5 The “speed of light free” part of our axiomatic
theories

September 15, 2002

In earlier parts (e.g. §§ 3.4.2, 4.3-4.5) we started to remove the speed of
light related axioms from our theories, Basax and Newbasax, obtaining Bax,
Reich(Bax), Bax~ etc. Below we will remove the remaining “photon axioms” and
will identify a fragment Relnoph of our theories which does not mention photons
at all.>>* For simplicity, the present chapter is based on Basax (as opposed to e.g.
Newbasax).

One of the motivations for introducing Relnoph comes from “conceptual analy-
sis” i.e. from the desire to find out how far one can get in developing relativity theory
without mentioning photons. Or, equivalently, we want to find out how strong the
“photon-free principles” of our formalized relativity theories are.

The name Relnoph refers to “a variant of special relativity with no photons”.

Relnoph is intended to be a set of natural and convincing principles, such
that despite of the fact that Relnoph does not mention photons, the interesting
predictions of special relativity (like the twin paradox, or our paradigmatic effects)
would be derivable from Relnoph (perhaps under some simple extra assumption).

In items 5.0.46, 5.0.48, 5.2.4, 5.2.5, 5.2.6, 5.2.8, 5.2.10, 5.2.14, 5.2.15, 5.2.16,
way below, we will see that Relnoph can be considered as an adequate axioma-
tization of special relativity in the above outlined sense. To make this statement
more tangible, we use the theory Flxspecrel, introduced in §4.1, as our formalized
representative of “usual special relativity”.?®® Among others, we will see that, un-
der some mild conditions, Flxspecrel+Relnoph becomes what is called in logic a
“conservative extension” of Relnoph. Le. all photon-free®® theorems of Flxspecrel
are derivable from (Relnoph+ “some natural conditions”). We will see other (e.g.
model-theoretical or semantical) results pointing in the direction that Relnoph is
strong enough to “re-capture special relativity”. We will also indicate open possi-

554 A cknowledgement: Gyula D4vid [71], (at Dept. Physics ELTE Univ.) developed a speed
of light free approach to the special theory of relativity. It remains a task for future research to
compare the one in the present chapter and the one developed by Gy. D. and eventually to combine
them. Further; the present chapter incorporates ideas due to Gyula David which we learned from
him during discussions as well as during his lectures on the seminar of our department.

535 At this point, we would like to note that Flxspecrel is a strong theory, e.g. it proves the twin
paradox and all of our paradigmatic effects under assuming that the speed of light is not infinite.

536By a photon-free formula we understand one that does not involve the predicate symbol Ph.

704



Ax(group™)-t
kicserélni
Ax(group)-ra.
Régi Ax(group)-
ot kidobni, és
sz6lni Csabdnak!

bilities and promising directions in which the present “Relnoph-based” approach
could be improved and in which new, interesting theorems could be found. (E.g.
Lemma 5.0.59 could be used to prove stronger, more general results in the line of
Thm.5.0.46 below.)

To illustrate that Flxspecrel is close to “standard special relativity” we note
the following. If 9 |= Flxspecrel + (¢ < oo) then all world-view transforma-
tions f,,; coming from 9 are generalized Poincaré transformations in the sense of
Definition 5.0.67 way below, cf. Prop.5.0.69.

On the structure of the present chapter: We start with the definition of
Relnoph and after that we continue with some “warm-up exercises” (i.e. getting
familiar with Relnoph and with subject matter of the present chapter). The first
two main results (of §5) are Theorem 5.0.46 (p.711) and Conjecture 5.0.48 (p.712).
The proof of Theorem 5.0.46 is relatively long, together with preparations it involves
pp. 713-743. After the proof of Thm.5.0.46 in §5.1 “Compositions of transforma-
tions can be drawn” (pp. 744-750) we discuss a “side-issue” which comes up during
the proof and which turns out to be very useful for obtaining insights to how our
models work. Further main results come later, in §5.2 “Corollaries and further
results” beginning with p.751. At the end of this chapter in §5.3 “Some further
potential axioms” we discuss an axiom of continuity Ax(cont) which often shows
up in relativity books (e.g. in Rindler [224]) as a tacit, implicit assumption.55”

Let us turn to introducing Relnoph. We will build up the theory Relnoph in
two stages. The first stage is Relnophg below.

Relnophy &' (Ax1-Ax4)58+Ax6+Ax01+AxA1+Ax(v ) +Ax(Triv)+Ax(]]).

First we prove a few “warm-up exercises” like Propositions 5.0.34, 5.0.35, 5.0.38
and Theorem 5.0.39 below, and somewhat later, beginning with Theorem 5.0.46
(p.711) we turn to formulating our main results.

PROPOSITION 5.0.34

(i) Relnophg = Ax(group™), hence {fx : m,k € Obs} is a group w.r.t.
o etc. Moreover;

557 At this point we would like to remind the reader of the folklore-slogan often heard in physics
classes “in physics all functions are continuous and differentiable”.

558 Ax1, Ax2, Ax3, Ax4. It is true that Ax2 mentions Ph but this has no consequences in the
present context. I.e. nothing changes if we remove Ph from Ax2.
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(ii) {Ax6,Ax(Triv), AxO1} = Ax(group™).
(iii) Relnophg E v, (k) = vi(m).
(iv) Relnophy = Ax(w) + Ax(symm).

Proof:
Proof of (i), (ii): Assume Ax6, Ax(Triv), AxO1l. By Ax6 and Ax(Triv), we have
that

(Vm, k € Obs) [fur : "F — "F is a bijection].

To prove Ax(group)™ let m,k,m' k' € Obs. We want to prove that f,z o f
is a world-view transformation f,,;, for some h € Obs. Let h € Obs be such that
fokr = fen. Such an A exists by AxO1. Now, f,.x o fuk = fuk o frn = fun, and this
is what we wanted to prove.

Proof of (ii1): Ttem (iii) follows easily by AxA1+Ax(]|). We leave the details to
the reader.

Proof of (iv): Assume Relnophg. Ax0O2 follows by AxO1+Ax(||), AxA2 follows
by AxA1+Ax(]|). To prove Ax(symm), let m,k € Obs. Let k' € Obs be such
that f,,,, = fi,, and

t?"k (k’) = E

Such a k' exists by AxA1. Thus tr,,(k) = trp(m). Let m' € Obs be such that
fmk: == fklml.
Such an m' exists by AxO1. Thus try, (k) = try(m'). This and trp, (k) = try(m)

imply that
tr(m') = 1.

Therefore (by Ax(]|)) Ax(symm) holds for m and k.

Next we introduce a further axiom specific for the present chapter. In our ear-
lier theories, existence of “slow observers” was ensured by Ax5gps which mentions
photons. Therefore we have to replace Ax5ops with a variant of it which uses
observers instead of photons. Roughly speaking the old axiom Ax5¢ps said that
speeds slower than a speed of a photon are realized by some observers. In the new
axiom Ax(5nop) we will say the same but with an observer in place of a photon.

Ax(5n0p) Vm, k (VA € TF)[A < vu(k) = 3K (vm(K) = M.

The intuitive idea of Ax(5nop) is that if a certain speed is realized by some
observer then the smaller speeds are also realized by some observers.
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Beginning with item 5.2.20 way below, we will experiment with replacing Ax(5nop)
with a weaker®® version Ax(5nop)~.

PROPOSITION 5.0.35 Relnophy(2) = Ax(5nop).

Idea of proof: Assume n = 2. Start out with a model of NewtK+Relnoph.
Restrict the set of possible speeds to a small subgroup of F, e.g. keep only those
observers whose speed is an integer. Then in the so obtained model Relnophy is
true while Ax(5nop) fails. §

QUESTION 5.0.36 Assume n > 2. Is then Relnophg = Ax(5nop) true?

Definition 5.0.37 We define,
Relnoph & Relnoph, + Ax(5nop).

PROPOSITION 5.0.38 Assume Relnoph. Then
Vm' VI [ang®(£) < v (k) = 3K (trp (k) = £)].

Proof: The proof uses AxO1, Ax(5nop) and Ax(Triv). We use an idea which
can be formulated intuitively by saying that AxO1 copies traces of observers from
one world-view into another one (actually it can copy from any world-view into any
other world-view). The details of the proof are left to the reader.

THEOREM 5.0.39 Assume Relnoph. Then the f,,;’s are affine transformations.

Proof: Assume Relnoph. Assume m,k € Obs are such that v,,(k) # 0. If there
are no such m, k then, by Ax(||), we are done. Let A := v,,(k). By Prop.5.0.38,
we have that Vm' V¢ [ang?(¢) < A = k' (trw (k') = £)]. Now, the proof of
Thm.3.1.1, saying that in Basax the f,;;’s are bijective collineations, can be pushed
through for the present case if we replace SlowEucl in the proof of Thm.3.1.1 by
SlowEucl* := {¢ € Eucl : ang?(¢) < A}. By this we get that the f,,;’s are bijective
collineations. Hence, by Lemma 3.1.6, every f,,, can be obtained as a composition
of an affine transformation and a map ¢ induced by a field automorphism ¢. By
Prop.5.0.34(iv), AxA2 holds. Now, we use AxA2 and Ax(v ) to exclude the
(nontrivial) field automorphisms from the f,;’s, i.e. to prove that the f,;’s are
affine transformation. This can be done exactly as in the proof of Lemma 3.9.9,
p-353.

|

559To be precise Ax(5nop)~ is provable in Relnoph + (3m, k) v,, (k) # 0.
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QUESTION 5.0.40 Does Relnophg imply that the f,,;’s are affine transforma-
tions?
We note that in Relnophgy models if an f,,; is a collineation, then it is also an
affine transformation, cf. the proof of Thm.5.0.39.
<

As we already said in the introduction of the present chapter we will use the
theory Flxspecrel introduced in §4.1 as our formalized representative of “usual
special relativity”. In comparing models of Relnoph with models of Flxspecrel,
on the intuitive level we think of Relnoph as if the predicate Ph was not present
in its language. (Formally, Ph is present but we did not use it hence we can throw
it away without causing any change in things which are essential.) This intuition
motivates the following definition.

Definition 5.0.41 Throughout this definition 9t and 9 are frame models.

(i) By the photon-free reduct of 9 we understand the model 9~ obtained from
9 by omitting the relation Ph™ and throwing away all the photons.

(ii) M is a photon-free sub-reduct of M if the following hold. Let M~ and M~ be
the photon-free reducts of Ot and 9, respectively. Now, our condition says,
that 917 is a strong submodel of 9017, and in addition all the universes of 91~
are the same as those of 91~ except for universe of sort B.

(iii) Notation: Let Th, Th; be sets of formulas in our frame language. Then

M= “Th” iff 9is a photon-free sub-reduct of M, for some M = Th;
Thy = “Th” iff (VO € Mod(Thy)) 9 = “Th”.

(iv) Let 9T C 9. Then N is called a B-submodel of 9 iff all the universes of N
are the same as those of 9t except for universe of sort B, i.e. F* = g and
G" = G™ (and Obs™ = Obs™ N B, Ph”™ = Ph™ n BM).

<

We will see that a mild, extra assumption like e.g. v,,(k) # oo or (x1) or (*2)
or (*3) below ensures that models of Relnoph become photon-free sub-reducts of
models of Flxspecrel, if we assume that § is Archimedean. This will be stated in
the first main result of this chapter, Theorem 5.0.46. Further main results will be
stated much later beginning with Corollary 5.2.3 on p.752 (in §5.2 “Corollaries and
further results”.)
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For formulating principles (x1), (x¥2), (¥3) we will need the notion of strict stan-
dard configuration. Standard configuration was defined in Definition 2.3.16 (p.71).
The notion of a strict standard configuration introduced below ensures that the two
data v, (k) and the truth-value of (m 1 k) completely determine the transformation
fmk, assuming Relnoph, cf. Theorem 5.3.1. In connection with the intuitive content
of the formal part of the definition below, we note that it might be useful to read
Remark 5.0.43 below.

Definition 5.0.42 Assume m, k € Obs.

(i) Then m and k are defined to be in strict standard configuration if they are in
standard configuration, m sees £ moving forwards in direction 1,, k sees m
moving backwards in direction 1,, further
[V (k) =0 = frm(1e)s - fem(12), > 0] and
[V (k) =00 = (fem(1)z > 0 & frm(1): < 0)]. Cf. Remark 5.0.43.

(ii) fx is called a strict standard world-view transformation iff m and k are in
strict standard configuration. Cf. Figures 247, 248 (pp. 727, 731).

(iii) We say that the world-view transformation f,,; is of nonzero speed iff v,, (k) #
0.

<

Remark 5.0.43 In connection with Definition 5.0.42 above we note the following.
Assume m, k € Obs.

(1) If v, (k) = 0 or [v;,(k) = oo and tr, (k) C Plane(t, Z)] then m sees k moving
both forwards and backwards in direction 1.

(ii) Assume Relnoph. Then
(vn(k) =0 = wvg(m)=0) and (v,(k) =00 = wvg(m)= c0)

by Proposition 5.0.34(iii). Therefore, if m and & are in pre-standard configu-
ration we have that

v(k) =0 =  (fin(l) €T & frn(ly) € 2)°° and
vm(k) =00 = (fem(ly) €T & frm(ly) €1),

cf. the transformation in Figure 248 (p.731) represented by 1 and 1,m.
<

560f,.» (1) € 7 holds by Ax(]]).
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Next, we introduce some of our “mild assumptions” promised before, which will
ensure that Relnoph = “Flxspecrel” under assuming “Archimedean-ness”.

The sum of finitely many small positive velocities is not infinite,

(+1) formally: Let j € w. Let my,...,m; € Obs. Assume m;, m;;1 are
in strict standard configuration and v,,,(m;y1) < 1, for all i < j.
Then v,,,(m;) # oco.

The sum of finitely many small positive velocities is nonnegative,
formally: Let j € w. Let my,...,m; € Obs. Assume m;, m;;1 are
in strict standard configuration and v, (m;;1) < 1, for all i < j.
Then my sees m; moving forwards in direction 1.

