol 7. If 7 does not begin with c(r) for some I', then
the arity of 7 is n. Otherwise, 7 begins with c(ry, so is of form ¢(r)7’ for some
7', and in this case the arity of 7 is n — |I'|. (This is so even if 7’ is itself of the
form ca7”.)

Now create a classical first-order 7 -structure 4 as follows. The domain
of 4 is U. The relation symbol 7 is interpreted in 4 as 7(*) if the arity of
7 is n. Otherwise, 7 is of the form c(ry7’, and then we interpret 7 in 4 as
{s[(n\T) : s € A%} For example, if I' = n then 7 is either the set
containing the empty tuple, if 7/(Aw) # 0, or the empty set, otherwise. (Notice
(Aw)

that we define 7" in terms of 7/ , and not Fu, which may have lower arity
than n.)

For any s € "U we define the structure 4i(s) to be the finite substructure of
with domain @ URng(s), expanded by additional constants naming so, ..., Sn—_1
and the elements of (). More precisely, we introduce new constants a, and a;
for each ¢ € @ and 1 < n. (We may assume that @ Nn = (.) The signature of
each 4(s) is always the same, namely 7 U {a,,a; : ¢ € @,2 < n}. In y(s), the
interpretation of a, is ¢, and the interpretation of a; is s;, for each ¢ € () and
1 < n, while with regard to relation symbols in 7, 4(s) is a substructure of 4.

LEMMA 5 If s,t € "U and 4(s) = u(t), then s € 744 iff t € (A% for all
TeT.

PROOF.

Indeed, assume that $i(s) = 4(t). The unique isomorphism be-
tween 4(s) and $4(¢) takes s to ¢t. First let 7 € 7 be any term which
does not begin with any cr). Then s € 7(4%) iff u(s) | 7(s) iff
su(t) = 7(t) iff t € 7(A%, In particular, s € 1*iff t € 14, since 1 € 7.

Assume now that 7 is of form cqyr’. If s ¢ 14, then as ¢ ¢ 14
too, s,t ¢ 7(4%). So we may assume that s,# € 1**. Then

() ser™ i w(s) E7(s[(n\T)),

and the same for ¢, because of the following. By the definition of
74) we have that U(s) = 7(s[(n\T)) iff there is z € 1A o that
s =p 2z, which by s € 14 holds iff s € cg)T'(A’u) _ (A,

Now () together with (s) = y(t) implies that s € 7(4%) iff
t € (A% as required. &
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The structures 4(s) (s € "U) have at most || + n elements and their
language is finite, so that there are only finitely many isomorphism types of
them. Choose a finite subset K C U such that for all s € "U thereist € "K
with 4(¢) = 4(s). Necessarily, @ C K (though of course, if this were not true
we could simply add @ to K). For, if ¢ € Q, then g € U, so there are s € 14
and j < n with s; = ¢q. Let ¢t € "K with $(¢) = 4(s). Then t; = g since by
s; = q we have that 4(s) = a; = a,, so the same holds in (¢). Then ¢ € K by
te"K.

Let & be the substructure of il with domain K. It has a finite relational
signature, so we may use Herwig’s theorem (theorem 1) to obtain a finite 7 -
structure &7 O & such that any partial isomorphism of & is induced by an
automorphism of &7. Let G be the group consisting of all automorphisms of
&1 that fix Q pointwise — that is,

G ={g € Aut(8"): zg = z for all z € Q}.
Let
H:{sg:sETﬁ,gEG}Q"K+.

We now obtain an algebra

B = <$O(H)7 B (Z)a H; dij; So, C(F); er>i,j<n, om—n, I'Cn, r<w S C.

The base of B is a subset of K, and so is finite.
Define an assignment v of the variables in 7 to elements of the domain of

B, by: v(y) = {s € H : & = (s)}.
LEMMA 6 Forany g € G, 7 € T, and s € 75 we have sg € 7(5%) also.

PROOF.

A simple induction on 7. We want to prove that 7(5) is preserved
by G. Note that 18 = H is preserved under G since G is a group
(closed under multiplication). Also, y(8¥) = v(y) is preserved by G,
since each element of G is an automorphism of &t and H is preserved
under G. The rest follows from the fact that each operation of B is
permutation-invariant, so if all the arguments are preserved by G
then the result of the operation is also preserved by G. )

We can now prove the main lemma, analogous to the ‘truth lemma’ in modal
filtration.

LEMMA 7 For all 7 € T, we have s € 74 iff s € 7(B¥) for every s € "K.

PROOF.

By induction on the structure of 7. Let s € "K be arbitrary.
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The case 7 = 0. Trivial.

The case 7 = 1. Then s € 17 iff s € H, iff sg € "K and & = 1(sg)
for some g € G, iff sg € "K and &% = I(sg) for some g € G
(because & C &*1). This holds iff &7 = 1(s) — ‘=’ because G C
Aut(&"), and ‘<=’ because s € "K already. This is equivalent to
& |=1(s) (since s € "K and & C &7), i.e., to s € 14, by definition
of &.

The case where 7 is a variable. We have s € v(7)iffs €¢ H =17
and &% | 7(s). By the preceding case, 7 = 1, and the fact that
& C &%, this is iff s € 14 and & |= 7(s), which holds iff s € 14
and s € u(7), by definition of & This is iff s € u(7), as required.

The case 7 = d;;. Clear, since s € d;‘;- iff s € 14 and s; = s, iff
s € 1% and s; = s; (by the case 7 = 1 above), iff s € dfj.

The case —7. Assume the lemma for 7. We have s € —7(A%) iff
s€14and s ¢ 7MY iff s € 15 and s ¢ 7(5*) (by the case 7 = 1
and the inductive hypothesis), iff s € —7(B»),

The case 7 - 7. The proof is obvious.

The case s,7. Assume the lemma for 7. Then s € (s, 7)) iff
s € 1" and soo € 7%, Note that so o € "K, also. So by
the case 7 = 1 and the inductive hypothesis, this is equivalent
tos €18 and soo € 7(8%) ie. s € (s,7)B),

The case cry7. This is where the real work starts. Assume the
lemma for 7. Suppose first that s € (C(F)T)(B’”). Then there
is t € 7(B*) with ¢t =p s. Choose g € @ such that tg € "K;
g exists because t € 7(8¥) C 1% = H. Now by lemma 6,
tg € 75 also; by the inductive hypothesis, tg € 7(*%). So
certainly, tg € (C(F)T)(A’u). By definition of &, it follows that
# = ¢oy7(tg[(n \ T)). As g~' is an automorphism of &", of
which £ is a substructure, and t[(n\T) = s[(n\T) € " FIK, we
can apply ¢~ to this and get & = )7 (s[(n\T)). So by defini-
tion of &, thereis s’ € 7(4%) with s’ = s. Hence, s € (C(F)T)(A’u).
Note that for this last step we need to know that s € 14; but
s € (C(F)T)(B’”) C 15, s0 by the case 7 = 1, s € 1. See figure 1.
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iU

¢(r)T holds here

FIGURE 1.

Conversely, assume that s € (C(F)T)(A’u). So there is t € 7(44)
with ¢ =p s. We may not have t € "K, but by choice of K there
does exist ¢/ € "K with 4(¢') = u(t). Let a : 4U(t") — 4(t) be the
unique isomorphism. Then as t; = s; for all 2 € n\T', the domain
and range of the map

B = af(QU{ti:1en\T})

are contained in K, so B is a partial isomorphism of &.

Using the properties of &7 given by Herwig’s theorem, let g be an
automorphism of &t extending 8. Now by lemma 5, t' € 7(4%)
so by the inductive hypothesis, ¢ € 7(8¥). Clearly, g € G, so by
lemma 6, t'g € 7(B%), But t'g =p t =r s. As s € 15 (by reversing
the proof that s € 14, above), we obtain s € (C(F)T)(B’“), as
required. See figure 2.

FIGURE 2.

10
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The case e, 7. Recall that ) has so far been an arbitrary finite sub-
set of U, the base of .A. We now require that it is large enough
to ensure that for each term in 7 of the form e, 7,

(x+) 4% (1 %Q| > min(|rA)],r).

This is easily arranged. Now let e,7 € 7 and assume the lemma
for 7.

Cram. |[rAY| > r = |7(B¥)] > ¢,

PROOF OF CLAIM. Assume that |[7(4%)| > r. Tt follows from ()
that |74 N"Q| > r. Since inductively, 74 N"Q C 7(B2) we
must have |[7(B¥)] > 7.

Conversely, suppose that |[7(4%)| < . By (xx), 7(4%) C Q. Let
t € 7(8?) be arbitrary, and let A € G be such that th € "K.
Then by lemma 6, th € 7(5%) so by the inductive hypothesis,
th € 7(4%) C Q. But by definition of G, h fixes Q pointwise,
so th = t. Thus, t € 744, So 7(B2) C 7(A¥)  giving |7(B2)| <
|7(A%)| < . This proves the claim.

Now, for all s € "K, s € (e,7)%) iff s € 1* and |74 > 7,
iff s € 1% and |7(B¥)| > r (by the case 7 = 1 and the claim), iff
5 € (e,7)B),

This proves the lemma. &
COROLLARY 8 ¢(A%) = 7(Au) 4 5(B2) — 7(B2)  for gll o7 € T .

PROOF.

Assume that o4 £ 7(A%)  Let say, s € 7(A4) \ g(A%)  Let
t € "K be such that 4(s) = 4(¢). By lemma 5, t € 7(4A4) \ (A4, Asg
t € "K, by lemma 7 we have t € 7(B%)\ ¢(8%) 50 that 7(B%) £ 5(B),
In the other direction, assume s € 7(5%)\ ¢(B%), Then s € 1% by
s € 7BY) 50 sg € "K for some g € G. Then sg € 7(5%)\ ¢(8*) by
lemma 6, and then sg € 7(4%) \ ¢(4%) by sg € "K and lemma 7. &

This says that A = o = 7[u] iff B |= 0 = 7[v] for all 0,7 € 7, which finishes
the proof of the first part of theorem 4.

Finally, we can compute an upper bound B(¢) for the cardinality of the
base of B from our universal sentence ¢ as follows. From ¢ we can compute 7,
and from 7 we can compute an upper bound for |@|. Then from 7 ,|Q| we can
compute an upper bound for the number of isomorphism types of the structures
$4(s). This gives an upper bound for |K|, from which Herwig’s theorem gives
an upper bound for |K*|, which bounds the size of the base of B.

It follows that the universal theory of C is decidable. For, given a universal
sentence ¢ of the signature of C, we may compute 3(¢) as above, enumerate

11
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the finitely many algebras in the reduct of C to the symbols in ¢ with base of
size at most 3(¢), and evaluate ¢ in each. If we find one in which ¢ is false,
then obviously ¢ is not valid in C. If not, then ¢ is valid in C.

It also follows that any reduct to a finite signature (say X) of a finite algebra
in C is isomorphic in this signature to an algebra in C with finite base. For
if A € C is finite, with domain {ao,...,aq4_1}, say, let ¢(zo,...,z4-1) be a
formula representing the diagram of A in ¥. (So ¢ is the conjunction of all
Y-formulas of the form z;, = f(zi,,...,z: ), where f € ¥, {2,...,2,} C d,
and a;, = f*(a;,,...,a;), together with Ni<j<a i # z;.) Then VZ-¢$(Z) is not
valid in C, as it is not true in .A. Hence there is B € C with finite base, and
elements by, ...,bs_1 € B such that B = ¢(b). The map (a; > b;)icq is then a
Y-embedding : A — B, so the restriction of B to {bg,...,bs_1} is an algebra in
C with finite base and isomorphic to A in signature X.