The sum of finitely many small positive velocities is nonzero, for-
mally: Let 0 < j € w. Let myg,...,m; € Obs. Assume m;, m;;1
are in strict standard configuration and 0 < v, (m;11) < 1, for all
i < j. Then vy, (m;) # 0.

Remark 5.0.44 In the above principles (x1)—(*3), we formalized the intuitive idea
of a small speed as a speed smaller than 1 only for simplicity: As we will see in later
proofs in the present chapter, we could express a more sophisticated speed limit®%!
(like the speed of light was in earlier sections) and we could use that speed limit in
place of 1. This perhaps would make the naturalness of the above principles more

convincing for some of our readers. But for simplicity we do not go into this here.
We also note that principles (x1)—(x3) are not single formulas but instead they

are schemas of formulas (like e.g. the schema of induction in Peano’s arithmetic).
<

The following theorem shows that Relnoph + (1) + (*2) + (x3) is a consistent
theory. Namely this theory is satisfied by the Minkowski models.

THEOREM 5.0.45 Let § be a Fuclidean field. Recall the definition of the
Minkowski model imé/f over § from Def.3.8.42. Then

MY = Relnoph + (x1) + (x2) + (+3).

561Using notation in Figure 249 this speed limit is tan(a)/|tan(3)|.
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Proof: The proof is a straightforward checking of the axioms. Therefore we leave
it to the reader. For completeness we note that Prop.3.9.7 (p.352) can be used in
proving the present theorem. I

Our next theorem points in the direction that Relnoph re-captures the essential
part of “usual special relativity” (and it does this without mentioning anything like
photons). Further results in the same direction will be stated in §5.2 “Corollaries

and further results” way below.
We conjecture that instead of Relnoph the weaker theory Relnoph \ {AxA1}
would be sufficient in the theorem below, cf. Conjecture 5.0.48.

THEOREM 5.0.46
(i) Assume 91 € Mod(Relnoph + (x1)) and that " is Archimedean. Then

N = “Flxspecrel”.

Moreover;

(ii) If in addition (Im, k) v, (k) # 0 is assumed then the photon-free reduct of N
15 the photon-free reduct of some Flxspecrel model.

(iii) Both (i) and (ii) remain true if we replace (x1) with any one of (¥2), (x3) or
Um (k) # o0.

Before outlining an idea for proof we formulate a question.

QUESTION 5.0.47 How much of the axioms in Relnoph are needed for proving
the above theorem? We conjecture that not all are needed.
In particular is AxA1 needed?
Does item (i) hold for Relnophg in place of Relnoph? If no, then what is the
answer forn > 2%
Assume n > 2. Is then Thm.5.0.46 true for Relnophg in place of Relnoph?
<

In connection with the above question we include the following conjecture. Cf. also
items 5.2.17, 5.2.19.
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Conjecture 5.0.48 Assume M € Mod(Relnoph \ {AxA1} + (v, (k) # o0)). As-
sume I = R. Then we strongly conjecture that (i) and (ii) below hold.

(i) M = “Flxspecrel”.

(ii) If (3m, k) v, (k) # O then the photon-free reduct of I is the photon-free reduct
of some Flxspecrel model.

Possible proof: Let 9t € Mod(Relnoph \ {AxA1} + (v,(k) # 00)). Assume
™ = R. Without loss of generality we can assume that (3Im, k) v, (k) # 0, since
otherwise, by Ax(||), the conclusion of the conjecture is true. Let

(313) c:=supq{ vn(k) : m,k € Obs} .2
Clearly, ¢ > 0. Let

SlowEucl® := {¢ € Eucl : ang?({) <c}.
By Prop.5.0.38 (and (313)), we have that
(314) (Vm) (V¢ € SlowEucl®) (3k) tr,, (k) = L.

By (314) (and Ax6), it can be proved that the f,,;’s are bijective collineations in
9N, cf. the proof of Thm.5.0.39. Therefore

(315) (Vm, k) fop € Aftr,

since R has no nontrivial automorphisms. By (313)—(315), Ax4 and M = v,, (k) #
o0, it can be checked that
(316) (Ym, k) vin(k) < c.

By (314) and (316), each f,,; induces a permutation on the set SlowEucl® the natural
way. By this and (315), we have

(317) (Ym, k)(V€)[ang?(£) = ¢ & ang?(fxlf]) = c].

By (314), (316) and (317), we have that the photon-free reduct of 9t is the photon-
free reduct of an Flxbasax model 9 in which the (square of the) speed of light is
c. Let this 91 be fixed. Now, to prove the conjecture it remains to see that M =
Flxspecrel. By 9 = Relnoph\ {AxA1}, we have that 2t = Relnoph\ {AxA1}.
Hence it remains to prove 9 = Ax(symm). We will prove this by using one of the

562As usual sup H denotes the supremum (i.e. least upper bound) of the set H taken in the
ordered set R U {oc}.
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“median observer” proof methods from §3.9 as follows. Let m,k € Obs. Let h be
their median observer. The existence of such an A can proved by using Thm.3.8.25,
M & Flxbasax+Ax(v/ ) and (316). Let &’ € Obs be such that f,,, = o7. Such an A’
exists by Ax(Triv). Let k', m' € Obs be such that f,,;, = fpp and fur = . Such
m', k' exist by AxO1. NOW, fmk = fmh thk = fk:’h’ O fh’m’ = fk’m’- Further trm(m') =
tri(k') = t by fpy = of and by the choices of m/,k'. So 9 E Ax(symmy).
Ax(eqtime) holds by Ax(]|). Hence 9 = Ax(symm). This finishes the possible
proof for Conjecture 5.0.48. It remains a future research task to check whether this
proof is correct.

<

We note that the possible proof given for Conjecture 5.0.48 is simpler than the
one given for Theorem 5.0.46 below. A price we have to pay for this simplicity is
that we have to assume that F™ = 9R. This illustrates that the fact that in the
present work we do not assume F' = R has far reaching consequences. In other
words it is an essential feature of the present work that in our theorems we usually
assume only that ™ is an ordered field. If we assumed ™ = R the proofs would
become much simpler but the theorems would become much weaker.

Items 5.0.46, 5.0.48 above belong to the main results of this section. Further
“main” results and corollaries®®® will be stated beginning with p.751.

For proving Thm.5.0.46 above we need some theorems, lemmas and definitions.
These come below.

In connection with the theorem below we refer to Prop.4.6.7 (p.604) and the
discussion preceding it.

THEOREM 5.0.49 Strict standard configurations work in Relnoph. That is,
Relnoph =
Vm, k 3Im' k' (fme, frer € Triv and m', k' are in strict standard configuration).

In the proof of Theorem 5.0.49 we will use Proposition 5.0.50 below. Hence the
proof of Thm.5.0.49 comes below Prop.5.0.50.

PROPOSITION 5.0.50 Pre-standard configurations work in Relnoph.

Proof: This can be easily proved by using Ax(Triv) and Thm.5.0.39. The proof is
left to the reader. 1

Proof of Thm.5.0.49: Assume Relnoph. Throughout the proof we will tacitly use
Thm.5.0.39, i.e. that in models of Relnoph all the f,,;’s are affine transformations.

563j e. results of the same spirit as that of Thm.5.0.46.
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Let m,k € Obs be fixed (for the duration of this proof). We want to prove that
there are m/, k' € Obs such that m', k' are in strict standard configuration and
frumes fee € Triv. By Proposition 5.0.50, without loss of generality we can assume
that m and k are in pre-standard configuration.

Notation 5.0.51

(i) For every h € Obs we let &, Tn, Un, 2n, 1 to be respectively
famlt], fomlZ]s faml[], famlZ], frm(1:). We would like to emphasize that al-
though m is not explicitly indicated in #,, Zp, etc. #, does depend on the
choice of m and therefore m is implicitly present in ¢;,. We did not indicate m
in £, because m is fixed throughout the present proof.

(ii) For every h € Obs and f € Triv we define fh to be an observer with the
properties &, = f[tn), Zpn = f[Zn), Yo = fn]s Zn = fl2n) and 1" = f(10).
In Claim 5.0.52 below we will prove that such an observer exists. We note that
there may be several observers with this property but that is not a problem
because we let fh be an arbitrary but fixed one of these.

Claim 5.0.52 Assume h € Obs and f € Triv. Then the observer fh, defined in
Notation 5.0.51(ii), exists.

Proof: Assume h € Obs and f € Triv. Let my be a brother of m such that f,,,,, = f.
Such an m exists by Ax(Triv). Let fh € Obs be such that m sees fh so as m; sees

h,i.e. fppn = fmn. Such an fh exists by AxO1, and has the desired properties.
QED (Claim 5.0.52)

To make the idea of the proof easier to see we first present the proof for the case
n = 3. (The general proof will be a generalization of the 3-dimensional proof.)

Proof for n = 3: Assume n = 3.

Lemma 5.0.53 Assume h, k' € Obs are such that ), = t,/, Zp, = Zj. Then 5, = T,
cf. Figure 239.

Proof: Let h,h' € Obs such that t;, = t;y and T;, = Tp,. Let us switch over from the
world-view of m to the world-view of h. By Ax(]|), we have that fy; is an isometry

leaving £ and 7 fixed.?®* But then f,; must leave ¢ fixed too, since 0 € fuu[y] L.
564Since by 'Eh = 'Ehl and Tp = Tp, W€ have t = fmh,[fh] = mh[fh’] = fh’h[f] and similarly
T = fhlh[[i].
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Figure 239: This cannot happen if n = 3, by Lemma 5.0.53.

Plane(Z, z).%%° Viewing this from the world-view of m we conclude that 7, = 3.
QED (Lemma 5.0.53)

Recall that m, k are in pre-standard configuration. Hence,
E]c,i'k C Plane(f, .T) and 0€ E]C NZr N Y,

cf. Figure 240.

Yh— _

Figure 240: m and k are in pre-standard configuration.

Claim 5.0.54 3 = ¥

565f, 1/ [7] L. Plane(,Z) holds because of the following: § L. Plane(Z,Z), fns leaves Plane(Z, )
fixed, and isometries preserve the relation L,.
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Proof: We will use Lemma 5.0.53 in the proof. Let o denote the reflection w.r.t.
Plane(t, Z), i.e. let o denote the linear transformation that takes 14, 1,, 1, respectively
to 14,145, —1,. Since n = 3, we will see that it is enough to prove that o leaves y
fixed. Consider the observer ok, cf. Notation 5.0.51(ii). See Figure 241. k and ok

|
o~
=
Il
o~
)
Ea

m k,ok

U[gk] = Yok

Yk ——

Figure 241: The observer ok.

satisfy the assumptions of Lemma 5.0.53, i.e. {;, = t,; and T = T,4.°%® Applying

Lemma 5.0.53 for k£ and ok, we get that 3y = ¥, = o[gk] (cf. Notation 5.0.51).
olux] = yr implies that g, L. Plane(t, z), since g ¢ Plane(tx,Zx) = Plane(t, 7).
Therefore 7 = 7 (since 0 € ), cf. Figure 242.

QED (Claim 5.0.54)

Since m and k are in pre-standard configuration and y; = y, we have that m
and k are almost in standard configuration. Now, for proving the theorem (for
n = 3) it is enough to improve m and & such that the unit vectors will point in the
right direction required for strict standard configuration. This can be done by using
Ax(Triv), for the idea cf. the pictures on pp. 104, 112-115, 125-126. Hint: This
part of the proof involves only such world-view transformations which are trivial
and which leave all the coordinate-axes Z; together with 1; fixed. Although this
final part of the proof (for n = 3) can be easily done for completeness we include a
detailed proof which unfortunately is somewhat computational. We think that most
of the readers will find it easier to invent the proof on the basis of the above given

566 This is so because of the following. By the definition of ok and by Plane(,z) = Plane(#y, Z),
we have t,1 = U[t_k] =t and Ty, = J[i‘k] = Tk.
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Figure 242: m and k' are almost in standard configuration.

hints as opposed to reading the details given below. For the reader who wants to
skip the computational details below we note that the case of n = 4 will be treated
immediately after the just mentioned details.

We distinguish two cases.

Case 1: Assume v,,(k) # oo and v, (k) # 0. Let 4,7 € {1, —1} be such that

1=—1 <& msees k moving backwards in direction 1,, and
j=-1 & f(1,), <0.

Let m' be a brother of m such that f,,,,» € Trivy and f,,, takes 1;, 1,, 1, respectively
to 14,4-1,,5-1,. Now, m/, k satisfy all the conditions of strict standard configuration
except that (318) below may fail.

(318) k sees m' moving backwards in direction 1,.

If (318) fails then let &' € Obs such that fy is the reflection w.r.t. Plane(, 7)%7,
otherwise let k' = k. Now, m/, k' are in strict standard configuration.

Case 2: Assume v,,(k) = 0 or v,(k) = co. See Remark 5.0.43 (p.709). Let i,5 €
{1, —1} be such that

i=-1 o ([vm(k) =0 = fon(1): - fom(la)s < 0] &

[Um(k) =00 = fkm(lt)ac < 0])7 and
j=-1 & fua(l,), <0.

S671.e. fr is a linear transformation taking 14, 1;, 1, respectively to 1, —14,1,.
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Let m' be a brother of m such that f,,,y € Trivy and f,,,y takes 14, 1, 1, respectively
to 14,4 1,,7 - 1,. Now, by Remark 5.0.43, m’, k satisfy all the conditions of strict
standard configuration except that (319) below may fail.

(319) Uml(k) =00 = fkm’(la:)t < 0.

If (319) fails then let &' € Obs such that fx is the reflection w.r.t. Plane(t,y),
otherwise let &' = k. Now, by Remark 5.0.43 it can be checked that m/, k' are in
strict standard configuration. Further fgyr, .y € Triv. By this Thm.5.0.49 has
been proved for n = 3.

Proof for n = 4: Assume n = 4.
Lemma 5.0.55 below is a generalization of Lemma 5.0.53 for n = 4.