This completes the proof of theorem 4. &

3 Corollaries

Now we want to prove the finite base property for more classes of algebras. This is not so
hard: quite a few familiar classes can be obtained as subreduct classes of C; and we will
show (corollary 10) that taking subreducts preserves the finite base property.

3.1 Subreduct classes

First we define what we mean by a subreduct class of C. We can get one by omitting some
operations, by making restrictions on the unit of the algebras, and even by adding some
new operations.

DEFINITION 9 (A SUBREDUCT CLASS OF C) Let § = (yo,...,Ym—1) be a sequence of vari-
ables. We will call y;, 2 < m, parameter variables; other variables will be called non-
parameter variables.

Let x = (9,7,...,7Tk) be a sequence, where 71, ..., 7 are terms in the language of C,
and 7(7,z) is a quantifier-free formula in the language of C which contains exactly one
non-parameter variable (z). The signature associated to x consists of function symbols
fi,..., fx, where the arity of f;, 1 <1 < k, is the number of non-parameter variables of 7;.
Of course, we identify a 0-ary function symbol with a constant.

Assume that for every A € C and every m-tuple @ of elements (parameters) from A4,
the set

n(a) =aer. {b€ A: A |=1(a,b)}

is closed under the functions on A defined by the 774(@), for each i. Then if #(a) is non-
empty, we obtain an algebra A; in the new signature {fi,..., fa}. Its domain A; is n4(a),

and the function symbols f; are interpreted in it as the restrictions to Az of the functions
defined by the 774(a), for each 7 (1 <14 < k).
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If (@) is empty, then by convention we let Aj; be the one-element algebra with doamin

{0}.

1. We say that an algebra of the signature associated to x is a x-subreduct of A € C if
it is a subalgebra of A; for some A € C and parameters a from .A.

Note that its domain is a subset of the domain of A.

2. The x-subreduct class C,, of C is defined as the class of all x-subreducts of algebras
in C.

3. A subreduct class of C is a x-subreduct class for some .

COROLLARY 10 Let C' be a subreduct class of C. Then C' has the finite base property: if
a universal sentence fails in C', then it fails in a member of C' with finite base. An upper
bound for the size of this finite base can be computed from the universal sentence. Thus,
the set of universal formulas valid in C' is decidable.

PROOF.

Let C' be the x-subreduct class of C, where x = (9, 71,...,7%). Let ¥(Z) be
a quantifier-free formula in the language of C', and assume that A’ £ VZi) for
some A" € C'. Let A € C, and @ be an m-tuple of elements of A, such that
A" = A;. I (@) is empty, then A’ is the one-element algebra, which is clearly
isomorphic to an algebra with base of size 0; so already Vz fails in an algebra
with finite base. Assume not. Then

A|:3y3:z( A n@,mi)wp'),

1<i<len(z)

where v’ is the formula we get from 1 by replacing each function symbol f; with
its ‘definition’ 7; (in the obvious way; we do not go into the detailed definition
now), and § are the parameter variables. By theorem 4, there is B € C with
finite base such that

B = 3y3z(A\n(g,z:) A ~¢").

Then Vzi fails in the biggest x-subreduct of B, which is in C’' and has finite
base, a subset of the base of B. Also, by theorem 4, an upper bound on the
size of the base of B can be computed from the formula 3§3Z(A; 7(y, z:) A '),
and hence from 1. Thus, the universal theory of C’ is decidable. &

3.2 Special cases

In this section we define some special classes of algebras investigated in the literature, and
then we will show that they are all subreduct classes of C. Here, n remains the dimension

of C.
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DEFINITION 11 1. Crs, is the class of all subalgebras of algebras of the form

<$O(W)7 T 07 ]-7 ¢4, dij>i,j<n;
where W C "U for some set U. Recall that we are writing c; instead of c).

2. Polyadic Crs,, is the class of all subalgebras of algebras of the form

<$O(W)7 T 07 17 €4y S(4,5)» S[i/j]>i,j<n7

where W C "U for some set U. Here, we write (z,7) for the transposition map
o:n —ngiven by (i) =7, 0(7) =1, and o(k) = k for all k € n\ {z,7}. We write
[¢/7] for the map : n — n given by: [¢/7](¢) = 7, and [¢/7](k) = k for all k < n with

3. We obtain C* from C by adding the combined substitution-cylindrification operations
ser for all o : » — n and I' C n. Take an algebra A in C, let its unit be W, and let
a € A. Then
ser(a) ={s € W:soo =rtfor somet € a}.

Note that in the above definition, s 0o does not necessarily belong to W, and indeed,
So,T 1s not expressible from s, and ¢y for arbitrary W.

We interpose a lemma on a certain ‘reflexivity’ restriction on the unit.

LEMMA 12 Let A € C and let W = 14 be the unit of A. The following are equivalent.
1. A islocally cubic [VM] — i.e.,if se W ando:n —>n thensooc € W
2. AEs,1=1foralo:n—n
3. W 1s the union of Cartesian spaces — sets of the form U for some set U.

PROOF.

1 = 2 : Assume that A is locally cubic, and let ¢ : n — n be given. If
s € Wthen sooc € W,so s € (sal)A. That is, W C (sal)A. The converse
inclusion is obvious; so A E s,1 = 1.

2 = 3 : Assume that A | s,1 = 1 forallo : n > n. Let s € W.
For any ¢ : n — n, (2) gives s € (s,1)4, so soo € W. We have proved
s € "Rng(s) C W, from which W = U,cw "Rng(s) follows, giving (3).