Lemma 5.0.55 Assume h,h’ € Obs. Then (i) and (ii) below hold.
(1) Assume tp = tp, Tn = Tpry Guw C (tn, Tn, Gr-hyperplane). Then g, = g
(11) Assume '[,Th = {h’; Tp = Tp, Yp = Y. Then z, = Zp.

Proof: Assume h,h' € Obs and t, = t, T, = Tpy and Gpr C (&4, Tp, Yp-hyperplane).
Clearly h and h' are brothers. Let us switch over from the world-view of m to
the world-view of h. Then, by Ax(||), fun is an isometry leaving ¢ and Z fixed.
Hence frp[y] L Plane(%,Z). Further 0 € fuu[g] C (£, T, -hyperplane).5®® Therefore
fan[g] = §. Viewing this from the world-view of m we conclude that g, = gp.
Hence item (i) has been proved. We omit the proof of item (ii), but cf. the proof of
Lemma 5.0.53.

QED (Lemma 5.0.55)

Since we assumed that m and k are in pre-standard configuration, we have that
(320) tr, Tr C Plane(t,7) and 0 € & N T N g N Z.
Claim 5.0.56 below is the 4-dimensional generalization of Claim 5.0.54.
Claim 5.0.56 7y, zx C Plane(y, z), cf. Figure 243.

Proof: In the proof we use Lemma 5.0.55 similarly an in the proof of Claim 5.0.54
we used Lemma 5.0.53.

Let o denote the reflection w.r.t. Plane(t, ), i.e. let o denote the linear transfor-
mation that takes 1;,1,,1,,1, respectively to 1;,1;, —1,,—1,. To prove the calim,
we will see that it is enough to prove that o leaves g, and Z; fixed. Consider
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Figure 243: g, Zx C Plane(g, z).

The t, z, ijp-hyperplane: ¢ ty =tok

Figure 244: Consider the observer ok. Since n = 4, only the %, Z, 7-hyperplane is
represented in the picture.
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the observer ok, cf. Notation 5.0.51(ii). See Figure 244. Now k and ok satisfy
the assumptions of Lemma 5.0.55(i), i.e. tox = o[tx| = tg, Tox = 0[Tk] = Ty and
Yok = 0lyx] C (tx, Tk, Yp-hyperplane)®®®. Applying Lemma 5.0.55(i) for k& and ok,
we get that o(gx) = Jor = yr- Hence 4 L. Plane(t,z), since g Z Plane(ty,zy) =
Plane(%,z). This, by 0 € 9, implies that g, C Plane(y, z). Cf. Figure 243. Similarly
zr, C Plane(y, z).

QED (Claim 5.0.56)

Let o € Triv be such that g leaves Plane(t, z) point-wise fixed and takes g to ¥,
cf. Figure 245. Such a g exists by Claim 5.0.56. Let k' := pk. See Figure 245. We

t, 7, Z-hyperplane: t, T-plane: ¢ , by =ty
m m ka k

Figure 245: k' := pk.

have that ty = Q[Ek] :/{k’ Ty = Q[.f‘k] = Ty, Ui = 0[Ux] = ¥, and 1fl = Q(lf) = 1?.
By Ax(]|) and 1§ = 1§, we have that

(321) fk:k’ € TI‘jV.

So far, we have

(322) e =tk Tpw =Tk, Yo =7

We will prove that z = z. The proof of this will be similar to the proof of y, = ¥y
for the case n = 3 (cf. Claim 5.0.54). Let o be the reflection w.r.t. the ¢, z,y-

hyperplane, i.e. let o be the linear transformation that takes 1;,1;,1,,1, respec-
tively to 1;,1,,1,,—1,. Consider the observer ok’. By (322), k¥’ and ok’ satisfy

568f, [7] C (¢,2,§-hyperplane) because of the following: §s C (tn,Zn, fn-hyperplane), fop (7] =
fmh[gh’]; t= fmh_[th]; T = mh[_i'h]a Y= fmh[gh] and f,,, € Aftr by Thm5_039
569gince Plane(Z,Zz) = Plane(f,Z;) and o is the reflection w.r.t. Plane(Z, Z).
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the assumptions of Lemma 5.0.55(ii) when h and A’ are replaced by k&' and ok’.
Applying Lemma 5.0.55(ii) for &' and ok’ we get that o(Zy) = Z,p = Zp. By
Plane(t,z) = Plane(t,yx) and (322), we have that zy € (¢, Z,y-hyperplane). By
this, by o(zy) = zw 2 0, we conclude that

2 = Z.

By this and (322), we have that m and k' are almost in standard configuration
(cf. 320), further fyr € Triv (cf. 321). Now, for proving the theorem it is enough to
improve m and k' such that the unit vectors will point in the right direction required
for strict standard configuration. This can be done exactly as it was done for the
case n = 3. The details are left to the reader.

The proof for arbitrary n > 4 is analogous to the n = 4 case. Since we have a
convention of not to worry to much about the n > 4 cases we do not discuss the
details of this case here.

Thm.5.0.49 has been proved. 1

We note, that at this point we are still in the phase of preparing ourselves for
the proof of our first main result Theorem 5.0.46. In the proof of Thm.5.0.46 the
key lemmas will be items 5.0.58, 5.0.59, and 5.0.64 below.

To formulate Lemma 5.0.59, below we introduce a variant of our axiom
Ax(syto)-

Ax(syt)* fmk(O) =0 = fmk(lt)t = fkm(lt)t-

Ax(syt)* says that when I see that your clock shows 1 is the same time when
you see that my clock shows 1. Under mild assumptions this is equivalent with
the following. What I see on your clock when my clock shows 1 is the same
what you see on my clock when your clock shows 1. A difference between
this axiom and Ax(syto) is that Ax(syte) permits me to see your clock
running backwards while you see my clock running forwards. If we disregard
the simplifying assumption f,,;(0) = 0 and if we assume that f,,; is an affine
transformation then Ax(syt)* is a stronger version of Ax(syto).

PROPOSITION 5.0.57 Relnoph E Ax(syt)*.

Proof: The proposition follows by AxA1+Ax(||). We leave the details to the
reader. 1

We note that this implies Relnoph = Ax(syt), too, by Ax(Triv), Ax(||) and
Thm.5.0.39.
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Roughly, Lemma 5.0.59 below says the following, under assuming Ax(syt)*
and Ax4. Assume m,k, h are pairwise in standard configuration, the world-view
transformations between them are affine, their life-lines are different, no velocity
involved is co and we are in the world-view of m. Then the geometric data 1%,
Ty, trm(h) completely determine (in a purely geometrical way) the z-axis T, of h,
moreover T, can be constructed from these data as it is shown in Figure 246. (In
some sense this means, that if we know one nontrivial world-view transformation
f then we have a “handle” on all the others like e.g. f,;;,). A simpler corollary of
Lemma 5.0.59 below is Corollary 5.0.58. Since the corollary is simpler we state the
corollary before stating the lemma.

COROLLARY 5.0.58 Assume Relnoph and m, k,h € Obs. Assume v,,(k) # 0
and that m, k, h are pairwise in standard configuration. Let Z; and Z, denote the
T axes of k and h respectively as seen by m, i.e. Ty := fg[Z], Tp := fpm|Z]. Further
let 1¥ denote the time unit vector of k as seen m, i.e. 1¥ := f;,,(1;). Then Z, is
determined by the data 1¥, Zy, tr,,(h). Moreover these three data determine 7y
independently of which model we are in. To understand this last statement imagine
Ty, and tr,,(h) as two lines of the “geometry” "F and 1f as a point of "F. Notice
that these three geometrical data are meaningful without fixing the model 9t. Now,
the claim is if we take a brand new model say 91 but with the same field reduct (and
with 1¥, Zy, tr,,(h) the same as before) then 7, taken in 91 will be the same as Zj,
in the original model 9 which in turn is completely derermined by the geometric
data 1§, 7y, tr,,(h). Le. there is a geometrically definable function which from the
three geometrical data 1%, Zy, tr,,(h) uniquelly determines the line .

Proof: The corollary follows by Lemma 5.0.59 below, Ax(||), Proposition 5.0.34(iii)
and Theorem 5.0.39.570 &

LEMMA 5.0.59 Assume m,k,h € Obs are such that t # trp,(k) # trm(h) #
t (i.e. the life-lines of m,k,h are pairwise different), v, (h),vi(h) # oo, and
that (Ym',m" € {m,k,h})[m',m" are in standard configuration, f,i,» € Aftr and
m',m" satisfy both Ax(syt)* and Ax4|. Let Ty and T, denote the T azes of k and
h respectively as seen by m, i.e. Ty, := fpu|T], Tn = fan[Z] . Further let 1% denote
the time unit vector of k as seen m, i.e. 15 := fi,,(1;).

Then Zj, can be constructed from®™* the data 1f, Tk, trm(h) as it is shown in
Figure 246 below™, explained in more detail as follows. Let p € trp,(h) such that

5"0Namely, if tr,,(h) = t then Z;, = Z by Ax(]|). Similarly, if tr,,(h) = tr,, (k) then T, = Zj.
Further, if v,(h) = oo then Z, = ¢ since (vy,(h) = 00 = vp(m) = oo) by Prop.5.0.34(iii).
Similarly, if v (h) = co then Zp, = trp, (k) = 01F.

5Tlhence is uniquely determined by

572We did not indicate %, Z, 1; as imput data because we consider them as naturally given things.
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1¥p || Zx. Such a p existsBand p # 0.5* Let q € © such that pg || z. Such a g
ezists"™and q # 0.5 Let r € tr,, (k) such that qr || 1,1%. Then 1,r || Zp, that is Ty,
is the line passing through 0 and parallel with 1,r.

Figure 246: Illustration for Lemma 5.0.59.

Proof: Assume the assumptions of the lemma and that m, k, h, 15, Z, p, g, r are as
in Figure 246. Let T := f,,5(p);. Then, by the construction

k  sees at time instant 1  that clock of A shows T and
m sees at time instant ¢;  that clock of h shows T.

By this and, by Ax(syt)* (and by f.,, fen € Aftr), we have

h sees at time instant 1  that clock of k£ shows T and
h sees at time instant ¢;  that clock of m shows T.
Hence

h  sees at time instant ¢;/T that clock of &k shows ¢ and
h  sees at time instant ¢,/T that clock of m shows 1.

5T3hy vy (h) # 0o, because by v (h) # oo we have that zy, |[ tr,,(h).
5741f p = 0, then tr,, (k) = 10 || Z1 and this contradicts f,,;, € Aftr.
5T5Because p # 0, and because p & t by tr,,(h) # t.

5764 + 0 holds by p # 0 and v,,,(h) # co.
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Thus the event where clock of m shows 1 and the event where clock of k£ shows ¢;
are simultaneous for h. By the construction®””, clock of k shows ¢; in event w,,(r)
(i.e. fur(r); = q). So the T-axis Zj, of h is parallel with 1,7, and this is what we
wanted to prove. 1

The remark below is a stronger form of Corollary 5.0.58.

Remark 5.0.60 Assume m,k,h € Obs are such that v,,(k) # 0 and for any two
of m, k, h (i)—(iii) hold. (i) They are in standard configuration. (ii) Ax(syt)* and
Ax4 hold. (iii) The world-view transformation between them is affine.5™
Then the conclusion of Corollary 5.0.58 holds for m, k, h. Moreover T, is already
determined by the data 1%, tr,,(h) (i.e. Z; is not needed as an input datum in the
conclusion of Corollary 5.0.58).
The present remark can be proved by using Lemma 5.0.59, by footnote 570 on
p.722,5™ and by the fact that 7 is determined by 1¥ because of (i)—(iii).
<

Remark 5.0.61 In the present section we obtained some results which are relevant
for §4.7 “Which symmetry principles are suitable for our Reichenbachian theories
Reich(7Th)?”. Namely items 5.0.59, 5.0.60 could be used to conclude that Ax(syto)
is a symmetry axiom not adequate for our Reichenbachian theory Reich(Basax).
<

LEMMA 5.0.62 Assume Relnoph and that m, k are in standard configuration.
Then for every 1 < i <n,

Proof: Assume Relnoph and that m, k are in standard configuration. Then by
Prop.5.0.34(iii), @,,(k) = tk(m) or ¥, (k) = —vk(m). If ¥,,(k) = —vk(m) then let
k" € Obs be such that fy = o3, otherwise let ' = k. Such a k' exists by Ax(Triv).
m, k' are in standard configuration, further t¢r,, (k') = tryp(m). Hence by AxO2
(and Prop.5.0.34(iv)) e = firm o N, for some isometry N. Let this N be fixed.
Let 1 <12 <n. Clearly, fmk’(li)afk’m(li) € z; and fmk’(li)iafk’m(li)i >0 by standard
configuration (and by Thm.5.0.39). N leaves 0 fixed,”®® and takes f,,x/(1;) to firm (1)
Therefore f,,(1;) = frrm (1;). Thus fu(1;) = 1;, which implies that f,,.(1;) = 1;,. &

ie. by 141§ || qF, ¢ € T and r € try, (k)

5T81f we formalized Ax(syt)* in the style of Ax(syto) (i-e. fx(0) =0 = (Vp € "F)fur(p): =
fem(p):) then “affine transformation” could be replaced by “collineation” in condition (iii).

5Mnstead of Ax(||) and Prop.5.0.34(iii) in footnote 570 one uses Ax(syt)* to conclude the same
as in footnote 570.

580gince both fy,pr, frrm leave 0 fixed.
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Ax(syx)* below is a “spatial” version of our axiom Ax(syt)*.
Ax(syx)* (m,k are in pre-standard configuration) = |[fu(1y)z| = [fem(1z)z]-
PROPOSITION 5.0.63 Relnoph = Ax(syx)*.

Proof: The proposition can be proved by using Ax(w)+Ax(]|), cf. Prop.5.0.34(iv).
The details are available from J. Madarasz. B

The following lemma says that, in Relnoph, the strict standard f,;;’s are com-
pletely determined by fi,[t], fum[Z], and by knowing whether m 1 k, assuming
Um (k) # 0o. (We do not need to know even which model we are in.)

LEMMA 5.0.64 Assume M, 9M € Mod(Relnoph) and " = . Assume m, k €
Obs™ and mi, k1 € Obs™ are such that both observer pairs are in strict standard
configuration. Assume further vy, (k) # 00, trm(k) = tram, (k1), fkm[T] = feym,[T] and
(mtk < my 1 k). Then

fmlc = fmlkl-

Proof: Assume N, 9 and m, k, mq, k; are as in the assumptions of the lemma. By
Lemma 5.0.62, we have that for every 1 < i < n, fue(1;) = fimyx, (1;) = 1;- Thus to
prove that f,,x = fk,, it is enough to prove that

(323) fkm(lt) = fklml (1t) and fkm(lz) = fk1m1 (1;5),

by Thm.5.0.39, saying that in Relnoph models all the f,;’s are affine. By
Propositions 5.0.57 and 5.0.63, we have that Ax(syt)* and Ax(syx)* hold. Let
U = trp(k) = trp, (k) and ' = fiu[T] = feym[Z]- By vm(k) # oo and
Prop.5.0.34(iii), vx(m) # oo. Hence t' # T and Z' # t. Now, the lengths of the unit
vectors fr,(1;) and fy,(1;) are not arbitrary but they are completely determined
by the lines 7 and 7' (and they do not depend on the rest of the model®®! we are
working in). Namely, by Ax(syt)*+ Ax(syx)* (or equivalently by Ax(w)+Ax(]|))
we know

(+) frmk(Le)e] = |[fem(1s)e], and similarly for 1,.

Just as it was the case of Basax+Ax(symm) in §2.8, if the lines #, 7' are fixed>®?

there is only one possible value for |fy,,(1;)| if we want to satisfy condition (+) above
(recall that f,,;(0) =0, # # Z and T’ # ¢ etc); this fact is shown in Figures 17, 18 of
[16]. Therefore

(325) fem (1) = [frym, (1) and  [fm (12)] = [fxym, (12)|

58

Lexcept for the obvious dependences like the choices of the operations of ™.
5823nd if the world-view transformations are affine.
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Clearly
(326) fkm(]-t)7 fklml (1t) € 7? and flcm(lz); fk1m1(]—m) € .TI and 6 € El N i‘l.

By (325), (326), (m T k < my 1 ki) and by strict standard configuration, we
conclude that (323) holds. 1

In the definition below, we define the class of Generalized Minkowski models.
We will use generalized Minkowski models e.g. in the proof of Thm.5.0.46. Further
we think that generalized Minkowski models are of interest on their own right.
Generalized Minkowski models will be similar to Minkowski models defined in §3.8.
The main differences between a Minkowski model and a Generalized Minkowski
model will be the following: (i) The speed of light in a Minkowski model is 1, while
in a Generalized Minkowski model the speed of light can be an arbitrary positive
element ¢ of the ordered field corresponding to our model. (ii) In a Minkowski
model there are no observers whose clocks run backwards,3®? while in a Generalized
Minkowski model each observer will have a brother whose clock runs backwards.

Definition 5.0.65 (Generalized Minkowski models)
Let § be Euclidean (n > 2) and let

9MY = ((B; Obs, Ph, Ib),§, G; €, W)

be the Minkowski model corresponding to § (and n) as defined in Def.3.8.42. Let
c € TF. We are going to define the generalized Minkowski model 2§ as follows.
Intuitively we will change the unit of measurement for time in Sﬁé/[ such that for
each observer the speed of light will be ¢, and for every observer we include a new
observer whose clock runs backwards. Formally;

)¢ ((B'; Obs', PH, Ib'), §, G; €, W¢), where

B’ B x {-1,1},
Obs' % Obs x {-1,1},

PY ¥ Phx{-1,1},

€ Ibx{-1,1},

Wc d:ef <<<ma i>>p7 <b7]>> € ObSI X nF X BI : <m’ <p0i\/Eapla" 'apn—1>ab> € W>

Now, the generalized Minkowski model corresponding to § and ¢ € TF is defined to
be M3, Cf. Figure 247.

def

def

<

583This was an unimportant, arbitrary decision we made when we defined Minkowski models.
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Figure 247: Strict standard world-view transformations in a generalized Minkowski
model. The speed of light \/c is 2.
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PROPOSITION 5.0.66 Assume § is Fuclidean and ¢ € *F (and n > 2). Let
NS be the generalized Minkowski model corresponding to § and c. Then

% = Flxspecrel + Relnoph + (x1) + (x2) + (x3).

Proof: The proof is a straightforward checking of the axioms. Therefore we leave
it to the reader. We note that a proof can be obtained from Thm.5.0.45. R

In §2.9 we defined Poincaré transformations. Unfortunately that definition as-
sumed that the speed of light is 1. Therefore below we generalize the notion of
Poincaré transformations in a similar way as we generalized the notion of Minkowski
models in Def.5.0.65.

Definition 5.0.67 (Generalized Poincaré transformations)
Assume § is an ordered field and ¢ € TF.

(i) The square of generalized Minkowski distance g2 :"F x "F — F is defined
as follows. Let p,q € "F. Then

9:(p,9) e (g0 — po)? — (Z (g — Pz')2>

0<ien

(ii) By a generalized Poincaré transformation (corresponding to § and c) we un-
derstand an f € Aftr such that f preserves the square of generalized Minkowski
distance, that is

(Vp,q € "F) g2(p, q) = 92(f(p), f(q))-
<

The proposition below says that generalized Poincaré transformations are exactly
the world-view transformations of generalized Minkowski models.

PROPOSITION 5.0.68 Assume § is Euclidean and ¢ € TF. Then f is a gen-
eralized Poincaré transformation (corresponding to § and c) iff f is a world-view
transformation in the generalized Minkowski model 5. Cf. Figure 247.

Proof: We omit the proof. 1

The following proposition is included to illustrate that Flxspecrel is close to
“standard special relativity”. Namely the proposition says that in a Flxspecrel +
(¢ < oo0) model M all the world-view transformations are generalized Poincaré
transformations corresponding to the “speed of light” ¢ belonging to 9.
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PROPOSITION 5.0.69 Assume 9 € Mod(Flxspecrel + (¢ < o0)). Then all
the world-view transformations f,,; of 9IM are generalized Poincaré transformations
corresponding to I and ¢ € TF. We note that ¢ is the (square of the) speed of light
in IN.

Proof: We omit the proof. 1

In the definition below, we define a class of “strange” models that we call rotation
models. In these models the f,,;’s will be isometries (of the Euclidean geometry).
Hence rotations®®* will also occur as world-view transformations (in these models).
After the definition, in item 5.0.72 we will see that the rotation models are models
of Relnoph, and in rotation models over Archimedean ordered fields each one of
our principles (1), (x2), (%3) fails. Failure of (x1) implies failure of v,,(k) # oo,
trivially. Hence we will not discuss principle v,,(k) # 0o too much.

In connection with the style of the definition below we refer to the style of the
definition of Minkowski models, Def.3.8.42 (p.331).

Definition 5.0.70 (Rotation models)
Let § be Euclidean (and n > 2).

(1) We define the rotation model Rz corresponding to § as follows.

def

Mz = ((B; Obs, Ph,Ib),§, G; €, W), where
Obs & {f e "F)"F . fisan isometry},

B € b ¥ Obs,

Ph ¥ 9.

It remains to define W. First, we define a function wy : "F — P(B) as
follows. For every p € "F, let

wo(p) & {m e Obs : pemf]}.

For every m € Obs, let
def
Wm = m o wWy.

Let
Wdzef{(m,p,b> € Obs X "F x B : b€ wn(p)}.

By this Pz has been defined.

584By a rotation we understand a special kind of isometry which is called “rotation” in usual
geometry textbooks.

729



(ii) For every c € TF we will define the generalized rotation model R using the
rotation model R similarly as the generalized Minkowski model 9015 is defined
using the Minkowski model 903’

Let c € TF. Let
R = ((B; Obs, Ph, Ib), 3, G; €, W)

be as in item (i). Intuitively, we obtain JR% by slowing down the clocks of the
observers in Rz by the factor /c. Formally;

Ry = ((B; Obs,Ph,Ib),§,G; €, W), where
we = {(m,p,b) € Obs x "F x B : (m,(pov/¢,p1,P2,---,Pn-1),b) € W}.

We define the generalized rotation model corresponding to § and ¢ to be iR%
Cf. Figure 248.

Remark 5.0.71 Assume § is Euclidean. Then in Rz all the world-view transfor-
mations are isometries. Further 28} = R;.
<

PROPOSITION 5.0.72 Assume § is Euclidean and ¢ € TF. Then (i) and (ii)
below hold.

(i) ;% = Relnoph.

(ii) Assume § is Archimedean. Then each one of our principles (x1), (x2), (x3)
fails in R%.

Proof: The proof of item (i) goes by straightforward checking of the axioms, and
it is left to the reader. Item (ii) follows by Lemma 5.0.74 below. 1

LEMMA 5.0.73 Assume § is Euclidean (and n > 2). Assume we are in the
rotation model Rgz. Assume m,k € Obs such that they are in strict standard con-
figuration. Then fyy, is a rotation with center 0 when restricted to Plane(t,z) (and
leaves the T; axis, for each 1 < i < n, point-wise fized).

Proof: The proof is easy. We omit it. 1
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Figure 248: Strict standard world-view transformations in a generalized rotation
model. In the picture \/c = 2.
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LEMMA 5.0.74 Assume § is Euclidean and Archimedean. Let ¢ € TF. Assume
we are in the generalized rotation model Rg. Let X € TF. Then (i)-(iii) below hold.

(i) There are j € w and my, ..., m; € Obs such that for all i < j, m; and m;4
are in strict standard configuration, v, (mir1) < A and

U (M) = 00.

(ii) There are j € w and my,...,m; € Obs such that for all i < j, m; and m;4
are in strict standard configuration, v, (m;r1) < A and

mo does not see m; moving forwards in direction 1,.

(iii) There are 0 < j € w and my,...,m; € Obs such that for all i < j, m; and
mit1 are in strict standard configuration, 0 < v, (mi41) < A and

Umg (m]) =0.

Proof: Assume § is Euclidean and Archimedean. The proof for the special case
when ¢ = 1, i.e. for the case Rz the lemma follows by Lemma 5.0.73 as follows.
Assume we are in the rotation model Rz. Let A € TF. By Lemma 5.0.73 and by
§ is Archimedean, there are m, k € Obs and j € w such that m and k are in strict
standard configuration, v,,(k) < A, and

(327) ang”((frm © fkmi. ..o fpm)[E]) = oo

j-times

Let such m, k, j be fixed. Let my := m and for every ¢ < j let m;;; € Obs be such
that f,  m; = fkm- Such m;i1’s exist by®®> AxO1. Then clearly, for every i < j, m;
and m;,, are in strict standard configuration. By

fem 0 fkm o o 0k = Frim; 1 0 Fimy_ymy s © - 0 Frime = iy
~
j-times

and (327), we get
U (M) = 00.
By the above, item (i) of the lemma has been proved for the special case ¢ = 1. The

proofs for items (ii), (iii) for the special case ¢ = 1 are similar and are left to the
reader.

85and by Prop.5.0.72(i).

732



Now, the proof for the general case when ¢ € TF is arbitrary can be obtained
by using that the conclusion of the lemma is true for ¢ = 1 as follows. Let ¢ € TF.
Consider the model :R§. Let A € *F. Items 1-3 below can be easily proved by using
the fact that R was obtained from Ry by slowing down the clocks of observers in
Mz by the factor /c, cf. Def.5.0.70.

1. The observers of RS and Ry are the same.

2. Two observers are in strict standard configuration in R% iff they are in strict
standard configuration in Rsz.

3. Let ¥ denote the velocity in Rz, and let v¢ denote the velocity in R5. Now,

(Vm, k € Obs) vn(k) = v/C - i (k).55

Now, we use 1-3 above and that the conclusion of the lemma is true for Rz and \/c
to see that the conclusion of the lemma is true for R% and A. The details are left to
the reader. 1

Outline of proof for Thm 5.0.46:

Assume I = Relnoph. Then all the f,,;’s are affine transformations by Theo-
rem 5.0.39.

Let m, k € Obs be fixed (for the duration of this proof) such that they are in strict
standard configuration, v,,(k) # 0. If there are no such m, k then, by Thm.5.0.49,
(Vm, k € Obs™)v,,(k) = 0 and, by Ax(]|), we are done (i.e. 0t = “Flxspecrel”).

We have f,,x(1;) = 1;, for every ¢ > 1 by Lemma 5.0.62.

Therefore, we may restrict attention to drawing the “¢, Z-part” of our f,,; trans-
formations, since nothing happens in the § or z directions. Let

t:=tr,(k) and I’ :=fi,[z]

Now, f,,x must be one of the three (disjoint) types type A-type C represented in
Figure 249 below. More formally, the classification into types A, B, C is defined as
follows.

o f.r is of type A iff (3np € *F) 1, +n- 1, € ¥'. Intuitively, using the notation
in Figure 249, f,,;, is of type A if tan(f) is positive.

e f,; is of type B iff 7’ = .
586We note that if v,,(k) = co then /c - T (k) = U (k).
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e f.; is of type C iff ([(EIO >neF)l,+n-1,€x]orad = f). Intuitively, ..z
is of type C if tan(f) is negative or infinite.

Let us notice that a type A transformation might look slightly different from the way
it is represented in Figure 249 because the clock of £ may run backwards. Similarly
for types B, C. Cf. the transformation in Figure 247 (p.727) represented by 1y and
1# and the transformation in Figure 248 (p.731) represented by 1w and 1,m.