3 = 1: clear. [ 3

DEFINITION 11 (CONTINUED) 4. The subclass C' of C consists of all locally cubic al-
gebras in C.
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5. A locally cubic n-dimensional relativized cylindric set algebra augmented with sub-
stitution operators is a subalgebra of a locally cubic algebra of the form

<6O(W)7 Ty T 07 ]-7 Ciy Sy dij>i,j<n,a’:n—>n-

Note that such a subalgebra will itself be locally cubic. We write S,, for the class of
all such algebras.

6. The classes G, D,, are defined as follows:

G, = {A € Crs,, : A is locally cubic}
Dn={A€Crs,: A cd;; =1 for all 2,57 < n}.

We have G,, C D,, C Crs,.

The class Crs, is extensively investigated in the literature, e.g. in [HMTAN, HMT
(section 5.5), Monk93, ABN1]. The class S, is investigated, for example, in [VM], and the
classes G, and D,, in [N86, N96, AGN]. The class C* is studied in [N96].

LEMMA 13 All the classes defined in definition 11 are subreduct classes of C.

PROOF.

Crs, and polyadic Crs, are obtained from C simply by omitting some oper-
ations. We can get Crs,,, for example, by taking

n(z) = z==x

T.(z,2) = z-2

7_(z) = -z

T,(z) = ci(z) for all i < m, etc.

C* is obtained from C by adding a new operation s,r. C* is rendered a
x-subreduct of C by letting

n(y7m) = z S y /\ /\a’:n—»n sa']- - ]-

m(z,2) = y-(z-2)

_(z = y-—z, etc. (i.e.,relativize C-operations to y)
Toor(2) = Y- soc(r)(2).

Notice that 7”(a) is closed under the functions so defined, for all A € C and
parameters a from A. If A € C is such that 1* is not closed under all s, then
for all @ € A, n4(a) is the empty set, giving the one-element algebra as the
x-subreduct of A. Otherwise, by lemma 12 A is locally cubic, and it follows
that the meaning of s, in x-subreducts A’ of A is as intended. It can be
checked that all algebras in C* arise in this way.
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Cle is obtained from C by making a restriction on the unit 1. We can obtain
C'e as a x-subreduct class of C by letting

n(z) = (z=z)A A s;l=1

an—n

If A € Cis not locally cubic then 7 is again the empty set, giving the one-
element algebra as the y-subreduct of A. In the other cases, where A is locally
cubic, the x-subreduct of A is itself.

S, Dn, and G,, are obtained by combining these methods. &

COROLLARY 14 All the classes defined in definition 11 have the finite base property. In
particular, a finite algebra in them is representable on a finite set, and the universal theory
of the class is the same as that of the finite members. Further, the universal theories of
the above classes are decidable.

ProoOF.
Use corollary 10, lemma 13, and also lemma 29 below. &

Finally, we note that we can look at theorem 4 as stating a combinatorial principle.
Namely, it states that if a ‘pattern’ is realizable by n-ary relations at all, then it is realizable
by finite n-ary relations also. Here by a pattern we mean a finite partial algebra in the
similarity type of C. (By a finite partial algebra we mean one with finite domain, and with
finitely many operations defined only.)

4 Generalisations

We can prove the finite base property for more classes using a recent strengthening of
theorem 1, done by Herwig in [He2]. This gives a structure & O & as in theorem 1 that
‘looks locally like &8 — roughly, any substructure of &* that is ‘packed together’, in that
any pair of distinct elements of it can be extended to a tuple lying in a relation, can be
found already in &, except that extra relations may hold on the copy in & This means
that we can handle more operators than were in the class C. We discuss the strengthened
theorem first, and then we apply it to algebras. Although theorem 23 and remark 26 below
can be adapted to give theorem 4, we think it valuable to present both proofs because the
argument in theorem 4 uses a more elementary version of Herwig’s theorem.

4.1 Strengthening Herwig’s theorem

First, a definition.

DEFINITION 15 Let L be a relational signature, and 9, 91, L-structures.
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1. A tuple (ai,...,am) of elements of M is said to be live in M if M = afa1,...,am)
for some atomic L-formula oz, ..., Zm,) in which all of z1, ..., z,, occur.

2. M is said to be irreflezive if whenever ay,...,am € M, R € L,and M |= R(a1,...,am)
then the a; are pairwise distinct.

3. M is said to be packed if for any z,y € M there are m-ary R € L and elements a,,
ooy @m € M with z,y € {a1,...,an} and M |= R(aq, ..., am).

4. A map v: M — N is said to be a weak homomorphism : M — 9N if whenever R € L
is m-ary, a1,...,am € M, and M |= R(a1,...,an), then N = R(a1v,. .., anv).

Example: (a,a) is always live in 9, as M |= a = a. Note that v may not be one to
one, and that fewer relations may hold on a tuple in 9 than on its image in M.

The following can be easily extracted from [He2].

THEOREM 16 (HERWIG) Let & be a finite irreflezive structure in a finite relational signa-
ture L. There 1s a finite irreflezive L-structure &t D & with the following properties.

1. Any partial isomorphism of & 1s induced by an automorphism of &*.

2. If s is a live tuple in 8T, then there is g € Aut(&") such that sg is a tuple of elements
of K.

3. For any packed irreflezive L-structure M, if there is a weak homomorphism v™ : M —
AT, then there is a weak homomorphism v : M — A.

There 1s also a recursive (in &) upper bound for the size of K+.

It is easy to show that irreflexivity is not needed here. At the same time, we take the
opportunity to put the theorem in the form we will use. For this, we need the following

definition.
DEFINITION 17 Let L be a relational signature. A first-order L-formula 7(z1,...,Zm)
with free variables z,. ..,z is said to be packed if (a) it is a conjunction of atomic L-

formulas, and (b) whenever 1 <1 < 7 < m, there is a conjunct of 7 in which z;,z; both
occur.