For later use we note that the above classification is intended to be a classification
of all strict standard world-view transformations of nonzero speeds into three disjoint
types A—C, assuming that they are collineations. (In passing we note that for the
above classification we do not have to assume all of Relnoph, e.g. it makes sense in
Bax™ too.) We note that in generalized Minkowski models all strict standard world-
view transformations (of nonzero speeds) are of type A, in models of NewtK™ all
strict standard world-view transformations (of nonzero speeds) are of type B, and
in generalized rotation models all strict standard world-view transformations (of
nonzero speeds) are of type C, cf. Figures 247, 248 (pp. 727, 731).%%7

By Ax(5nop) and Thm.5.0.49 without loss of generality, we can assume that
Um (k) # 0co. M E Ax(syt)* + Ax(syx)*, by Propositions 5.0.57, 5.0.63.

For completeness let us recall from the proof of Lemma 5.0.64 that in each of
the cases type A—C, the lengths of the unit vectors 1y = fxn (1), 1o = fem(1,) are
not arbitrary but are completely determined by the lines ¢’ and ' (and they do not
depend on the rest of the model®® we are working in). Namely, by Ax(syt)* +
Ax(syx)* (or equivalently by Ax(w)+Ax(]|)) we know

(+) frk(Le)e| = |fem (14)e], and similarly for 1,.

Just as it was the case of Basax+Ax(symm) in §2.8, if the lines #, ¥’ are fixed
there is only one possible value for [fy,,(1;)| if we want to satisfy condition (4) above
(recall that f,,;(0) = 0 etc); this fact is shown in Figures 17, 18 of [16].

Proof for Case A: Assume f,,; is of type A.

Intuitive idea of the proof: First we will prove that f,,; is a world-view transfor-
mation f,,,x, in a generalized Minkowski model 9 (for some mq, k; € Obsm). In
proving this we will use Lemma 5.0.64. Then, using the so obtained f,, x,, we will

58TRoughly speaking one would say that the type A type C distinction distinguishes Specrel
models from rotation models in the sense that nontrivial strict standard transformations coming
from Specrel models are of type A while those coming from rotation models are of type C. Now,
there is one exception to this rule, namely (strict standard) FTL transformations of infinite speed
coming from Specrel models turn out to be of type C. Otherwise the just mentioned rule does
work.

588¢except for the obvious dependences like the choices of the operations of ™.
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coordinate-lines of k

fr of type A

coordinate-lines of k

fmk of type B

I
=

£ . of type C coordinate-lines of k

Figure 249: f,,;, must be one of the three (disjoint) types type A-type C.
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embed our original model 1 into this Minkowski model 9. The idea of constructing
such an embedding v : 91 — 90 goes as follows. For seeing the idea it is enough
to concentrate on what v does with the observers. For m and k& we choose their
v-images to be m; and k; (notice that we already obtained my, k1 as a result of our
first step mentioned above). It remains to define v on the rest of Obs™. For this
let h € Obs™ be arbitrary. For simplicity assume that m, k are in strict standard
configuration. We choose y(h) = h; in 90 such that in m’s world-view h looks like
as hy looks like in m;’s world-view (e.g. they have the same life-line orientation
of clocks etc). Then we use Corollary 5.0.58 to prove that the Z-axis of A and h,
coincide (as seen by m and m;, respectively). Then by Lemma 5.0.64, we will con-
clude that f,,;, = f,,,n,- We extend this construction to observers not necessarily in
strict standard configuration, by Theorem 5.0.49 saying that strict standard con-
figurations work in Relnoph. Summing up 7 : Obs™ — Obs™ has the property
(Ym/, k' € Obs)fi = {0 )yy- We use this property to show that v extends to a
homomorphism 7y : 9 — 9, under assuming N = (B = Obs). It is easy to check
that 4 is actually an embedding, assuming 91 = Ax(ext). Therefore we conclude
N = “Flxspecrel+4(c < 00)”. It is not hard to see that the assumptions we just
made on I do not restrict generality, i.e. they are relatively easy to eliminate.

Let us turn to the details of the proof. Since v,,(k) # 0o, we have

(329) ang?(t') < ang®(¥'),

because otherwise m and k£ will see each other’s clocks running in the opposite
directions (e.g. m 1T k and k | m) and this is excluded by Ax(syt)*.

We are going to define “the speed of light” ¢ belonging to m, k. Using the
notation in Figure 249, intuitively we define ¢,,x = ¢ := tan(«)/ tan(f), formally:
Let £&,m € F be such that 1, + £ -1, € ' and 1, + - 1; € &'. Such £, n exist, are
unique and are positive, by type A (and strict standard configuration). Intuitively
¢ = tan(«) and n = tan(f). Let

By (329), and by our choice of ¢, it can be checked that
(330) ang?(t') < ¢ < ang?(z").
Let 9 := Mz be the generalized Minkowski model corresponding to F™ and c.

Claim 5.0.75 Recall that 9t is the generalized Minkowski model corresponding to
F" and ¢. Let my, k; € Obs™ such that they are in strict standard configuration and
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Uy (k1) # 0. Intuitively, if @ and 8 in Figure 249 correspond to mq, k1 (instead of
m, k) then ¢ = tan(«)/ tan(5), formally: Let &', n' € F such that 1,+&'-1, € try,, (k1)
and 1, + 7' - 1; € fm, [Z]. Then c=¢'/7.

Proof: The claim follows by the construction (in Def.5.0.65) of the generalized
Minkowski model 9% from the (ordinary) Minkowski model S)ﬁgfm and by the fact
that “tan(«)/tan(8) = 1”7 in the Minkowski model E)ﬁg{n The details of the proof

are left to the reader.
QED (Claim 5.0.75)

The following remark is not needed for checking the proof of Theorem 5.0.46.
We include it only for intuitive reasons (i.e. we include it to help the intuition).

Remark 5.0.76 We note that in any Relnoph model “tan(«)/tan(8)” is a constant
in the following sense. There is ¢ € F* such that for any m/', k' in strict standard
configuration, with 0 # v,y (k') # oo, the value “tan(«)/ tan(f)” associated to f,,x
is ¢ (cf. Claim 5.0.75). This is a corollary of the proof of Thm.5.0.46. (At the present
point of the proof the reader does not have to believe this remark, since for proving
the remark we need the whole proof of Thm.5.0.46.)

Claim 5.0.77 Assume m; € Obs™. Then then there is k; € Obs™ such that
fmlkl = k-

Proof: Let m; € Obs™. Let k; € Obs™ be such that mq, ki are in strict standard
configuration, tr,,, (k1) = ¢ and (m; T k1 < m 1 k). Such a k; exists by (330)
(and is unique). By Claim 5.0.75 and by our choice of “the speed of light” ¢ it can
be proved that the Z axis of k; as seen by m; must be ', i.e. that fy,,,, [Z] = Z'.
Now, by Lemma 5.0.64 (and by Prop.5.0.66), we have that ., = f,%, -

QED (Claim 5.0.77)

In the rest of the proof for Case A we will assume
N = Ax(ext) + (B = Obs).
Eliminating this assumption from the proof is easy and is left to the reader.
Claim 5.0.78 91 is isomorphic with a B-submodel of 9.

Proof: To prove this claim it is enough to prove that there is an embedding
v : Obs™ — Obs™ such that (Vm/, k" € Obs™)frr = fyomryye)- The latter will
ensure that v commutes with the world-view relation W, i.e.

(Vm', k' € Obs™)(Vp € "F)[W>(m/,p, k') & W (y(m'),p,7(K))].**
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Let v(m) € Obs™ be arbitrary, but fixed. From this value we define the rest of
v as follows.

v = { (h, k1) € Obs™ x Obs™ : fp = Fymyps } 5%

By our assumption 9t = Ax(ext), we have that v : Obs> —= Obs™ is an injective

partial function. To prove that v has the desired properties it is enough to prove
that Dom(y) = Obs™. Clearly m € Dom(y), and by Claim 5.0.77, k € Dom(7) too.
Next, we prove that

(331){ h € Obs™ : (m, h are in strict stand. config.) and v,,(h) < ¢ } C Dom().

To prove (331), let h € Obs™ be such that m, h are in strict standard configuration
and v, (h) < c. Let hy € Obs™ be such that v(m),h; are in strict standard
configuration, ¢ry(m)(h1) = trm(h) and (y(m) t hy < m 1 h). Such an hy exists
by vm(h) < ¢ (and is unique). We intend to prove that f,, = fyomn,. Applying
Corollary 5.0.58 first for observers m, k, h and then for observers v(m), y(k), h1, by
frk = fym)yk) and try(h) = trym)(h1), we conclude that
FrmlZ] = fpiy(m) [Z]-

Thus the assumptions of Lemma 5.0.64 hold for m,h and ~(m),h;. Applying
Lemma 5.0.64 for m,h and y(m), hi, we get fn = fyim)n,. Hence h € Dom(vy).
So (331) has been proved.

We will prove that
(332) (Vh € Obs™) v,,(h) < c.

Assume that there is h € Obs™ such that v,,(h) > ¢. Then by Ax(5nop) there
is h € Obs such that v,,(h) = ¢. Next, we show that in 91 no observer can have
speed ¢ as seen by m.*®! (This is an interesting parallel between Relnoph and
Flxbasax.) Assume v,,(h) = c. Let k' € Dom(v) such that t # tr,, (k') # tr,(k)
and 0 € tr,,(k") C Plane(t,Z). Such a k' exists by (331), Ax(5nop) and Thm.5.0.49.
Since k, k' € Dom(v) and v,,(h) = ¢, we have that, vg(h) = v (h) = c¢.°2 Hence,

589This is so because (Ym/, k' € Obs)(W(m',p,k') < p € frrm[t]) holds both in 9 and M.

5907t is easy to check that our definition of v is consistent.

591This fact can be shown differently from the method we will use here. Namely we could use
Lemma 5.0.59 to prove that if v,,(h) = ¢ then f,[t] = fam[z] which in turn contradicts Ax6.
Therefore no observer of speed ¢ can exists.

592This is so because of the following. By k, k' € Dom(7), fyur and f,x are world-view transfor-
mations in the generalized Minkowski model 9, hence they take lines with angle ¢ to lines with
angle c.
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by Proposition 5.0.34(iii), vx(m) = vp(k) = vi(k') = ¢. So h sees three observers
(m, k, k') in the same plane and passing through a same point such that their life-lines

are pairwise different, and their speeds are the same. This leads to a contradiction.
Thus (332) holds. By (331) and (332),

(333) {h € Obs™ : m,h are in strict stand. config. } C Dom(y).

We will use (333) to prove that Dom(y) = Obs™. To see this let h € Obs™. By
Thm.5.0.49 and AxO1, we have that

fun = triv o o o triv’,

for some triv, triv' € Triv and for some h' € Obs™ such that m and A’ are in strict
standard configuration. Let these be fixed. Then A’ € Dom(+) by (333). Hence

fmn = fy(myyn)-

By 9t = Ax(Triv) (cf. Prop.5.0.66), triv = fu,,m) and triv’ = {9, , for some
my,hy € Obs™. Let such mz, hy be fixed. Now,
foun = triv o f, o triv' = fml'y(m) o f'y(m)fy(h') o f’y(h’)hl = fmihy - SO

fmh = fmlhl-

By 9t = Ax0O1 (cf. Prop.5.0.66), we have, f,,5, = fy(m)n;, for some h} € Obs. For
this A/, we have

fmh = f’y(m)h’la

hence h € Dom(v), and this is what we wanted to prove.
QED (Claim 5.0.78)

By Claim 5.0.78, we have that (for Case A) M | “Flxspecrel+(c < 00)”.
Hence item (i) of the theorem holds in Case A. To prove that item (ii) of our
theorem holds in Case A, by Claim 5.0.78 and by®*® 91 = Ax(symm) it is enough
to prove Claim 5.0.79 below.

Claim 5.0.79 Assume that § is Archimedean. Then

N = (Vm' € Obs)[(VL € Eucl)(ang?(¢) < ¢ = (k' € Obs) tr (k') = £)].

59390t = Ax(symm) holds by Prop.5.0.34(iv).
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Proof: We have seen in Claim 5.0.77 that f,,; is a strict standard world-view trans-
formation in the generalized Minkowski model 971. But then, by a fact about gen-
eralized Minkowski models and by our assumption that § is Archimedean, letting
f = f;,, we have that

(334) VAe™F)A<c = (Fj ew)ang®((fofo...of)[I]) > A,

j-times

cf. “Compositions of transformations can be drawn”, pp. 744-750. By (334),
Ax(5nop), Ax(group™)°** (and by Ax4) in N arbitrarily large but smaller than ¢
speeds are realized by observers. Using this, together with Prop.5.0.38, we conclude
that Claim 5.0.79 is true.

QED (Claim 5.0.79)

Thus our theorem has been proved for Case A.

Proof for Case B: Assume f,,;, is of type B. Recall that we assumed that v,, (k) # oo.
Then it is easy to see by Ax(syt)* 4+ Ax(syx)* (or equivalently by Ax(w)+Ax(||))
and Thm.5.0.39 that f,,; is a generalized Galilean transformation. Let h € Obs
be such that m,h are in strict standard configuration. Without loss of generality
we can assume t # trp,(h) # tr,(k) because of Ax(||). wig(h) # oo because of
the following. Assume vgx(h) = oo. Then, by type B, v,,(h) = co too. But then,
by Proposition 5.0.34(iii), vs(m) = vs(k) = oo which implies that tr,,(k) = t.
This contradicts v,,(k) # 0. So vg(h) # oo. Similarly v,,(h) # co. Applying
Lemma 5.0.59 for observers m, k, h we get that f,,[z] = 7,°% cf. Figure 246. But
then, by Ax(syt)* + Ax(syx)* (or equivalently by Ax(w)+Ax(||)), we conclude
that f,,, is a generalized Galilean transformation.

Because of AxO1 and Thm.5.0.49 the general case of an arbitrary choice of
m', k' € Obs can be reduced to the just discussed strict standard case f,,,. Therefore

(Vm', k" € Obs)(fi is a generalized Galilean transformation).

From this it is easy to prove that 91 E “NewtK~”, hence N1 = “Flxspecrel”.
If 3" is Archimedean then the photon-free reduct of 91 coincides with the photon-
free reduct of a NewtK™ model. To prove this, by 9 = “NewtK~” and by
M = Ax(symm) it is enough to check that

(Vm/ € Obs™) (V£ € Eucl)[ang?(€) # 0o = (3k' € Obs) try (k') = .

594 Ax(group™) holds by Prop.5.0.34(i).
593gince f, is a generalized Galilean transformation.
59691 = Ax(symm) holds by Prop.5.0.34(iv).
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Checking this is similar to (but easier than) the proof of Claim 5.0.79 and is left to
the reader. Hence our theorem has been proved for Case B.

Proof for Case C: Assume that f,,; is of type C. We will prove that in this case each
one of (1), (x2), (¥3), vy,(k) # oo fails in 9N, assuming that F* is Archimedean.
We will prove this in such a way that we will embed 91 into a generalized rotation
model, similarly as in Case A we embedded 91 into a generalized Minkowski model.
(So in a sense the intuitive idea of the proof for Case C is the same as the one given
for Case A).

In passing we note that all the the strict standard world-view transformations
(of nonzero speeds) (cf. Def.5.2.1) in N are of type C, because otherwise, by the
proofs for Cases A and B, 91 = “Flxspecrel” would hold, and this would imply
that f,, is of type A or B.

By our assumption v,,(k) # oo and by Prop.5.0.34(iii) we have, vj(m) # oo.
Thus Z' # ¢, intuitively tan(8) in Figure 249 is not infinite.

Using the notation in Figure 249, intuitively let ¢ := tan(«)/(— tan(5)), formally:
Let £, € F be such that 1, + £-1, € t' and 1, +7n-1; € Z'. Such & n exist are
unique, £ > 0 and 7 < 0. Intuitively, £ = tan(«) and n = tan(3). Let

£
_7’].

C =

Let 2 := Ry be the generalized rotation model corresponding to > and ¢.*

Claim 5.0.80 Let m,, k; € Obs™ such that they are in strict standard configuration
and v, (k1) is neither oo nor 0. Intuitively, if o and 8 in Figure 249 correspond to
my, k1 (instead of m, k) then ¢ = tan(a)/(—tan(p)), formally: Let & n' € F such
that 1, + & -1, € trp, (k1) and 1, + 7' - 1; € fy,m, [2]. Then ¢ =¢&'/(—7).

The claim follows by the construction (in Def.5.0.70) of the generalized Rotation
model R from the Rotation model $izx and by the fact that “tan(«)/(—tan(g)) = 17
in the Rotation model JRzm. The details of the proof are left to the reader.

QED (Claim 5.0.80)
Claim 5.0.81 Assume m; € Obs™. Then then there is k; € Obs™ such that

fm1k1 = k-

597We hope it will cause no ambiguity that the same latter SR denotes both the field of reals and
a frame model. The rule is that if 2R is one-sorted then it is a field, if it is many-sorted then it is
a rotation model.
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Proof: Let my € Obs™. Let k; € Obs™ such that mq, ki are in strict standard
configuration, tr,,, (k1) =t and (m; T k1 < m 1 k). Such a k; exists (and is
unique). By our choice of ¢ and Claim 5.0.80 it can be proved that the = axis of &;
as seen by m; must be Z', i.e. that fz,,, [Z] = Z’. Now, by Lemma 5.0.64 (and by
Prop.5.0.72), we have that f,;x = fim, k-

QED (Claim 5.0.81)

In the rest of the proof for Case C we will assume
N = Ax(ext) + (B = Obs).
Eliminating this assumption from the proof is easy and is left to the reader.
Claim 5.0.82 91 is isomorphic with a B-submodel of fA.

Proof: The proof of this is similar to the proof of Claim 5.0.78. To prove Claim 5.0.82
it is enough to prove that there is an embedding v : Obs® — Obs™ such that
(Vm/, k' € Obsm)fm:k/ = fy(m)y(x)- The latter will ensure that v commutes with the
world-view relation W.

Let y(m) € Obs™ be arbitrary, but fixed. Let

7 = {{h,h1) € Obs™ x Obs™ : fru, = Fympny } -

By our assumption O = Ax(ext), we have that ~ : Obs™ —2 Obs™ is an injective
partial function. To prove that v has the desired properties it is enough to prove
that Dom(y) = Obs™. Clearly m € Dom(y), and by Claim 5.0.81, k¥ € Dom(y) too.
Next, we prove that

(335)  {h € Obs™ : m,h are in strict standard configuration } C Dom().

To prove (335), let h € Obs™ such that m, h are in strict standard configuration.
Let h; € Obs™ such that v(m), by are in strict standard configuration, tr.m)(hi) =
trm(h) and (y(m) 1t hy < m 1 h). Such an h; exists (and is unique). We intend to
prove that f,, = f,4n)s,. Applying Corollary 5.0.58 first for observers m, k, h and
then for observers y(m),y(k), h1, by fux = fymyyk) and tr, (k) = trymm(h1), we
conclude that

(336) fhm["f] = fhl’y(m) [3_7]

We distinguish two cases: v,,(h) # 0o and v,,(h) = oco.

Case 1: Assume v,,(h) # oo. By (336), the assumptions of Lemma 5.0.64 hold
for observer pairs m,h and y(m), h;. But then, by Lemma 5.0.64, we have that
fmn = fy(m)n,, hence h € Dom(7). So (335) has been proved for Case 1.
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Case 2: Assume v,,(h) = co. In this case we cannot apply Lemma 5.0.64 for observer
pairs m, h and y(m), hy to conclude that .., = fymn,. But, it can be checked (e.g.
by using Remark 5.0.43(ii)) that the assumptions of Lemma 5.0.64 hold for observer
pairs k, h and y(k), 1. Thus, by Lemma 5.0.64, we conclude i, = f,(x)s,. This, by
fmk = fm)y(k), implies that f,, = f,(nys, . By this, (335) has been proved.

We use (335) to prove that Dom(y) = Obs™ in the completely analogous way
as (333) was used in the proof of Claim 5.0.78 to prove that Dom(y) = Obs™. We
omit the details of this part of the proof.

QED (Claim 5.0.82)

Now, assume that §» is Archimedean. To prove the theorem it remains to
prove that in this case (Case C) each one of (x1), (x2), (x¥3), and v, (k) # oo
fails in M. We will not discuss the condition v,,(k) # oo because failure of (x1)
immediately implies failure of v,,(k) # co. For this reason we will often ignore the
vm (k) # oo part of Thm.5.0.46(iii). By Claim 5.0.82, 9t can be embedded into the
generalized rotation model 2%, and by Prop.5.0.72(ii), we have that in 9R§ each one
of (x1), (x2), (x3) fails. We cannot apply Prop.5.0.72(ii) in this situation directly
because existential quantifiers need not be preserved under submodels. However,
by Ax(5nop), Thm.5.0.49 and AxO1, we can repeat the proof of Lemma 5.0.74
(which was used to prove Prop.5.0.72(ii)) to prove that each one of (x1), (¥2), (*3)
fails in our model. The details are left to the reader.

By this Thm.5.0.46 has been proved. 1

By this point, we have proved our first main theorem, Thm.5.0.46. Before dis-
cussing further main results (i.e. results like item 5.0.46) we will discuss a useful
“side-issue” which came up during the above proof. Namely we will discuss how
to draw (i.e. construct geometrically) compositions of world-view transformations
which leads to insights to how our models might look like. After doing this we will
return to the main subject of the present chapter on p.751, §5.2 “Corollaries and
further results”.
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5.1 Compositions of transformations can be drawn

In connection with Figure 249 representing types A-C; in Figures 250-255 we show
how to draw (i.e. construct geometrically) compositions of world-view transforma-
tions. For simplicity we will concentrate on strict standard configurations.5%®

We copy the picture of the fy/, transformation into the world-view of k (as seen by
m) as represented in the “fy,,-drawing” in Figure 250. The result is fy, = frg o fem,
see Figures 251, 250. If we choose k' such that fy,,, = fy, then we can draw (fi,,,)? =
frm © frm as in Figure 252. To draw compositions of f;,,’s we do not need to assume
Ax(w).?® This can make the picture simpler and this is illustrated in Figure 253.
Picture in Figure 253 shows, that we can construct (fg,,)® = fgm © fem © frm- The
same way, we can construct (fkm)j for any j € w, as in Figure 254. The picture in
Figure 254 already suggests that if we started out with a type A f,,;, then we will
arrive at a situation which is similar to Lorentz transformations, or to Basax models.
(In the proof of Thm.5.0.46 we see that this similarity is indeed substantial.) The
question naturally comes up, where do the iterated transformations (f,,)’ converge
to if j goes to w. Assume v,,(k) # 0, f;x is of type A, and o + 8 < 90°,5% i.e.
fym 1s like as illustrated in Figure 251. Let ¢; := (fgn)?[¢] and Z; := (fem)’[Z]. I §
is Archimedean then ¢; and Z; converge to%! the same line ¢, = Z,, between them
assuming Relnoph (or Basax). (Here %, belongs to the sequence (¢, : j € w) and
T, to the sequence (z; : j € w).) If § is not Archimedean then ¢, 7, need not
coincide as we will explain next. Assume § is non-Archimedean. Then a world-view
transformation (fi,)“ together with ¢, T, may exist which in some respects behaves
like a limit lim; o0 (fim)?, see Figure 255. E.g. ang®(%,) > ang®(t;) for each j € w.
Also tan(«)/ tan(3) for (fg,)“ is the same as tan(«)/ tan(S) for fg,. The interesting

598(ccasionally we have to switch from f,x to fr, or vice versa because only one of the two
counts as a strict standard world-view transformation. (We treat this as an inessential technical
detail and we hope that context will help in these situations.)

599We note this because we drew the previous two pictures such that they satisfy Ax(w). Further
a part of Ax(w) was assumed in the previous long proof.

600q and f associated to an f,,; are the angles indicated in Figure 249 on p.735. We remind
the reader that beginning with Figure 249 on p.735 we have a convention that to every (strict
standard) f,,; there is a pair of associated angles systematically denoted as o and 8. Although
in o and $ it is not indicated to which f,,; they belong, we hope context will help. Writing a,x
would be more unambiguous, but we choose to write a for sake of simplicity. For completeness we
note that we use angles like 90° in the intuitive sense, and similarly & and g etc. are understood in
the intuitive way. We hope context will provide sufficient information for formalizing our intuitive
sentences involving «, 3, 90°, 45° etc.

6011 some sense
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Figure 251: The result is fg,,, = ferx 0 frm-

thing is that (fz,,)“ : "F — "F may be a bijection with 7, strictly slower than 7,
cf. Figure 255. Further (f,,)* may belong to some observers, say k, and m,. All
these can happen both in Relnoph (with type A) and in Specrel. (Let us notice
that these cannot happen in the Archimedean case because there ¢, = Z,, [both in
Relnoph type A and in Flxbasax]|). Summing up, in the non-Archimedean case a
non-trivial (fy,,) may exist and then we may define (fz,,)“"", fui1, Twi1-

All this seems to point in the direction that in the non-Archimedean case we
have more interesting possibilities to explore (than in the Archimedean case). These
possibilities seem to be connected with the idea of applying non-standard analysis
in relativity. In the present work, we do not pursue this direction further.
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Figure 252: (ferm)? = frm © frm.
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5.2 Corollaries and further results

Below, we return to the main theme of the present section (§5), i.e. to discussing
the adequateness of Relnoph for serving as a special relativity theory (without
photons). In other words, we return to discussing in what extent Relnoph recap-
tures usual special relativity. (We note that this subject was already addressed in
items 5.0.46, 5.0.48.)

In the definition below, assuming Relnoph, we classify the world-view transfor-
mations into types A, B, C in the sense of Figure 249 (p.735).

Definition 5.2.1

(i) In the proof of Theorem 5.0.46, assuming Relnoph, we defined a classification
of strict standard world-view transformations (of nonzero speeds) into types
A, B, C (cf. p.733, and Figure 249 on p.735).

(ii) We classify the world-view transformations (of nonzero speeds) into types A,
B and C by using the classification in item (i) above as follows. Assume
Relnoph. Let m,k € Obs. We say that f,; is of type A iff there are
m', k' € Obs such that f,,,/, fx € Triv and f,, . is a strict standard world-
view transformation of type A. The definition of f,,; being of type B or C is
completely analogous (i.e. f,,x belongs to a type iff f,/x» belongs to that type).
To see that this definition is correct in the sense that each f,; (of nonzero
speed) belongs to exactly one type we refer to Fact 5.2.2 below.

FACT 5.2.2 Assume Relnoph. Then the world-view transformations are parti-
tioned into four disjoint types: types A, B, C and the ones of speed zero. Ie. each
transformation belongs to exactly one of these four types.

Proof: The part that each f,,; belongs to at least one type follows from Theo-
rem 5.0.49 saying that strict standard configurations work in Relnoph. The other
part saying that each f,,; belongs to at most one type follows from some simple
properties of Relnoph. 1

The following three items are corollaries of the proof of Theorem 5.0.46.
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COROLLARY 5.2.3 Assume 9t = Relnoph. Then all the world-view transfor-
mations (of nonzero speeds) in Dt are of the same type (in the sense of Def.5.2.1(iii)).

Proof: This is a corollary of the proof of Thm.5.0.46 (and Fact 5.2.2). &

COROLLARY 5.2.4 Assume 91 = Relnoph. Then 91 = “Flxspecrel” or else
in MM all the world-view transformations (of nonzero speeds) are of type C.

Proof: The proof can be recovered from that of Thm.5.0.46 given above. 1

COROLLARY 5.2.5 Assume 9 = Relnoph. Then there are three possibilities:
(i) Allf,’s (of nonzero speeds) are of type A and 9t = “Flxspecrel + (¢ < 00)”.
(ii) All f,’s (of nonzero speeds) are of type B and 9 = “NewtK ™.

(iii) Allf,,;’s (of nonzero speeds) are of type C and 90 is “basically” embeddable®??
into a generalized rotation model.