COROLLARY 18 Let & be any finite structure in a finite relational signature L. There is a
finite L-structure &7 O & with the following properties.

1. Any partial isomorphism of & eztends to an automorphism of &7 .

2. If s is a live tuple in 8T, then there is g € Aut(&") such that sg is a tuple of elements
of K.
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3. For any packed L-formula 7(Z), if & |= 3z7(z) then & = Jz7(Z).
PROOF (SKETCH).

The idea is very simple: we introduce relations of lower arity that replace
the original ones wherever they are reflexive. This makes & irreflexive, and we
can apply theorem 16. Then we put the original relations back.

In a little more detail, for each n, each n-ary R € L, and each equivalence
relation E on n, we introduce a new |n/E|-ary relation symbol Rg. Let L’
consist of these new symbols. We also choose a transversal T for each E: that
is, Tg is a set of representatives, one from each E-class on n. And for an n-tuple
s, we let E, be the equivalence relation {(z,7) : 4,7 < n,s; = s;} on n.

Define an L’-structure & with domain K as follows. For Rg € L', we let

(Rg)® = {s[Tg, : s € R*,E, = E}.

Then £’ is irreflexive. Let 8T D &' be as in theorem 16. Define an L-structure
&% with domain K'* as follows. For R € L, of arity n, say, let

R = {s e "K' :5[Tg, € (Rg,)"" }.

Note that Aut(&'") = Aut(&").

We check that &* fits the bill. Evidently, & is a substructure of it. If « is
a partial isomorphism of &, it is also a partial isomorphism of &', so it extends
to an automorphism g of #T. Then g is an automorphism of &' extending
a. Hence (1) holds. For (2), if |Rng(s)| = 1, it is clear. If & = R(s), then
&% = Rg,(s[Tk,), so s[Tk, is live in &t and by theorem 16(2) is mapped into
K’ by some automorphism g of &'t. Then g is also an automorphism of &* and
maps s into K. So (2) holds.

For (3), let 7(z1,...,Zm) be a packed L-formula, let s € K™, and suppose
that &% |= 7(s). Let M be the substructure of &'t with domain Rng(s). If
|Rng(s)| = 1, then by (2) above, there is g € Aut(&") mapping s into K, so
& = Jz7(z). Assume that |[Rng(s)| > 1. As &'F is irreflexive, it can be checked
that oM is a packed irreflexive L’-structure. The inclusion map is clearly a weak
homomorphism from 9 into &'*. Hence, by condition (3) for &'f, there exists
a weak homomorphism v : M — &'. Note that because M is packed and &' is
irreflexive, v must be one-to-one. It follows that & = 7(sv). So (3) holds. &

4.2 Applications

DEFINITION 19 Let ¥ be a functional signature, and let n > 1.

1. We say that an algebra A of signature ¥ has dimension n if there are sets U, W
(called the base and unit of A, respectively) with A C p(W) and W C "U, W,U

being as small as possible subject to this.
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Clearly, if A has a dimension then its base and unit are uniquely determined.

2. Let f € ¥ be an r-ary function symbol, let §(zq,...,Zn_1) be a first-order formula
of the signature {1, R;,...,R,} (all n-ary relation symbols), and let A be an n-

dimensional algebra of signature ¥ with base U and unit W. We say that f is
defined by & in A, and that é is the table of f (in A), if

fA(al,...,ar):{s e™U :(U,W,ay,...,a,) F6(s)} forallag,...,a € A,

where in the structure (U, W, a4, ..., a,), the symbol 1 is interpreted as W C "U, and
R; is interpreted as a; (where 1 <17 <r).

3. A table §(z, Ry, ..., R,) is said to be ezistential-packed, or ‘EP’, for short, if it is of

the form
8z, Ry,..., R) = u(Z)A3Fy(e(z,9) A (7))
Here:
¢ Z=20,...,%n-1,9 = Y0, -,Ym—1 for some m < w, and all the z;,y, are distinct
variables.

e ¢ is a (possibly empty) conjunction of equalities of the form z; = y;, equating
elements of Z with elements of 7.

e 4 and 7 are quantifier-free formulas of the signature {1, Ry, ..., R, }; they may
involve equality, too.

e 4(z)F o(z) for some atomic formula a(Zz) of signature {1, Ry, ..., R,} in which
all variables in Z occur free.

e 7 is packed.

EXAMPLE 20 All of the operations of definition 2 are EP (i.e., definable by EP tables),
except for the counting quantifiers:

e The boolean operations are EP. Their tables are

bo(z) = 207&1:0
6(z) = I(a)
6_(z,R) = 1(53)/\—|R(:Y:_)

8.(z,R1,Ry) = Ri(Z) N Ry(Z).
Here, ‘35(e(Z,9) A 7(y))’ is the ‘empty formula’ (i.e., we choose m = 0).
e d;; is a nullary function with table 1(z) A z; = z;.
¢ For 0 : n — n, s, is a unary function with table 1(Z) A R(Z.(q), - - -, Zo(n-1))-

o For I' C n, c(ry is a unary function with table
1(Z)ATyo- - Yn1((Aier i = ¥:) A R(¥o, - - -, Yn-1))-
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Further EP operations are also possible. The simultaneous cylindrification-substitution
operations s,r of section 3.2 may be introduced in this way. We may also define, in
the manner of Marx and Németi (see [MNS]), an EP product p(ao,...,a,-1) of n n-ary
relations, with table of the form

I(z) A EIil/o---il/n< N\ zi=yiA [ A Ri(yo, -3 ¥im1,Yit1s -+, Yn) A LYo, - - ,yn—l)D-
1<n <n

(The final I(yo,...,Yn-1) is needed when n = 2, to make the ‘r’-part packed, although
omitting it does not change the logical meaning of the table.) Modulo a minor permutation
of variables, in the case n = 2 this yields the classical product of two binary relations,
relativized to the unit. The classical converse a of a binary relation a is also EP. See
example 22 below.