Proof: The proof can be recovered from that of Thm.5.0.46 given above. 1

Let us recall that principles (1), (¥2), (¥3) were used in the proof of Thm.5.0.46
above to exclude type C transformations. For brevity, we introduce Ax(natu)
below.

Ax(natu)  (x1)V (%2) V (x3).

The name Ax(natu) refers to the assumption that for many readers at least one
of these conditions may look natural.??® (Ax(natu) is a schema of formulas, as we
already noted in connection with (x1)—(x3).)

However, we emphasize that the present authors do not want to “take sides”
in this issue, we do not claim anything in the direction that Ax(natu) should be
assumed. We only say that Ax(natu) is natural enough for making us interested
in studying the case when it is assumed.

In terms of Ax(natu) Theorem 5.0.46 way above says the following.

602By “basically embeddable” we understand that after making minor modifications on 9 (e.g.
making Ax(ext) true by collapsing observers, and throwing away bodies which are not observers)
9 becomes embeddable into wherever we wanted to embed it.

603F.g. because so far nobody has ever observed a situation where the sum of finitely many small
speeds would have been infinite.
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COROLLARY 5.2.6 Assume 9 = Relnoph + Ax(natu) and F” is
Archimedean. Then (i) and (ii) below hold.

(i) M = “Flxspecrel”.

(ii) Assume (3Im, k) v, (k) # 0. Then the photon-free reduct of 9 is the photon-
free reduct of some Flxspecrel model. 1

Conjecture 5.2.7 We conjecture that in items 5.2.6, 5.0.46 the condition that
is Archimedean is needed. In more detail:

(i) There is 9t € Mod(Relnoph + Ax(natu)) such that 91 = “Flxspecrel”.
Moreover:

(ii) There is 91 € Mod(Relnoph + (1) + (%2) + (x3)) such that
MN £ “Flxspecrel”.

(iii) There is 91 € Mod(Relnoph + (x1) + (%2) + (x¥3) + (3m, k) v, (k) # 0) such
that all the world-view transformations (of nonzero speeds) in M are of type

C.

Outline of possible proof: Choose a non-Archimedean ordered field §. Consider
the rotation model Rz over §, cf. Def.5.0.70. Keep only those observers m of PRz for
which the angle of the line m[t] is an infinitely small element of §. In such a way
we get a B-submodel of YRz which has the desired properties.

<

To exclude type C transformations in models of Relnoph in non-Archimedean
cases too, we introduce an axiom Ax(natu)* below. Ax(natu)* will be somewhat
less of the “obviously true” kind than Ax(natu) is. We note that square-roots are
needed in the axiom below, only because v,,(k) was defined to be the square of the
usual speed of k£ as seen by m.

Ax(natu)t  (Vm,k, k' € Obs)\/vn (k') < /vm(k) + /v (k).

Intuitively, if T see the train moving with 100 km/hours and a child is running
on the train with 3 km/hours, then I will see the child moving with speed not
greater than 100+3 km/hours.

Some of our readers might accept Ax(natu)t as a natural axiom, while others
might find it less natural. (As far as we know, all experiments made so far agree
with Ax(natu)®). Anyway, we do not claim that this is an “obviously true” axiom,
instead we include it only because it has interesting consequences.
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THEOREM 5.2.8 Relnoph + Ax(natu)t | “Flxspecrel”.

Proof: The theorem follows by the proof of Thm.5.0.46, AxO1, Ax(5nop),
Thm.5.0.49 and Lemma 5.2.9 below. Namely, by Lemma 5.2.9, in case C in the
proof of Thm.5.0.46 we have that Ax(natu)* fails. B

LEMMA 5.2.9 Assume § is Fuclidean and ¢ € TF. Assume we are in the gener-
alized rotation model K. Assume m,k, k' € Obs are such that v, (k) < c, m and k
are in strict standard configuration and fy,, = frr. Then

VUm(E) > /om(k) + /vi(K).

Proof: The idea of the proof is illustrated in Figure 256. Let us turn to the details.
Assume § is Euclidean. First we give a proof for the special case ¢ = 1, i.e. for Rz.
Consider the rotation model Rz. Assume m, k, k' € Obs satisfy the assumptions of
the lemma. Let f := fy,, = fix. Now, by Lemma 5.0.73, we have that f is a rotation
with center 0 when restricted to Plane(Z,z). Further, by v,,(k) < 1, we have that
ang®(f[t]) < 1. Therefore

(337) Vang2(Fo NF)) > 2 y/ang?(F[F)),

see Figure 256.
fof=fyyofy, = frm. Hence, (fof)[t] = tr, (k') and f[t] = tr,, (k) = tri(K').
By these and (337), we have that

VU (k') > \/vm(k) + \/ka(k).

By this, our lemma has been proved for the special case ¢ = 1.

Now, let ¢ € TF be arbitrary. Consider the generalized rotation model 5.
Recall that in Def.5.0.70 R was constructed from fRz. By that construction (i)
observers of these two models are the same, and (ii) if the speed in 2% is denoted
by v¢ and in R; is denoted by v, we have that

(Vm, k € Obs) vy, (k) = ¢- v (k).

By this, and by Def.5.0.70, we conclude that the conclusion of the lemma holds for
%, since it holds for Rz. Cf. Figure 248 on p.731. The details are left to the reader.
|

Let us ask ourselves how much of the photon-free part of “usual special relativity”
can be proved from Relnoph. By usual special relativity we understand more or
less Flxspecrel.

The following is a corollary of Theorem 5.2.8.
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Figure 256: Illustration for the proof of Lemma 5.2.9.
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COROLLARY 5.2.10

(i) All the theorems of Flxspecrel not involving photons and not containing
quantifiers over sort B %94 are provable in Relnoph+Ax(natu)*. Formally:

(ii) Relnoph + Ax(natu)t &= {v¢ : (Flxspecrel = ¢) and (“Ph” does not
occur in %) and (¢ contains no quantifiers of sort B)%% }.

Proof: The corollary follows from the following variant (x) of Theorem 5.2.8.

Let 9 = Relnoph + Ax(natu)*. Let 9 be obtained from 9
(%) by omitting the relation Ph™. Then 9, is a B-submodel of the
photon-free reduct of some 9t € Mod(Flxspecrel).

A proof of (x) is easily obtainable from Thm.5.2.8 above. From (%) one proves the
present corollary by the usual model-theoretic methods connecting submodels with
universally quantified formulas, cf. e.g. Chang-Keisler [59]. The details of the proof
are available from I. Németi. N

In connection with Corollary 5.2.10 above we note the following. If v is a formula
of the form v (m), i.e. 1 contains m as a free variable®®® then

Thi=v¢ < ThkE=VYmVk ()

by the definition of the logical consequence relation |=. Therefore the theorems 1)
of Th containing no quantifier over k are equivalent with those theorems v of Th in
which £ is universally quantified (in prenex normal form) in the sense that ¢ is of
the form V& ¢(k) with ¢ containing no quantifier over k.

PROPOSITION 5.2.11 ththe mnitin Ph e nt wurimvy an
ntain n  quanti er rt B are nee e in 1 llar a wve there
i ¥ n tinv lin Phan Flxspecrel =1 u h that Relnoph+ Ax(natu)® = ¢

Proof: .g.axiom Ax( o ) defined below does not involve “Ph”, Flxspecrel =
Ax( o ) and Relnoph + Ax(natu)t = Ax( o ). Further v,( h) =
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vg( h) does not contain a quantifier of sort B, Flxspecrel = v,,( h) = v,( h),
but Relnoph + Ax(natu)* = v,,( h) = vg( h). B

ur next axiom, Ax( o ) is analogous with axiom ( ) above rop.4.1.10
in our section on Newtonian Kinematics. This axiom says that certain lines are
life-lines of some bodies. e need this axiom if we want to compare our theory
Relnoph with theories like Flxspecrel or Flx asax. The reason for this is that
Flx asax states that certain lines are life-lines of photons. ( f course no photon-
free theory will imply this naturally. Therefore to remove a purely “administrative”
obstacle of comparing Relnoph with theories which do involve photons we need to
add the innocent axiom Ax( o ).)

Ax( o ) Vm,k(V € W(vm(k) >0  f[]=) ( €B)tru()= ]
e nition 5.2.12

Relnopht = Relnoph + Ax(natu) + Ax( o )+ ( m,k) vu,(k) =0.

e nition 5.2.1 Let Th be a set of formulas in our frame language. Then
Mod  (Th) denote the class of models M of Th in which  is Archimedean.

The following is a corollary of item 5.2.6.
COROLLARY 5.2.1

Mod (Relnopht) = {4 : (Flxspecrel = ) and (“Ph” does not occur in ) }.

Intuitively, all theorems 1 of Flxspecrel not involving photons follow from
Relnoph™, under assuming  is Archimedean.

Proof: To prove the corollary one uses item 5.2.6 together with the definition
of Ax( o ) above. sing these two tools one proves that any Archimedean
Relnoph™ model happens to be an Flxspecrel model if we ignore the predicate
“Ph”. To see that Ax( o ) is enough for our present purposes we note that

Flx asax+ Ax( )+ Ax( )EVY h m,k [fu leaves tr,( h) fixed].

e omit the details of the proof. 1
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Corollary 5.2.14 above says, that (under assuming “Archimedean-ness”) our the-
ory Relnoph™ is a satisfactory photon-free axiomatization of special relativity.

e note that in the section on Newtonian Kinematics ( 4.1) we had an investiga-
tion analogous to the above one, namely there we formalized a photon-free version
(i.e. traditional version) of Newtonian Kinematics, cf. Def.4.1.9 (p.435), and we
proved some connections with the non-photon-free version of Newtonian Kinemat-
ics, cf. rop.4.1.10 (p.436). As we already said, the auxiliary axiom ( ) we needed
in rop.4.1.10 is kind of analogous to Ax( o ).

An indication that Relnoph recaptures usual special relativity is that Relnoph
proves several paradigmatic e ects like the ones proved from Specrel in 2.8, 2.5,
cf. also 4.8. This is the sub ect matter of our next two theorems. (The fact that the
paradigmatic e ects remain provable is not surprising in the view of items 5.2.10,
5.2.14.)

T OR 5.2.15 u e Relnoph u e earen tina e t nian 71l
1e there i an f,; nner ee hihit nt t e Then the Il n
ara 1 alt e et hl

(i) vin 1 han e their rate ie the 1 n rthe ee u r
all uw em,k € Obs f,.(0) =0 an v,(k) =0 Then [f,(1)]=1
Th an e et mn
(i) win  eterr arallel ith the ire ti n ve ent han e theirlen th
te the hrin r T Th an e et n
(iii) 1 atiall e arate in the ire ti n ve ent® et ut n hr
ni Th 1
i) unn T thet in ara hl na el the 1 thet t in
h i erent t1 e e leave the r ali ati n thi t the rea er
Ax(T P) n
() nthe ae t e thee et arethe itea inthe ae t e r
ite 1w W

Proof: Assume 9t = Relnoph, and there is an f,,; (of nonzero speed) which is not
of type B. Then by Corollary 5.2.5, we have either (I) 9 = Flxspecrel + (¢ )

or (II) <M is “basically” embeddable into a generalized rotation model. In both cases
(iii) holds. Further in Case (I) moving clocks slow down, moving meter rods parallel

758



with the direction of movement shrink and the twin paradox holds. In Case (II)
moving clocks speed up, moving meter rods parallel with the direction of movement
grow and the “funny form” of the twin paradox holds, namely the clock of the
accelerated brother shows more time than the clock of the inertial brother. B

T OR 5.2.1 u e Relnoph u e e Tk nner ee 1

neither t e nr t e Then the Il in ara i ati e et hl

() vin 1 l n Th an e et n

(ii) vin eter r arallel  ith the ire ti n ve ent hrin
Th an e et mn

(iii) ! atiall e arate inthe ire ti n ve ent et ul n hr ni

Th 1

(i) Thet in ara  hl e the 1 the a elerate r ther h le

ti e than the | the inertial r ther

Proof: Assume 9 = Relnoph and that f,, is as in the formulation of the theorem.
Then f,,; is of type A. Hence M = Flxspecrel + (c ) by Corollary 5.2.5. But
then (i) (iv) hold. &

ur theorem below is strongly related to the sub ect matter of the present sec-
tion. amely ax says so little about photons®® that we can consider the the-
ory ax +Ax( )+Ax( )+ Ax( )+ Ax 1 asan almost photon-free the-
ory. An attractive feature of the theorem below is that we do not have to assume

“Archimedean-ness”.

T OR 5.2.1 u e >2 Then

ax +Ax( )+Ax( )+ Ax( )+ Ax 1+ Ax [ Flxspecrel

Outline of proof: Let M € Mod( ax +Ax( )+Ax( )+Ax( )+Ax 1+
Ax ). By Ax( ), Ax 1 first one proves that for every m,k € Obs

Vm'V [ang®( ) = v (k) K tro (K= 1.
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By this, Ax5 and by the fact that in ax there are no observers traveling
together with a photon (i.e. there are no photons with speed zero) one can check
that

(Vm,k)(v ) ed o ) m( ): k( )

By this, we have 9t = Flx asax. To prove 9 = Flxspecrel it remains to prove
M = Ax(s ). ince > 2, there are no FTL observers in M. ow, M =
Ax(s ) can be proved exactly as 9 = Ax(s ) was proved at the end of
the proof of item 5.0.48 on p.712. 1

In connection with the above theorem cf. Con ecture 5.2.21 on p.762.

Con ecture 5.2.1 e n e turethat The re re ain truei e it the
a u tin >2

The following considerations add interest to the above theorem. ax contains
only two very natural assumptions about photons, which seem to be acceptable
even if one does know nothing about the ichelson- orley experiment. These
assumptions are: (i) hotons are not like bullets, in the sense that photons moving
in the same direction have the same speed (they cannot overtake one another). (ii)
If an observer m points his ash-light in a direction , then the photons emitted
by the ash-light will move in direction (as observed by m of course). ILe. no
“ether-wind” can blow the emitted photons side-ways or e.g. backwards. (In this
respect light behaves di erently from sound).

The point of the above theorem is that these two natural postulates are su cient
for deriving special relativity (if one is willing to use the symmetry principle Ax 1,
together with some simple and very convincing axioms).®® If we add finiteness of
speeds of photons as an extra assumption then we can derive all of special relativity
from the ust discussed assumptions. (But for completeness cf. item 5.2.21, and
the discussion above it.) ome of these thoughts are summarized in the following
corollary.
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COROLLARY 5.2.1
(i) Relnoph + ax [= Flxspecrel.

(ii) Relnoph + ax + ,( ) = Flxspecrel + (c )80

Proof: The corollary follows by the proof of Theorem 5.2.17 and rop.5.0.34(iv).
|

e note that in the above corollary parts of Relnoph may be omitted, e.g. if
> 2 is assumed then Ax 1 is not needed.

In item 5.2.20 below we will introduce a weaker version Ax(5nop) of
Ax(5nop). ur interest in Ax(5nop) derives from two independent sources.
These are (i) and (ii) below. (i) The fact that in the proof of our Theorem 5.2.17 a
certain auxiliary aspect of our axiom Ax5 started to play a “disturbingly dom-
inant role”, cf. the intuitive text following item 5.2.20 below. (ii) Ax(5nop) in
Relnoph is extremely strong.

STION 5.2.20 nierthe Il in eaer® werin Ax(5nop)

Ax(5nop) Vm ( ce TF)(V € TF)| c ( k)om(k) =]

et Relnoph e taine r Relnoph re la in  Ax(5nop) ith
Ax(5nop)
ur the re an  ther tate ent re ain true r Relnoph in la e

Relnoph n arti ular e ul e intere te in the tatu ite

The new axiom Ax(5nop) introduced in uestion 5.2.20 above has a signif-
icance which goes far beyond studying Relnoph. amely in most of our theories
like e.g. in  ax studied so far we assumed Ax5 or a variant of it. Although
the purpose of Ax5 is to states that slow observers exist, it has a nontrivial
side-e ect. amely the way Ax5 is formulated now the velocities of observers
are implicitly tied to the velocities of photons. It is not quite obvious that one wants
to assume this connection in all of our theories. ince it is important to see what
happens if we remove the above discussed side-e ect built into Ax5 , we define
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a “side-e ect-free” version ax of ax below, as a part of our conceptual

analysis of relativity.

ax = ax {Ax5 }+ Ax(5nop) ,
ct. Figure 257.

traces of observers are inside this cone

light-cone \

Figure 257: This can be a world-view of an observer in a ax model.

Con ecture 5.2.21 v e >2 Then @ w1 hl
(i) The re an r llar e ealei erelae ax inthe

ith ax 1e ax + Relnoph = Flxspecrel

(ii) re ver — ax + Relnoph = Flxspecrel

(iii) a ntrat Mod ( ax  + Relnoph) = Flxspecrel

Outline of possi le proof:
ile r r 4 4 Choose a non-Archimedean ordered field . Consider

the rotation model Rz over , cf. Def.5.0.70. Keep only those observers m of fRz for
which the angle of the line m[t] is an infinitely small element of . In such a way
we get a B-submodel 9 of Rz. xtend this 9 by photons, e.g. the following way.
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Let Ph := and m be a fixed observer of 9. ow, for every & € Obs and
h € Ph, let try( h) := f,( h). Let 9" denote the so obtained extended version
of M. ow, M= ax  + Relnoph but M = Flxspecrel .

ile r r 4 Let € Mod ( ax  + Relnoph). Then by Corol-
lary 5.2.5 either 91 = Flxspecrel or 91 is “basically” embeddable into a gener-
alized rotation model. Assume that Ot is “basically” embeddable into a generalized
rotation model. Then, since is Archimedean and 9t = Relnoph, we have

NEVmY  k (trm(k) = ).

But this contradicts 91 = ax ,sinceina ax model for any observer if a
straight line is a life-line of a photon then this straight line cannot be a life-line of
an observer etc. Hence M = Flxspecrel .

Future research tas 5.2.22 Throughout this item, instead of Ax(5nop) we
understand its stronger version Ax(5nop) T defined below.

Ax(5n0p) T (Vm)( c€ TF)(V € Jang® () ¢ (k€ Obs)tr,(k) = ]

It would be interesting to go over our main theories like Specrel, asax, ax,
Reich( ax) and replace the ax part the theory in question with ax and
investigate how the behavior of the new theory di ers from the old one. .g. do
our main theorems (in the present work) remain true Do the paradigmatic e ects
remain true Do the f,,; transformations remain similar to the old ones etc

In this connection we note that it is our impression that for our main theories
as indicated above the ust outlined change (i.e. eliminating the side-e ect caused
by Ax5 ) will cause no essential di erence in the pattern of our main results. e
have this impression despite of items (i) and (ii) of Con ecture 5.2.21 above. In more
detail we con ecture that there will be no essential change in the case of theories
not weaker than Reich( ax). n the other hand in the case of extremely weak
theories switching from Ax5  to Ax(5nop) might cause a di erence.

Although in Relnoph there are no photons and therefore from the formal point
of view speaking about FTL observers does not seem to make sense we already
have seen that in Relnoph in the case of type A the idea of a certain speed of light
does naturally come up and therefore it becomes meaningful to ask whether FTL
observers exist. ext we brie y discuss the status of FTL observers in Relnoph.

ince in Relnoph there are no photons we have to clarify what we mean by an
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FTL observer. bserver k is defined to be an FTL observer w.r.t. m iff there is k
such that f,,; is a strict standard type A transformation and the “speed of light”
¢ = tan( ) tan( ) associated to f,r in the proof of Theorem 5.0.46 is strictly
“slower” than v, (k). ow,

Relnoph = FTL o ser ers

because of e.g. Ax(5nop). (To see this we note that ax +Ax(5nop) already
excludes F'TL observers because of the following. If an FTL observer existed then
by Ax(5nop) an observer would travel together with a photon. This leads to a con-
tradiction, since in ax there are no photons with speed zero cf. Corollary 5.2.5(i)
and (332) on p.738 in the proof of Thm.5.0.46 in this connection.) This motivates
our looking at Relnoph . (Relnoph was defined in uestion 5.2.20.)

Relnoph E FTL o ser ers .

This is caused by Ax 1 exactly the same way as we saw in 2, cf. Corollary 2.7.6.

This motivates our looking at Relnoph . e define
Relnoph = Relnoph {Ax 1} + Ax(s )
Recall that asax + Ax 1 + Ax(s ), for = 2, is consistent with FTL

observers, while asax+Ax 1 isnot, cf. Cor.2.7.6 (p.119), Thm.2.8.2 (p.127) and
Thm.3.9.8 (p.352).

uestions for future research 5.2.2

(i) Assume > 2. Is then

Relnoph FTL o ser ers

(ii) Recall that our axiom system Relphax (cf. Def.3.4.21) is consistent with FTL
observers, for > 2, too. Is Relphax+Ax 1 or Relphax+Ax(s )
consistent with FTL observers, for > 2

(iii) Investigate Relnoph

(i ) Do our present theorems, con ectures etc. generalize to Relnoph
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At this point we stop discussing the idea of a photon-free approach to the logical
analysis of special relativity.

e note that some of the ideas in the present section can be traced back to
Ignatowsky [140] and to ars [210]. Actually the contents of the present chapter
can be viewed the following way: Here, we collect the implicit and tacit assumptions
used in the above two works (as well as e.g. in Rindler [224, 2.17].) Then, we make
them explicit in the form of axioms in pure first-order logic. Besides making them
explicit we generalize them in order to obtain stronger (i.e. more general) statements.
An example for such a generalization is our replacing R with an arbitrary uclidean
field

As a result of this activity we obtain the set of axioms Relnoph.

e consider it as a task for future research to “streamline” Relnoph and to

figure out how much of it is needed to derive the theorems we formulated above.

In the present sub-section we discuss a potential axiom Ax(cont) which often shows
up in relativity books either as an explicit assumption or as a tacit assumption, cf.
e.g. Rindler [224, p.31 line 9 bottom up].

The following theorem says that, under reasonable assumptions, the world-view
transformation f,,; is determined by the velocity (k).

T OR 5. .1 u e Relnoph u e that m,k an m', k" are th in
tri t tan ar n urati n u e urther (m k <& m' k') Then

’Um(l{)) = Um/(kl) fmk: = fmlkl

Proof: The proof can be recovered from the proof of Thm.5.0.46. amely, by the
proof of Thm.5.0.46 each Relnoph model 91 can be “basically” embedded into a gen-
eralized inkowski model or to a generalized rotation model or 91 = Ne t

(Cf. Figures 247, 248.) It is easy to check that in all three cases the conclusion of the
theorem holds. e note that a direct proof can be obtained by using Ax( )+Ax( )
(cf. rop.5.0.34(iv)). B
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Intuitively, the above theorem implies that the world-view transformation f,,; is
a un ti n ®2 v,(k), under assuming strict standard configuration, m k and
Relnoph. Roughly speaking our axiom Ax(cont) below will say that this function
vm(k)  fnk is not an arbitrary function in the sense that it is “continuous”.® e
state Ax(cont) in an informal, mathematical style instead of using the first-order
language of 9. Therefore we will mention the model 9 explicitly in the formulation

of this axiom. Recall that 1o =1,...,1 =1 .

Ax(cont) Let . The relation  defined below is _ ntinu u % * whenever it is
a (partial) function.

= { vm(k),fmk(1) : m,k € Obs™ are in
strict standard configuration and m & }.

Instead of translating Ax(cont) to our frame language we indicate only the idea of

such translation. First we note that the relation is definable in our frame language

as follows. Let ¢ ( , ) be the formula saying € F, € F and ( m,k)

(vm(k) = , fax(1) = , m and k are in strict standard configuration and m k).
ow, we use the formalization of continuity given in 4.4 (p.536), and then the for-

malized version of Ax(cont) will say that whenever the relation defined by ¥ ( , )

is a function, than this function is continuous.

FACT 5. .2

asax = ( e ne in Ax(cont) i a un ti n), ut

Flxspecrel = ( e ne in Ax(cont) i a un ti n).

The following con ecture is related to the idea of a possible reformulation of
Ax(cont) such that instead of the functions it would use a single function .
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Con ecture 5. . u e (Ym, k) € an Ax(cont) u e the relati n
t el i a artial untin Then t i  ntinuu in th it aru ent
an  vpn(k)

t= cUm(k) k() 2 m,k € Obs™ are in

tri t tan ar n urati nan m k

In connection with the above con ecture we note that whenever * is a (partial)

function then
t. F F F,

where 7T is defined in the above con ecture.

Ax(cont)t Let the relation T be defined as in Con ecture 5.3.3. ow, if Tisa
(partial) function then it is continuous in both of its arguments.

In connection with the above con ecture and axiom we note a possible re-
formulation (e.g. of Ax(cont)®) which might look more intuitive.

First we define a topology on the set of functions F. Assume ™ (defined in
Con ecture 5.3.3) is a (partial) function. Then we define

: speeds F

such that (v, (k))( )= T( ,vn(k)) =fuk( ) assuming m, k are in strict standard
configuration etc. Then we require that this is continuous. The mathematical
content of this new statement would be the same as that of the conclusion of Con-
ecture 5.3.3 or equivalently Ax(cont)™.

The following axiom makes Ax(cont) (or Ax(cont)™) slightly stronger if we
add it to Ax(cont).

Ax( ) Ym,k K Juon(k) = (trm (k) = trp (k") m k).

Intuitively, for every observer if a line is realized by another observer, then it
is also realized by an observer whose clock runs forwards.
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T OR 5. .
(i) Relnoph = Ax(cont) + Ax(cont)™
(ii) Flxspecrel = Ax(cont) + Ax(cont)*
Proof: e omit the proof. 1

It would be interesting to know whether asax = Ax(cont) holds. In this
connection we note that in many asax models is not a function (i.e. v,,(k) does
not determine f,,;) and therefore Ax(cont) is vacuously (i.e. trivially) true in them.

In passing, we note that it would be interesting to go over our theories Specrel,
Flxspecrel, ..., ax, ...etc. and decide in which ones do strict standard config-
urations work. imilarly for standard configurations (and their variants). Cf. e.g.
items 5.0.49, 5.0.50 in this chapter.

Re ar 5. .5 Theorem 5.3.1 way above says that, assuming Relnoph, velocities
determine world-view transformations in a certain sense. From the point of view
of usual relativity books this is a very interesting and natural postulate. Let us
formalize the conclusion of Theorem 5.3.1 as a potential axiom Ax(fun) as follows.
(e note that fun refers to functionality.)

Ax(fun) Assume that m,k and m’, k' are both in strict standard configuration.
Assume further (m &k < m' k'). Then vy, (k) = v (k') fonk = fori-

ow, we have

Relnoph | Ax(fun) but
asax + Ax( ) E Ax(fun) on the other hand
asax + Ax( ) E Ax(fun).

Ax(fun) says something that sounds very natural: It says that the properties of
a world-view transformation f,,; are, basically, determined by the kind of relative
motion (i.e. by ,,(k)) of the two observers m and k involved in f,,.

Therefore Ax(fun) could be used and discussed as a potential natural axiom
which could be added to asax and to its variants. e note that in many respects
Ax(fun) behaves similarly to the symmetry axioms discussed in 3.9. Actually, a
variant of Ax(fun) appears as potential axiom (% x %) in Remark 3.9.10 in that
section. e leave a systematical discussion of Ax(fun) as research task to the
future.
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For completeness we note that
Ax(cont) + Ax(fun)

is a potential axiom which is strong and natural in the context of asax and its
variants. In passing we note that asax + Ax(fun) + Ax( )+ Ax( )+

Ax( )= Ax(cont), i.e. continuity follows already from a symmetry principle in
asax. f course Ax(fun) = Ax(cont).
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