A final typical example comes from [J], in which the following m?-ary operation on
binary relations is defined and investigated: the defining formula is

Qm(zo, 21, (Rij 2,7 <m)) = yo...Ym-1(To = Yo A 1 = Ym-1 A /\ Rii(yi,5))-

2,7<m
This is an EP formula.

DEFINITION 21 Let ¥ be a a functional signature. A class K of algebras of signature ¥ is
said to be EP if there are a number n > 1, an EP table é; associated to each f € ¥, and
an existential sentence ¢ of the signature ¥, such that K is the class of all n-dimensional

algebras A of signature ¥ such that (i) each f € ¥ is defined in A by 64, and (ii) A = €.

EXAMPLE 22 The class WA of weakly associative algebras, defined in [Madd], is the closure
under isomorphism of an EP class. For it may be defined as the isomorphism-closure of
the class of all two-dimensional algebras of signature ¥ = {-,—,0,1,Id,~,; } (Id is nullary,
~ unary, and ; binary), where the defining sentence ¢ is (1 = i) A (1 = Id;1) (which is
quantifier-free), and the tables are as follows:

e For the boolean functions -, —, 0,1 see example 20.
o 51d(-’130; 501) = ZTo=1I1
e 6_(zo,z1,R) = R(z1,z0)

§;(930,931,R1,R2) = _
(2o, 1) A Fyoy1y2(zo = yo A 21 = y1 A R1(yo,y2) A Ra(y2,y1) A 1(Yo,91))

(As before, the final 1(yo,y1) is there to ensure packedness; its omission does not change
the meaning.) The sentence ¢ enforces that the unit is a reflexive and symmetric binary
relation on the base. The tables enforce that Id is interpreted in WA as equality, ~ as
converse, and ; as relation composition, all relativized to the unit. There are related
classes in which one or both of the reflexive and symmetric restrictions on the unit are
dropped, and these are also EP.
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THEOREM 23 Let n > 1 be finite, and let K be an EP class of n-dimensional algebras.
Any universal sentence that is not valid in K is falsifiable in an algebra in K with finite
base. An upper bound for the size of this finite base 1s computable from the sentence. K
has decidable universal theory. If the signature of K is finite, then any finite algebra in K
15 1somorphic to an algebra in K with finite base.

PROOF.

The proof is much as in theorem 4, and we only mention the differences.
We wish to show that any existential sentence ¢ = Jzv satisfiable in K is in
fact satisfiable in some algebra in K with finite base. We may assume that ¢
logically entails the existential sentence ¢ that defines K (as in definition 21).
Let 7 be a finite set of terms that contains all the terms occurring in 1 and
is closed under subterms. Assume we are given an algebra A € K, and an
assignment u of the variables in 7 to elements of A, such that (A,u) = 9.
We will find an n-dimensional algebra B with finite base of size effectively
computable from 7, and an assignment v of the variables in 7 to elements of

B, such that (B,v) |= 1. Hence, B |= ¢; and as ¢ - £, it follows that B € K.

Let U be the base of .A. We form a finite relational signature, and a structure
 with domain U, as follows. First, we introduce an n-ary relation symbol 1
and interpret it in i as the unit of .A. Then, for each 7 € 7 we introduce an
n-ary relation symbol 7, and interpret it in & as 7(4%),
operation symbols. Let 7 = f(m,...,7,) € T, where f is an operation defined
on the algebras in K by the EP table § = u(z) A 3y(e(z,9) A7(y)). Let u(z, 7,
...,7,) be the result of substituting the relation symbol 7; for R; in y, for each
1. Suppose that € is Ajp z;, = y;,, where 790 < --- <13y < n. Then a k-ary
relation symbol 77} is also introduced, and interpreted in il as

(TT)M = {(Sim'-';‘sik_l) - 8 ETLU’\7—(.A,u)7u|: }L(S,ﬁ,...,f)}.

But there are more

In the case 7 = ¢(r)7/, for example, 71" = {s[n \ T : s € (—7)A)}.

Choose £ > n such that the table of any operation occurring in 7 contains
at most £ variables, and take a finite substructure & C il containing isomorphic
representatives of each substructure of i of size at most £. Let &7 D & be as

in corollary 18. Let B be the algebra with domain B = p(TﬁJr ), the operations
being defined by the same tables as they are in K. Certainly, the base of B is
finite — in fact, we have:

LEMMA 24 The base of B is K, and the unit of B is T,

PROOF.

e

It is clear that B’s unit is I . To show that K+ is its base, it
—at

suffices to take arbitrary a € K+ and find s € % with a € Rng(s).
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As (a,a) is a live tuple in & (see definition 15), by corollary 18(2)
there is g € Aut(&%) with ag € K. So we can assume that a € K.
As a is (now) in the base U of A, thereis ¢ € 1" with a € Rng(t). By
choice of K, there is ¢/ € T" with &[Rng(#') = 4[Rng(t). Let i < n be
such that ¢; = a. Then {(¢,%;)} is a partial isomorphism of & which
extends by corollary 18(1) to an automorphism g of &%. Let s = t'g.

Then we see that ¢ = s; € Rng(s) and s € Tﬁ. &

Define an assignment v of the variables in 7 into B by v(z) = z%". We can
now prove an analogue of lemma 7:

LEMMA 25 For each term 7 € T, we have 7(8¥) = 787

ProoF.
By induction on 7. If 7 is a variable then the statement holds by
definition of v. Let 7 = f(71,...,7,) € 7 and assume the result for
Ti,...,7T,. For each z we have

Au) — 7' and (Bv) _ i (1)

. :

2

(the first by definition of 4, the second by the inductive hypothesis).
Let the EP table of f be 6§(Z, Ry,...,R,). Substitute the relation

symbol 7; for R; in this, for each 7, to give the formula

8(z) = u(z) A Jg(e(2,7) A7 (7)) (2)
We stress that 6, pu, 7 in (2) will in general involve n-ary predicates

from {1,71,...,7,}, though for brevity we do not show these explic-
itly. Then by (1), using lemma 24 for the second line,

VU, sern s k() @)
Vs c"K*, sctB) «— at | §(s).

Now we prove the lemma for 7. By (3), it suffices to show that if
s €K™ then

& = 8(s) & 7(s). (4)

Now if s is a counterexample then s is live in &%. (‘Live’ is defined in
definition 15. If &7 |= 7(s) then it is obviously live; and if &% = 6(s)
then &% |= u(s), so by the assumption on u in definition 19(3), &*
a(s) for some atomic formula a(z) of the signature {1,71,...,7,} in
which all variables in Z occur.) So by corollary 18(2), s is mapped into
"K by an automorphism of &, and as this automorphism preserves
both sides of (4), we see that there is a counterexample to (4) in K.
So we may assume that s € "K.
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Suppose first that &t = 7(s). Since s € "K now, we have U |=
7(s), and so by definition of i, s € 7(4%). Let §in (2) be yo, - - -, Ym_1,
and using (3) let ¢ € ™U be such that 4 = u(s) A (s, t) A 7(t).
There are s’ € "K and t' € ™K such that, as substructures of &,
we have s't’ = st. Then &% = e(s',t') A n(¢), as this formula is
quantifier-free. Moreover, the map s’ +— s is a partial isomorphism
of &. Using corollary 18(1), let ¢ € Aut(&") extend it. Then &" |
g(s,t'g) AN m(t'g). Since it = p(s), and this formula is quantifier-free,
&* = p(s), proving that &+ = §(s) as required.

Conversely, if &7 = §(s) then there is ¢ € K™ such that &" |=
p(s)Ne(s,t) An(t). Let € = Ajep i, = yj,, where 19 < -+ < gy <n
and jo,...,Jk-1 < m. Let

™(G) = m@ AT Yo ) (3)

CramM. & B 7*(t).
PROOF OF CLAIM. Assume the contrary. Now 7n* is clearly packed,
so by corollary 18(3) we have & = 7*(t') for some ¢t' € ™K. As 7*
is quantifier-free, 4 |= 7*(¢'). In particular, U = 7§(t;,...,%; ).
By definition of 71", we may choose s' € "U \ 7(4%) with 4 = u(s)
and (s),...,s; )= (t},...,t; ). But now, & |=¢e(s',t') Am(t'), so
g = 6(s') and (by (3)) s € 7*%), a contradiction. This proves the
claim.

But we have &7 |= (%), so by the claim, &7 £ 71(¢j,. .., t5_,)-
As &% = ¢(s,t), this says that &% [~ 71(ss, ..., 8:,_, ). But s € *U,
so also, U £ 71(sig,.-.,8i,_,)- As & | pu(s), the same holds in 4.
So by definition of (71)" we obtain s € 7(4%), By definition of 7%,
i = 7(s), and as s € "K we have &% |= 7(s) as required. The proof
of (4) is complete. &

It now follows that two terms 0,7 € 7 are equal in (A,u) iff they are in
(B,v). For if s € oA¥) \ 7(A%) then 4 |= (7 A =7)(s). By choice of K, there is
s' € "K with the same property. By the lemma, s’ € o(8¥)\ 7(B%). Conversely,
if s € o(B*)\ 7(B) then the lemma yields &7 |= (7 A —=7)(s). Hence s is live
in &7, and by corollary 18(2) we may suppose without loss of generality that
s €"K. So U |= (7 A =7)(s), giving s € o(Au) \ 7(Au),

It clearly follows that (B,v) = %; so as we said, B = ¢, B |= £, and B € K.
The rest of the proof is as in theorem 4. &

REMARK 26 Recall that theorem 4 contained some additional arguments (borrowed from
[MM]) to handle the counting quantifiers. These can be included in theorem 23, too,
but for simplicity we omitted them. The same idea gives the following. Let K be as in
the theorem. Take any finite set 7 of terms in the language of K, any A € K, and any
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assignment u of the variables occurring in 7 to elements of A. Then there are B € K with
finite base and an assignment v of the variables to elements of B such that for all 7,0 € 7

. AE(r=0)u]iff B (r =0)].
2. If 7(A%) is finite, then 7(A%) = 7(B2),

However, the proof does not give an effective bound on the size of the base of B in terms
of T.

We indicate the modifications to the proof required to obtain this. We can assume that
T is closed under taking subterms. For any 7 € 7 such that 7(4%) is finite, choose a finite
subset @, of U such that 7(4%) C "(Q,); otherwise let Q, = 0. Set @ =U{Q,: 7€ T} C
U. Then @ is finite. Include in the signature of il additional constant symbols to denote
the elements of Q).

Note that any substructure of i contains (). Corollary 18 can be adapted in the style
of theorem 4 to signatures with finitely many constant symbols, and lemma 25 can still be
proved.

To show 7(4%) = 7(B?) when the former is finite, assume it is, and let s € 7(4*), Then
5 € "Q C "K, so &7 = 7|s| since 4 = 7[s], hence s € 7(B*) by lemma 25. Conversely,
assume s € 7(B%) ie., &t = 7[s]. Then s is live in &%, so s = s'g for some s’ € "K
and automorphism g of &7. Then &* |= 7[s'], hence U |= 7[¢'], i.e., s € 7(#%) and hence
s’ € *Q. But each automorphism of &% is the identity on @, so s = s’ and s € 7(4%),

Notice that we obtain as a special case of theorem 23:

COROLLARY 27 The class WA of weakly associative algebras is the closure under isomor-
phism of a class with the properties cited in theorem 23. The same holds for the related
classes 1n which the unit 1s not required to be reflezive/symmetric.

PROOF.

Example 22 shows that WA is the isomorphism-closure of an EP class, so
that theorem 23 applies. &

5 Discussion

In this section we investigate the notion of finite base property a little more, and then we
explore the possible improvements of our theorem 4. The class C is as in definition 2.

DEerINITION 28 1. Let K C C, or more generally, K C C’ for some subreduct class C’
of C. Let S be a set of sentences. We say that K has the finite algebra property
(respectively, finite base property) with respect to S if whenever a sentence in S fails
in some algebra in K, it also fails in a finite algebra (respectively, in an algebra with
finite base) in K.
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Thus, K has the finite algebra property of the introduction if it has the finite algebra
property with respect to the set of all universal sentences; and similarly for the finite
base property.

2. We say that K has the finite algebra on finite base property if each finite member of K
can be represented on a finite base (i.e., is isomorphic to an algebra in K with finite

base).

In other words, K has the finite algebra property with respect to & means that the
S-theory of K is the same as the S-theory of the class of all finite members of K.

We state the following simple lemma without proof.

LEMMA 29 Let K C C, possibly with some C-operations dropped. The following are with
respect to arbitrary S.

1. Suppose that the similarity type of K is finite. If K has both the finite algebra property
and the finite algebra on finite base property then it has the finite base property. The
converse holds if S contains all universal sentences.

2. K has the finite algebra (respectively, base) property iff every reduct of an algebra in K
to a finite signature ¥ is isomorphic to a reduct (to ¥) of a finite algebra (respectively,
of an algebra with finite base) in K.

Using the terminology of definition 28, our theorem 4, corollary 14, and theorem 23 state
that the classes C,C!, Crs,, polyadic Crs,, etc., all have the finite base property with
respect to universal sentences. We now begin to discuss the possible improvements of
these statements.

1. Let Cs, = {A € Crs, : 14 is a Cartesian space}, and Gs, = {4 € Crs, : 1" is a
disjoint union of Cartesian spaces}. Then Cs,, Gs, have the finite base property by
[HMT, 4.2.8, 3.2.66|, while for n > 3, Cs,, has neither the finite algebra property with
respect to equations, nor the finite algebra on finite base property. The same holds

for Gs,, cf. [N84] and [Monk91, status of Problem 4.15].

2. Crs, for n > 2 does not have the finite algebra property with respect to existential
sentences. This follows from work of Mikulds [Mi], in which an equation e with free
variable z is given such that A [= e for some A € Crs,, while for all A € Crs,, A =€
implies that A is infinite. That is, the existential sentence dz—e fails in Crs, and it
can fail only in infinite algebras in Crs,. Roughly, the idea in [Mi] is to express with
Vz e that the unit ‘contains’ an injective but non-surjective function on (part of) the
base.

3. Here we briefly summarize what is known about the finite base property in the theory
of relation algebras. Let RA, SA, WA, Rs respectively denote the classes of all relation
algebras, semi-associative relation algebras, weakly associative relation algebras, and



February 10, 1997 26

set algebras. For definitions see [HMT, chapter 5.3] and [Madd], for example. Now,
RA, SA, Rs do not have the finite algebra property for equations. Rs does not have
the finite algebra on finite base property. The proofs for these are adaptations of
the ones for the cylindric cases. It is proved in [N87] that WA has the finite algebra
property. We proved above (corollary 27) that WA has the finite algebra on finite
base property. (This was stated in [N96], but the proof therein contains an error.)

4. It is a useful general question to characterise the operators for which the finite base
property holds — that is, what kind of tables, as in definition 19, are allowed?

First, one might consider adding to the signature of C some more interesting counting
quantifiers, of the form e} for arbitrary I' C n, with semantics

efa={scl1*:|{tca:t=rs} >r}

for an algebra A and a € A. However, Mikulds proved in [Mi] that the resulting class
does not have the finite algebra property with respect to equations, and indeed, for
n > 3 it has undecidable equational theory. But it still can have, in principle, the
finite algebra on finite base property. It would be interesting to know whether it does
or not.

5. The preceding point shows that we cannot be too liberal with what operators we
include in the signature of C. On the other hand, we can be slightly more general and
add any unary operators of the form f,;, where ¥(o,. .., ¥-—1) may be any quantifier-
free first-order formula written with equality only, and %o,...,%-_1 are n-tuples of
distinct variables. The table §(Z, R) of the function fy is

3o Gr=a(¥(Fo, - - -, Fr-1) A\ R(52))-
w<r
See definition 19. As Z does not occur in 6, the value of f, is always empty or the
unit. It s required of v that in any algebra, if a is infinite then fya is the unit. We
can then adapt the proof of lemma 7, in particular, to handle these operators. The
set () should be chosen so that for each fy7 € 7, @ contains some so,..., 8,1 in
7(A%) such that U = 4(so, . . .,8,_1), if there are any (i.e., if (4,u) | fy7 = 1), and
the whole of 7(4%) if not. Thus, the finite base property still holds.

Here are some examples of such . (We write y;; for the jth variable in the tuple ;.)

® Aicj<r Vi<n Yik 7 Yjk, for which fya = e,a, for all a. The counting quantifiers
are therefore expressible by the operators f.

® Voron Nicj<r Yim(s) 7 Yin(s), for which fya = 1 says that the ‘base’ of a, defined
in the obvious way, has at least r elements.

Notice in each case that if a is infinite then there are sg,...,s,_1 € a such that
U =(so,...,80-1), as required. A non-example is
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® Aicj<r ki<n Yik 7 Yj1, for which fya = W expresses that the argument a has at
least r pairwise disjoint sequences.

Here, a may be infinite and yet all its sequences may intersect. We wonder whether
adding such an operator destroys the finite base property.
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